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PREFACE  TO  THE  FIRST  EDITION. 

THE  following  pages  are  intended  to  supply  a  want,  which 
has,  I  think,  been  very  generally  experienced  by  those  engaged 
in  Mathematical  Teaching.  The  appearance  of  Mr  Salmon's 
elegant  treatise  rendered  obvious  the  advantages  of  his  har- 
monious and  consecutive  arrangement  of  the  subject,  but,  at 
the  same  time,  it  seemed  both  desirable  and  possible  that  it 
should  be  laid  before  the  beginner  in  a  somewhat  easier  form. 

My  endeavour,  then,  has  been,  while  proceeding  upon  a 
similar  plan,  to  write  with  special  reference  to  those  difficulties 
and  misapprehensions  which  commonly  beset  the  student  when 
he  commences.  With  this  object  in  view,  I  have  dwelt  at 
considerable  length  upon  the  earlier  part  of  the  subject,  and 
have  introduced  geometrical  and  numerical  illustrations  of  the 
analysis. 

The  Examples  appended  to  each  section  were  originally 
collected  for  the  use  of  my  own  classes,  and  are  mostly  of  a 
very  elementary  description.  Even  the  more  difficult  will 
generally  be  within  the  reach  of  a  student  who  has  thoroughly 
mastered  the  text. 

The  work  will,  I  hope,  be  found  to  contain  all  that  is 
required  by  the  upper  classes  of  schools,  and  by  .the  generality 
of  Undergraduate  Students  at  the  Universities,  and  will  also 
serve  as  a  preparation  for  such  as  may  wish  to  study  more 
extensive  modern  treatises. 

As  my  object  has  been  perspicuity  rather  than  originality, 
I  have  adopted  those  proofs  with  which  we  are  familiar,  and 
which  will  be  found  in  many  existing  works,  except  where  a 
shorter  or  clearer  method  of  treatment  has  suggested  itself. 
I  have,  however,  with  few  exceptions,  preferred  purely  alge- 
braic proofs,  at  a  sacrifice  sometimes  of  brevity  and  elegance, 
since  the  geometrical  treatment  of  these  properties  is  now 
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usually  considered   a   distinct  branch  of   the  subject,  and  is 
studied  separately. 

My  principal  acknowledgments  are  due  to  Mr  Salmon's 
treatise ;  but  the  works  of  O'Brien,  Walton,  Biot,  Gamier 
Young,  Hymers,  Latham,  and  Wrigley,  together  with  the' 
Cambridge  Examination  Papers,  have  also  furnished  valuable 
material,  and  the  kindness  of  one  or  two  friends  has  relieved 
the  book  of  many  of  its  original  defects. 

G.  HALE  PUCKLE. 

ROYAL  INSTITUTION  SCHOOL,  LIVERPOOL. 
Jan.  1854. 


PEEFACE  TO  THE  SECOND  EDITION. 

THE  work  has  been  thoroughly  revised  for  the  Second 
Edition.  Explanatory  matter  has  been  added  in  those  places 
where  I  found  my  own  pupils  at  fault,  and  a  few  Articles  have 
been  introduced,  which  seemed  necessary  to  meet  the  require- 
ments of  Examination  Papers  lately  given  in  the  Universities 
My  own  experience  has  been  decidedly  in  favour  of  the  arrange- 
ment adopted  in  these  pages;  but  those,  who  are  of  opinion 
that  it  is  better  to  postpone  the  discussion  of  the  General 
Equation  of  the  Second  Degree,  may  observe  that  a  very 
little  explanation  will  enable  the  Student  to  omit  Section  VII. 
when  the  subject  is  read  for  the  first  time. 

I  gladly  take  this  opportunity  of  acknowledging  that  the 
First  Edition  owed  much  of  its  success  to  the  valuable  hints 
that  I  received  from  my  friend,  C.  T.  Hudson,  M.A.,  of  St 
John's  College,  Cambridge,  Head  Master  of  Bristol  Grammar 
School. 


WlNDEKMEBE. 

April,  1856. 
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CORRECTIONS. 

Page  37,  line  2,  fur  -  h,  read  h  = 

„  42,  last  Y\ne,for  =,  read  t  = 

„  43,  line  2,  for  m  =p  mt,  read  1  =p  mt 

„  58,  line  18,  for  B*  +  <iA  C,  read  B2-<tAC 

.,  66,  for  depress,  read  raise,  and  vice  versa 

„  77,  line  19,  for          +       -  c    ,  read          +     ?  - 


92,  line  6,  for  length,  read  square  of  length 
105,  line  6,  for  AC,  read  4AC 
115,  line  2,  for  P,  read  y 
148,  line  4,  for  p,  read  p* 
152,  line  2,  for  +  a2,  read  -  a2 
179,  line  3,  dele  'equilateral.' 
237,  line  8,  for  transverse,  read  major 

256,  line  5,  for  y3  —  yt,  read  «r3  -  ,r2,  and  vice  versa 

257.  last  line  bnt  one,  for  -  ,  read  -- 

m  m 

262,  last  line,  for  a-  -  b2,  read  as  +  62 


ALGEBRAIC    GEOMETRY. 

SECTION  I. 

Position  of  a  point  on  a  plane. — Loci. — Equations. 

1.  THE  first  and  most  obvious  purpose  for  which  Algebra 
may  be  applied  to  Geometry  is  the  investigation  of  problems 
which  concern  the  magnitude  of  lines  or  areas.     The  ordinary 
operations  of  Trigonometry,  in  which  lines  are  represented  by 
algebraic    symbols,    will    have    already  rendered    the    reader 
familiar  with  such  investigations. 

It  is  not,  however,  to  problems  of  this  nature  that  we  are 
now  about  to  direct  our  attention.  It  was  shewn  by  Descartes, 
that  Algebra  might  be  applied  to  express  the  position  of  points, 
and  the  form  of  curves  and  geometrical  figures.  It  is  upon  this 
branch  of  the  subject  that  we  are  now  about  to  enter,  and  we 
shall  confine  ourselves  to  such  points,  lines,  &c.  as  may  be 
supposed  to  lie  in  one  plane,  viz.  that  of  the  paper. 

2.  In  ordinary  Algebra,   we  have  been  in  the  habit  of 
considering  the   symbols  +  and  —  as  symbols  of  the  reverse 
operations  of  addition  and  subtraction.     But  we  may  conceive 
of  them  in  a  much  more  general  sense,  as  symbols  of  exactly 
opposite  affections,  and  the  use  of  them  in  elementary  algebra 
will  not  be  an  exception   to  this  definition,   but  a  particular 
instance  of  it,  inasmuch  as  a  quantity  to  be  added  is  exactly 
opposite  in   quality  to  one  which  is  to  be  subtracted.      We 
might  easily   multiply   instances,  in   which   it  would   be   con- 
venient to  denote,  by  such  symbols,  opposite  qualities  which 
we   have   frequent   occasion   to  express.      Thus,   let  a   man's 
property  be  a  and  his  debts  b ;   then   we  should  say  that  the 
man  is  actually   worth  +  a  -  b.      If  a  be  greater  than  6,  the 
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man  is  solvent.  If  a  =  b,  he  is  worth  nothing  at  all,  and  if 
a  be  less  than  6,  he  is  in  debt.  Hence,  if  we  denote  by  p  the 
man's  actual  property,  we  have 

p  -  +  a  -  6, 

and  the  state  of  his  affairs  depends  upon  the  magnitude  and 
sign  of  p. 

In  Algebraic  Geometry,  we  use  these  symbols  to  indicate 
contrariety  of  position.  Thus,  in  any  indefinite  straight  line, 
let  us  consider  O  as  a  fixed  point  from  which  distances  are  to 

be  measured,  and  let  us  take  two  points  JT, 

X ',  equidistant  from  0  and  on  opposite  sides  * 
of  it ;   then,  if  we  denote  the  distance  OX  by  +  a,  we  shall 
express  the  distance  OX'  by  -  a,  i.  e.  we  shall  consider  lines 
measured  from  left  to  right  as  positive,  and  lines  measured 
from  right  to  left  as  negative. 

The  propriety  of  this  convention  will  best  appear  from  an 
example.  Let  us  suppose  X  the  east  and  X'  the  west  of  0  ; 
then,  if  a  man  starting  from  O  walk  6  miles  to  the  east  and 
then  2  miles  to  the  west,  the  magnitude  of  his  walk  will  be 
represented  by  8,  but  his  position  with  reference  to  his  starting 
place  by  +  4,  or,  in  order  to  find  his  position,  if  we  consider 
the  distance  he  has  walked  east  as  positive,  we  must  consider 
the  distance  he  has  walked  west  as  negative.  Similarly,  if  he 
walked  4  miles  east  and  then  6  miles  west,  his  position  would 
be  expressed  by  -  2,  or  two  miles  to  the  left  of  O,  but  the 
magnitude  of  his  walk  by  +  10.  And,  generally,  if  he  walk 
a  miles  to  the  east  and  then  6  miles  to  the  west,  and  we  denote 
his  position  by  p,  we  shall  have 

p  =  +  a  -  £>, 

and  his  position  with  regard  to  0  will  be  dependent  on  the 
magnitude  and  sign  of  p,  but  the  length  of  his  walk  will 
be  a  +  b.  This  distinction  must  be  carefully  borne  in  mind, 
and  it  must  be  remembered  that  the  convention  established 
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above  has  reference,  simply,  to  the  position  of  points  on  the 
line  XX',  with  reference  to  0 ;  hence  if  we  take  OX  =  +  4 
and  OX'  =  —  4,  the  student  must  be  careful  to  avoid  the 
error  of  assuming  XX'  to  be  represented  by  4  -  4  or  0,  as 
this  would  be  reasoning  about  the  magnitude  of  a  line  upon 
assumptions  which  have  only  been  made  about  the  position  of 
its  extremities  with  regard  to  a  fixed  point. 

3.  To  determine  the  position  of  a  point  in  a  plane. 

Let  us  suppose  that  we  know  the  position  of  two  straight 
lines  Ox  and  Oy,  then,  if  we  draw  the 
parallels  PM,  PN  to  these  lines  from 
any  point  P,  we  shall  know  the  position 
of  that  point  if  the  lengths  of  PM  and 
PN  are  given.  For  example,  if  PN=  a,  ^~  W~  ja: 
PM  =  b  are  two  equations  given  us,  we 
can  determine  the  position  of  the  point 
P  with  regard  to  the  lines  Ox  and  Oy\  for,  if  we  measure 
OM  (=  a)  along  Ox,  and  ON  (=  6)  along  OY,  and  complete 
the  parallelogram  OMPN,  P  will  be  the  point  whose  position 
we  wished  to  determine. 

4.  The  line  PM  is  usually  denoted  by  the  letter  ~y  and  is 
called  the  ordinate*  of  the  point;  OM,  which  =PN,  is  denoted 
by  the  letter  x  and  is  called  the  abscissa  of  the  point ;  the  two 
lines  are  called  the  co-ordinates  of  P.      The  lines  xx\  yy   are 
called  the  axes  of  co-ordinates,  and  their  point  of  intersection 
O  is  called  the  origin :  xx'  is  called  the  axis  of  x,  and  yy  the 
axis  of  y. 

The  point  P  is  said  to  be  determined  when  the  values  of  x 
and  y  are  given,  as  by  the  two  equations  x  =  a,  y  =  b ;  as,  for 
example,  if  it  were  given  that  #  =  3  feet,  y  =  2  feet,  we  should 

*  The  lines  PM,  &c.  drawn  parallel  to  one  another  from  a  series  of  points,  were 
called  by  Newton  'lineae  ordinatim  applicatffi,'  and  the  abscissae  OM,  &c.  were  the 
distances  cut  off  by  these  lines  from  a  fixed  line  as  Ox. 
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determine  the  point  of  which  x  and  y  are  the  co-ordinates  by 
measuring  3  feet  along  Ox  and  2  feet  along  Oy,  and  completing 
the  parallelogram  of  which  these  two  lines  formed  the  adjacent 
sides.  The  corner  of  the  parallelogram  opposite  to  O  would  be 
the  position  of  the  point.  The  point  whose  position  is  defined 
by  the  equations  x  =  a,  y  =  b  is  commonly  spoken  of  as  the 
point  (a&).  The  axes  are  said  to  be  rectangular  or  oblique, 
according  as  angle  yOx  is  or  is  not  a  right  angle. 

5.      We  have   supposed   hitherto   that  x  and  y,    the   co- 
ordinates  of  the    point,    are   positive  , 
quantities,    and    have    measured    the 
distances  along  the  lines  Ox  and  Oy. 
If  x  or  y  be  negative,  it  will  indicate, 
according  to  the  convention  established       ^  /        /°      / 
above,  that  we  must  measure  along  Ox         /       /       / 
or  Oy,  in  order  to  find  the  position  of 
the  point.   For  example,  if  P,  P1}  P2,  P3 

be  points,  situated  in  the  four  angles  made  by  the  axes,  whose 
co-ordinates  are  of  the  same  magnitude,  i.  e. 

PM  =  P,M'  =  PZM'  =  PSM  =  5, 

and  OM  =  OM'  =  o,  these  points  will  be  represented  by  the 
following  equations : 
f»«=o, 


-  a* 


The  point  represented  by  x  —  0,  y  =  0  is  the  origin  O;  by 
x  =  0,  y  =  b  is  the  point  JV  on  the  axis  of  y  ;  by  x  —  a,  y  =  0  is 
the  point  M  on  the  axis  of  an,  and  so  on. 

6.  To  find  the  distance  between  two  points  P,  R,  whose 
co-ordinates  are  known  with  reference  to  axes  inclined  to  each 
other  at  a  given  angle. 
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Let    angle    yOx  =  ta,  and    let  the  co-ordinates  of  P  be 
PM  (  =  y'),  OM  (  =  #'),  and  of  R,  y/ 


draw  PQ  parallel  to  Ox,  then 
PQ=  ON-  OM=x"  -x, 
RQ  =  RN  -  PM  =  y"  -  y\ 
and  z.  PQR  =  ?r  —  w  ;  hence 

PR2  =  PQ"  +  RQ*  -  2PQ.RQ  cos  PQR 

=  (*"  -  xj  +  (y"  -  yj  +  2  (»"  -  of)  .  (y"  -  y)  cos  ». 

If  one  of  the  points  as  P  were  the  origin,  so  that  x  =  0,  y'  =  0, 
we  should  have 

.P./22  =  x"-  +  y"2  +  2  a?"y"  cos  o>. 

COR.      These  formula?  become  much   more   simple  when 
•CD  =  -  ,  or  the  axes  are  rectangular  ;  in  that  case,  since  cos  o>  =  0, 


or,  if  P  be  at  the  origin, 

PR"  =  x"z  +  y"\ 

7.      In   using  these    formulae,  attention  must  be  paid  to 
the    signs  of    the    co-ordinates.      If  r/ 

the  point  P,  for  instance,  be  in 
the  angle  xOy,  the  sign  of  its  ordi- 
nate  (y)  will  be  negative,  and  we 
must  write  y"  +  y'  instead  of  y"  -  y' 
in  the  formula;  this  may  be  seen  to 
agree  with  the  figure,  as  RQ  will 
now=  RN+  PM. 

The  reader  should   draw  figures,  placing  P  and  R  in  dif- 
ferent compartments  and  in  other  varieties  of  position,  that 
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he  may  assure  himself  of  the  universal  truth  of  the  expressions 
obtained  for  the  distance  PR. 

Ex.  To  find  the  distance  between  two  points  whose  co- 
ordinates are  at  =  2,  y  =  -  3  and  as  =  -  5,  y  =  6,  the  axes  being 
inclined  at  an  angle  of  60°. 

Here     no"  -  at  =  -  5  -  2  =  -  7,  y"  -  y  =  6  +  3  =  9, 
and  cos  w  —  ^  ;  hence,  if  d  be  the  distance, 

d2  =  49  +  81  -2.7.9.      =  67 


8.  We  may  here  remark  that,  in  Algebraic  Geometry,  it 
is  found  that  we  need  not    trouble    ourselves  with   any  con- 
sideration of  different  cases  of  the  same  problem,  as  we  did  in 
the  preceding  Article,  when  we  considered  the  cases  where  the 
two  points  were  in  the  same  angle  yOx,  and  where  they  were 
in  different  angles  yOx,  y'Ox\   for  any  general  figure  that  we 
draw,  consistent  with  the  conditions  of  the  problem,  will  lead 
us  to  a  result  that  will  be  true  for  all  possible  cases  compre- 
hended in  it,  if  we  only  pay  attention  to  the  signs  of  lines  and 
angles,  according  to  the  rules  laid  down  above,  and  interpret 
our  results  in  accordance  with  our  assumptions.      The  truth  of 
the  statement  here  made  may  be  considered  to  be  most  satis- 
factorily   proved    by    the   perfect   agreement   of    innumerable 
results,  obtained  by  means  of  it,  with  those  that  might  other- 
wise be  obtained  by  the  more  laborious  processes  of  common 
Geometry.      An  instance  occurs  in  Euc.  n.  13,  of  the  different 
modifications  of  figure,  &c.  which  must  be  introduced,  in  pure 
Geometry,  to  prove  the  same  proposition. 

9.  We  shall  now  shew  how  the  method  of  co-ordinates 
may  be  applied  to  determine  the  position  of  straight  lines  and 
the  form  of  curves,  and  we  will  begin  with  a  few  of  the  sim- 
plest cases. 
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We  have  seen  that  the  position  of  a  point  P  is  completely 
determined  by  two  equations  x  =  a,  y  =  b.  Suppose  we  have 
one  only  of  these  equations,  x  =  a,  given  us  ;  then,  evidently,  if 
we  draw  a  straight  line  PM  parallel  to  Oy  so  that  OM  =  a, 
the  equation  x  =  a  is  satisfied  by  every  point  in  that  line  pro- 
duced every  way  indefinitely.  Hence  the  equation  a;  «=  a, 
instead  of  representing  a  point,  represents  a  straight  line 
parallel  to  the  axis  of  ?/.  In  like  manner  the  equation  y  =  b 
represents  a  straight  line  parallel  to  the  axis  of  x.  Hence  the 
point  (a  6)  may  be  considered  as  the  point  of  intersection  of 
the  two  straight  lines  represented  by  the  equations  x  =  a,  y  =  fe, 
for  at  that  point  both  equations  are  satisfied. 

Again,  the  equation  x  =  0  is  evidently  satisfied  by  every 
point  in  the  axis  of  y,  and  may  therefore  be  said  to  represent 
that  axis ;  and  similarly,  the  equation  y  =  0  represents  the 
axis  of  x.  The  intersection  of  these  straight  lines  is  the  point 
where  both  the  equations  x  =  0,  y  =  0  are  satisfied,  or  the  origin. 

10.      If,  instead  of  two  equations  to  determine  x  and  y,  we 
have  a  single  equation,  expressing  a  relation  between  them,  (as, 
for  instance,  2#  +  Sy  +  9  =  0,)  the  position  of  the  point  P  will 
be  indeterminate ;    for  we  may 
assign  any  values  we  please,  OM, 
OMi,  OJ/a,  &c.,   to  .r,   and  the 
equation    will    furnish    us    with 
corresponding  values  of  y,  PM, 
PiMi ,  ~P.2M2 ,  &c.,  where  we  draw 
the  ordinate   downwards    if   the 
value  which  we  assign  to  x  gives 
us  a  negative  value  of  y ;  hence  we 
may  obtain  any  number  of  points 
P,  P19  PL,  &c.,  whose  co-ordinates 

satisfy  the  equation.  We  may  take  the  points  M,  M^  M2,  &c. 
as  near  as  we  please,  and  so  get  an  assemblage  of  points  P,  P19 
PK  &c.  as  near  to  one  another  as  we  please.  If  the  points  are 
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brought  indefinitely  near  to  one  another,  they  will  form  a  con- 
tinuous line;  hence  we  may  consider  the  equation  to  represent 
the  line  which  passes  through  all  the  points  whose  co-ordinates 
satisfy  it. 

Ex.  Suppose  the  equation  to  be  y  =  8  -3,v;  then,  the 
unit  of  measure  being  known,  if  we  take  OM  =  1,  we  have 
PM  =  5,  and  P  is  a  point  in  the  line  represented  ;  if  OMt=  2, 
P,  MI  =  2  and  P,  is  another  point  ;  by  taking  values  of  as 
between  1  and  2  we  may  determine  any  number  of  points 
between  Pand  Plt  If  OMS  =  3,  P2  Ma  =  —  1,  and  must  there- 
fore be  drawn  downwards  ;  if  OM3  =  4,  P3M3  =  —  4,  and  must 
also  be  drawn  downwards  ;  by  taking  values  of  ae  between  2 
and  3,  or  3  and  4,  we  may  obtain  any  number  of  points  between 
.P,  and  P2  or  P2  and  P3.  If  we  take  a  negative  valve  of  x,  or 
suppose  OJ/4  =  —  1,  we  have  P4  J/4  =  11,  and  so  on  :  hence 
the  line  represented  by  the  equation  will  be  that  which  passes 
through  P,  P1?  8tc.  and  all  other  points  which  satisfy  the 
equation. 

11.  An  equation  between  x  and  y  may  give  us  more  than 
one  value  of  y  for  each  assumed  value  of  x,  or  vice  versa  ;  for 
example,  the  equation  y~  =  6x  will  give,  for  every  value  of  #, 
two  equal  values  of  y  with  opposite  signs,  so  that,  for  every 
position  of  M,  we  shall  have  two  positions  of  P,  and  two  lines 
will  be  traced  out  at  the  same  time. 

When  a  point  is  restricted  by  conditions  of  any  kind,  to 
occupy  any  of  a  particular  series  of  positions,  that  series  of 
positions  is  called  the  locus  of  the  point,  or  the  locus  of  the 
equation  that  expresses  the  conditions,  and  the  equation  is 
called  the  equation  to  the  locus,  or  the  equation  to  the  curve 
which  passes  through  all  the  positions  of  the  point. 

The  curve  then,  or  locus  represented  by  an  equation  be- 
tween X  and  y,  is  the  assemblage  of  all  those  points  whose  co- 
ordinates satisfy  the  equation. 
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Hence  if  a; ,  y  be  quantities  which,  substituted  for  x  and  y, 
satisfy  the  equation,  the  point  (x'  y'}  is  a  point  on  the  locus; 

12.  The  following  simple  examples  will  shew  the  method 
of  representing  loci  by  means  of  equations. 

(i.)  To  determine  the  locus  of  the  equation  y  =  x  -  4,  the 
axes  being  rectangular. 

Let  Ox,  Oy  be  the  axes ;   now  when  x  =  0  in  the  equation, 
y  =  —  4  ;    hence,  if  we  take   OD  =  4 
on  the  negative  part  of  the  axis  of  y, 
D  will  be  a  point  in  the  locus  (Art.  5). 
Again,  when  y  =  0,  x  =  4  ;    hence,  if 
we  take  OT  =  4,  on  the  positive  part 
of  the  axis   of  x,   T  will  be  a  point 
in  the  locus.      Draw  the  straight  line 
DT,  and  produce  it  indefinitely  both 
ways ;  this  will  be  the  locus  of  the 
equation ;  for  take  any  point  P  in  this  line  and  let  its  co-ordi- 
nates be  OM  =  x,  PM=  y  ;   then,  evidently,  PM  =  M T,  since 
the  line  makes  an  angle  of  45°  with  Ox>  and  therefore 
PM  =  OM-  OT, 
or  y  •=  x  —  4. 

Hence  the  co-ordinates  of  any  point  in  the  line  DT  satisfy  the 
equation,  and  DT  is  the  locus  required. 

(ii.)  To  determine  the  locus  of  the  equation  x2  +  y8  =  9> 
the  axes  being  rectangular. 

This  equation  asserts  (Art.  6)  that  the  distance  of  the 
point  (xy)  from  the  origin  is  constant  and  =  3.  Hence  the 
locus  of  the  point  is  a  circle  whose  centre  is  the  origin  and 
radius  =  3. 

13.  As  examples  of  determining  the  equation  to  a  curve 
from   some   known    property   it    possesses,   we   may   take    the 
following. 
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(i.)  To  find  the  equation  to  the  locus,  of  ivhich  every  ordi- 
nate  (PM)  is  greater  than  the  corresponding  abscissa  (OM)  by 
a  given  distance  (b). 

The  condition  is  evidently  expressed  by  the  equation  y  =  x 
+  b,  and,  if  we  take  OD=OT=b, 
as  in  the  figure,   the    line  DT  will 
plainly  be  the  locus  of  the  equation, 
for  whatever  be  the  position  of  P  o.n 


M 


the  line,  PM  =  M T,  or  y  =  ,v  +  b. 


(ii.)  To  find  the  equation  to  the  locus,  of  which  every  ordi- 
nate  (PM)  is  a  mean  proportional  between  MO  and  MB,  B 
being  a  point  in  O  x,  and  the  axes  being  rectangular. 

Let  OB  =  2r  and  the  angle  yOx  be  supposed  =  90°;  then 
since  PM  ''  =  OM  .  MB,  the  equation  is 

tf—x  (2r  —  a?)   or  y~  = 


14.  It  is  evident  then  that  the  examination  of  any  equa- 
tion between  two  unknown  quantities  must  generally  give  rise 
to  an  assemblage  of  points,  or  a  geometrical  locus;  and,  con- 
versely, if  we  can,  by  knowing  some  property  of  a  curve  or 
the  circumstances  of  its  description,  determine  a  relation  be- 
tween the  co-ordinates  of  any  point  taken  arbitrarily  on  the 
curve,  that  relation  is  the  equation  to  the  curve. 

If  a  problem  relate  to  the  position  of  a  single  point,  and 
the  data  be  sufficient  to  determine  the  position  of  that  point,  the 
problem  is  determinate  ;  but,  if  one  or  more  of  the  conditions 
be  omitted,  the  data  which  remain  may  be  sufficient  to  deter- 
mine more  than  one  point,  each  of  which  satisfies  the  conditions 
of  the  problem  ;  the  problem  is  then  indeterminate.  Such 
problems  will  in  general  result  in  indeterminate  equations 
representing  straight  lines  or  curves,  upon  which  the  required 
points  are  situated.  If,  for  example,  the  hypothenuse  and  one 
side  of  a  right-angled  triangle  be  given,  the  position  of  the 
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•vertex  is  fixed,  for  not  more  than  one  triangle  can  be  described 
on  the  same  side  of  the  hypothenuse,  with  .these  data  ;  but,  if 
the  hypothenuse  only  be  given,  the  vertex  may  lie  anywhere  in 
the  circumference  of  the  semicircle  described  on  the  hypothenuse 
as  diameter  ;  the  problem  of  finding  the  vertex  is  then  indeter- 
minate, and  the  semicircle  is  said  to  be  the  locus  of  all  the  ver- 
tices of  all  right-angled  triangles  described  on  one  side  of  the 
given  hypothenuse. 

15.  In  the  following  pages  we  purpose  to  investigate 
those  lines  only  which  are  represented  by  equations  of  the  first 
and  second  degree  between  two  variables  (x  andy).  An  equa- 
tion of  the  first  degree  is  an  equation  that  involves  no  power  of 
either  of  the  variables  higher  than  the  first,  nor  their  product ; 
its  most  general  form  is 

Ax  +  By  +  C  =  0. 

An  equation  of  the  second  degree  contains  no  term  in  which  the 
sum  of  the  indices  of  the  variables  is  greater  than  two  ;  its  most 
general  form  is 

Aa?+  Bxy  +  Cy*  +  Dx  +  Ey  +  F  =  0. 

EXAMPLES  I. 

1.  FEND  the  points  whose  co-ordinates  are  (0, 1),  (-  2, 1),  (-  5,  0), 
(-2, -3). 

2.  Draw  a  triangle  the  co-ordinates  of  whose  angular  points  are 
(0,  0),  (2,  —  3),  (—1,  0),  and  find  the  co-ordinates  of  the  middle  points 
of  its  sides. 

3.  A  line  cuts  the  positive  part  of  the  axis  of  y  at  a  distance  4, 
and  the  negative  part  of  the  axis  of  .r  at  a  distance  3  from  the  origin : 
find  the  co-ordinates  of  the  point  where  the  part  intercepted  by  the 
axes  is  cut  in  the  ratio  of  3  :  1,  the  smaller  segment  being  adjacent  to 
the  axis  of  x. 

4.  There  are  two  points  P  (1,  8)  and  Q  (4,  4) :  find  the  distance 
PQ,  (i.)  with  rectangular  axes,  and  (ii.)  with  axes  inclined  at  an  angle 
of  60°. 

5.  Work  Ex.  4  when  P  is  (-  2,  0),  Q  (-  5,  -  3). 


SECTION  II. 


The  straight  line.    General  equation  of  the  first  degree. 

16.      The  general  equation  of  the  first  degree  betiveen  two 
variable  quantities  (x  and  y)  represents  a  straight  line. 

Every  equation  of  the  first  degree  is  included  in  the  form 

Ax  +  By  +  C  =  0,      .     .      .      (  A) 

A,  B,  and  C  being  quantities  which  do  not  involve  x  and  y  ; 
they  are  often  numbers,  are  always  invariable  for  any  par- 
ticular equation,  and  are  therefore  called  constants.  Let  now 
(•^12/1)5  C-tfaJ/a)'  C^Ws)  be  three  points  in  the  line  (whatever  kind 
of  line  it  may  be)  represented  by  equation  (A),  and  let  the 
abscissae  be  in  order  of  magnitude,  and  therefore,  from  (A), 
the  ordinates  also  in  the  same  order.  Then,  since  the 
relation  among  the  co-ordinates  is  true  for  every  point  of  the 
line,  it  is  true  for  these  three,  and  we  have 

Axl+By1+C  =  0,     ...      (1) 


(3) 


from  (2)  -  (1  )      A  (>2  -#,)  +  B(y2-  y,)  =  0, 
from  (3)  -  (1)      A  (x3  -<*?,)  +  B  (y3  -  y,)  =  0, 
which  evidently  gives  us 


#    — 


Now,  if  PI,  P2,  P3  be  the  points 
PjJVo^Vg  be  drawn  parallel  to  Ox, 
equation  (4)  gives  us 


(x2y^,  (^2/3) 


and,  therefore,  these  three  points 
are  in  the  same  straight  line  ;   for 
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if   not,    let    PjP3    cut    P2N2  in  P;   then    (Euc.   vi.   2)    we 
have 


and,  therefore,  from  (5)  and  (6),  P2N2  =  PN2,  which  is  absurd. 
In  a  similar  manner  it  might  be  shewn  that  every  other  point 
in  the  line  which  the  equation  Ax  +  By  +  C=0  represents,  is  in 
the  same  straight  line  with  Pl  and  P2.  This  line  is  therefore 
a  straight  line. 

17.  It  has  been  already  stated  that  A,  B,  C  are  fixed 
quantities  for  any  particular  line.  They  are,  therefore,  the 
quantities  which  distinguish  one  line  from  another  ;  for  the 
same  symbols  x  and  y  are  used,  not  only  in  the  same  line  for 
different  points,  but  also  for  points  in  different  lines.  A  little 
care  and  practice  are  sufficient  to  prevent  this  apparent  am- 
biguity from  causing  any  confusion. 

For  instance, 

Ax  +  By+C  =  0,      .     .     .     (1) 
ax  +  by  +  c  =  0,      .      .     .      (2) 

represent  (except  when  one  equation  is  formed  from  the  other 
and  therefore  expresses  no  new  relation  between  x  and  y)  two 
different  straight  lines,  since  A,  B,  Care  different  from  a,  b,  c; 
but  x  and  ?/,  though  the  same  in  both,  have  not  the  same  mean- 
ing in  both,  for,  in  the  first  case  <i?  and  y  represent  the  co-ordi- 
nates of  any  point  in  (1),  and  in  the  second  the  co-ordinates  of 
any  point  in  (2). 

It  is  manifest  that  the  position  of  the  line  does  not  depend 
upon  the  absolute  magnitude  of  A,  B,  (7,  since,  if  we  multiply 
or  divide  the  equation  by  any  constant,  it  will  still  represent 
the  same  line.  It  is  seen,  indeed,  by  dividing  the  equation  by 
one  of  the  constants  A,  B,  C  that  there  are  in  reality  only  two 
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independent  constants  involved ;  for  instance,  if  we  divide  by 
A,  the  equation  becomes 

B         C 

<v  +  ~A  y +  -4  =  °» 

A         A 

B          C 

where  -  and  —  are  the  two  constants  that    particularize   the 
A         A 

line ;  and  we  shall  see  hereafter  that  two  conditions,  which  de- 
termine these  constants,  are  sufficient  and  necessary  to  fix  the 
position  of  a  straight  line  in  a  plane. 

We  shall,  hereafter,  for  the  sake  of  brevity  often  speak  of 
"  the  line  represented  by  the  equation  Ax  +  By  +  C  =  0,"  as 
"  the  line  (Ax  4-  By  +  C  =  0)." 

18.  The  converse  of  the  preceding  proposition  is  equally 
true,  that  all  straight  lines  are  represented  by  equations  of  the 
first  degree ;  but  if  we  wish  to  reason  about  any  particular 
straight  line,  with  reference  to  two  fixed  axes,  we  must  have 
some  data  by  means  of  which  we  may  construct  it,  such  as  the 
position  (with  reference  to  the  axes)  of  one  or  more  points 
through  which  it  passes,  the  angle  it  makes  with  either  of  the 
axes,  its  distance  from  the  origin,  &c.,  &c. ;  and  we  shall  find 
that,  as  we  suppose  these  data  to  vary,  the  form  of  the  equa- 
tion (Ax  +  By  +  C=  0)  will  vary  too.  We  say/orm,  because, 
as  the  line  itself  is  supposed  to  remain  the  same,  and  only  the 
means  by  which  we  determine  its  position  to  alter,  it  is  plain 
that  its  equation  must  remain  really  the  same  also. 

We  shall  now  proceed  to  examine  some  of  the  most  obvious 
of  those  conditions  which  fix  the  position  of  a  line  with 
reference  to  the  axes,  and  find  what  form  the  equation  will 
take  in  each  particular  case.  We  shall  first  deduce  the  forms 
from  the  general  equation  (Ax  +  By  +  C  =  0),  and  afterwards 
verify  our  results  by  independent  geometrical  considerations. 


CONSTANTS  OF  THE  GENEKAL  EQUATION  DETERMINED.    1  5 

19.  (I.)  Let  DT  be  the  line,  and  let  the  lengths  DO 
and  OT  (which  are  called  its  intercepts  on 
the  axes)  be  the  data  to  determine  its  equa- 
tion. It  is  plain  that  these  are  sufficient  to 
do  so,  as  there  can  be  only  one  straight  line 
passing  through  D  and  T.  °/  A  x> 

Let  then  OD  =  6,    OT  =  a. 
Now,  in  the  equation 

Ax  +  By  +  C  =  0,  ...............  (A) 

C 

when  a>  =  0,  y-  --  ,  which  are  the  co-ordinates  of  the  point  Z); 
B 

and 

<7 
when  y  =  0,  x  =  --  ,  ..........................................  T, 


and  .-.  -      =  OD  =  6, 
B 


A 

but  equation  (A)  may  be  written  in  form 
,v  y 


A          B 

and  therefore  becomes 

x      y 

-  +  !  =  i, 

a       b 

for  these  data,  and  if  by  dividing  out  we  write  any  equation 
of  the  first  degree  in  the  form  of  (l),  the  quantities  in  the 
denominators  will  be  the  intercepts  on  the  axes. 

20.      (II.)      Next  let  the  data  be  the  length  of  the  perpen- 
dicular OE  from  the  origin  on  DT,  and  the  angle  EOx  which 


10  CONSTANTS   OF  THE 

it  makes  with  the  axis  of  x.  These  being  known,  the  point  E 
is  evidently  known,  and,  as  there  can  only  be  one  line  drawn 
through  E  at  right  angles  to  OE,  these  data  are  sufficient  to 
determine  the  position  of  DT. 

Let   OE  =p,  angle  EOT=a,  and  DOT  =  <D,  the  known 
angle  between  the  axes. 

Then,  as  before, 
C 

_      =  OD,  and 


B  cos  (M  -  a) 

C  » 

-  -  =  OT,  and    - 


A  cos  a 

y 


JT^  ytt 

and  therefore  (A)  becomes 


P  P 


cos  a       cos  (to  —  a) 
or      x  cos  a  +  y  cos  (a»  —  a)  =  p. 

The  coefficients  of  x  and  y  in  this  equation  are  called  the 
direction-cosines  of  the  line.  It  must  be  carefully  remembered 
that  by  a  is  meant  the  angle  EOx  which  the  perpendicular 
makes  with  the  positive  part  of  the  axis  of  x,  i.  e.  it  is  the 
angle  through  which  Ox  must  be  turned  towards  Oy,  in  order 
that  Ox  may  coincide  with  OE,  with  x  on  the  same  side  of  O 
as  E  is ;  for  instance,  if  the  data  to  determine  the  position  of 
the  line  were  OE  —  p^  angle  EOx  =  180  +  a,  E  would  lie  in 
EO  produced,  at  a  distance  =  p  from  O ;  but  p  will  in  this 
case,  and  always,  be  a  positive  quantity,  since  the  positive 
direction  of  OE  may  be  defined  as  that  which  marks  the 
boundary  of  the  angle  a. 

COR.  1.  If  to  =  90°,  or  the  axes  be  rectangular,  the 
equation  becomes 

x  cos  a  +  y  sin  a  =  p, 
a  very  useful  form  of  the  equation. 
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COE.  2.     If  the  equation  to  any  line  be 

Ax  +  By  +  C  =  0,  .........  (1) 

and  the  equation  to  the  same  line  be  written  in  the  form 
x  cos  a  +  y  cos  (&>  —  a)  =  p,  .........  (2) 

or  x  cos  a  4-  y  sin  a  =  p,  .........  (3) 

according  as  the  axes  are  oblique  or  rectangular,  then,  since 
equations  (2)  or  (3)  are  really  identical  with  (l),  we  see  that 
A,  B,  and  C  are  proportional  to  cos  a,  cos  (CD  —  a),  and  —  p 
for  oblique  axes,  and  to  cos  a,  sin  a,  and  —  p  for  rectangular 
axes  ;  and  therefore,  for  the  latter  case, 

A          B  C 

cos  a       sin  a  p  ' 

equations  which  are  often  useful.  For  example,  if  we  wish  to 
write  equation  (l)  in  the  form  (3),  we  have 

cos2  a  +  sin2  a       A~  +  B2 
p2  C*       ' 

C 
or 


VA*  +  B*' 

since  p  is  always  a  positive  quantity.      Hence  equation   (1) 
must  be  written,  supposing  C  a  positive  quantity, 


B  C 

X 


Hence,  any  equation  may  be  written  in  the  form  of  (3), 
by  so  adjusting  the  signs  that  the  term  not  involving  x  or  y 
may  stand,  as  a  positive  quantity,  as  the  right  hand  member, 
and  then  dividing  the  whole  equation  by  the  square  root  of 
the  sum  of  the  squares  of  the  coefficients  of  #  and  y. 

For  instance,  the  equation 

3x  -  4>y  +  7  =  0 
p.  c.  s.  2 


\ 

\KT 
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will  be  written 

347 

-  -ai  +     y  =  - (5). 

5          5^5 

We  say  that  p  is  always  a  positive  quantity,  because  we  have 
agreed  above  always  to  consider  a  as  the  angle  which  the  per- 
pendicular on  the  line,  and  not  that  perpendicular  produced, 
makes  with  the  positive  part  of  the  axis  of  a?.  If  we  were 
to  remove  this  restriction,  p  might  sometimes  be  a  negative 
quantity,  as  we  shall  see  hereafter  (Art.  49),  in  the  case  of 
polar  co-ordinates.  For  instance,  equa- 
tion (5)  represents  a  line  DT,  where 

4  3 

sin  EOx  =  -  ,    cos  EOx  = ,     and 

5  5' 

7 

OE  =  - ,    but    the    equation    may   be 
o 

written  43  7 

55  5 

where  we  must  take  the  angle  KOx  (  =  180  +  EOx)  whose  sine 

4  3  7   . 

= ,  and  cosine  =  -,  and  then  measure  OE  =  -  in  what  is 

55  5 

now  the  negative  direction  of  the  perpendicular.  This  will 
evidently  give  us  the  same  line  Z>!T;  but  in  the  following 
pages,  when  we  speak  of  a  line  written  in  the  above  form,  we 
shall  always  suppose  p  to  be  positive. 

21.  (Ill)  Again,  let  the  data  be  the  length  of  OD  and 
the  angle  DTx.  Now,  although  we  can  draw  an  infinite 
number  of  lines  through  D,  there  is  only  one  that  makes  this 
particular  angle  with  the  axis  of  a?;  for  when  we  speak  of  the 
angle  which  a  line  makes  with  the  axis  of  x,  we  always  mean 
the  angle  which  the  part  of  the  line  above  the  axis  makes 
with  the  axis  produced  in  a  positive  direction,  i,  e.  the  angle 
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DTat,  not  DTO.     These  data  then  determine  the  line.      Let 
OD  =  6,  DTco  =  a,  and  DOx  =  CD,  as  before. 

Then  -_* 


sin  a 

sin  (a>  -  a) 

=  ---  :  --  .  6, 

sin  a 

A  sin  a 


-  -a.  01  u  U 

and  .-.  -  =  -- — -  ; 

B  sin  ((a  -  a) 

but  equation  (J.)  may  be  written 


and  therefore  the  equation  becomes  for  these  data 

sin  a 

y  —  —     .  x  +  o, 

sin  (to  -  a) 

which  is  often  written 

y  =  mx  +  6, 
the  constant    m  being  a  short  way  of  writing  the  constant 

sin  a 

sin  (a>  -  a) 
COR.  1.      If  a>  =  90°,  or  the  co-ordinates  be  rectangular, 

m  =  tan  a. 

Also  m  will  be  positive  only  when  a  is  less  than  w.     In  the 
figure  the  dotted  line  has  m  positive  ;  in  DT  it  is  negative. 

COR.  2.  Every  equation  of  the  first  degree  may,  by  divid- 
ing by  the  coefficient  of  y  and  transposing,  be  written  in  the 
form 

y  =  mx  +  b, 

2—2 


20  CONSTANTS  OF   THE   GENERAL   EQUATION 

where,    for   rectangular   axes,    m  represents   tan  a,    and  for 

oblique  axes,  m  represents  -r- ,  and  where,  for  all  axes, 

sin  (a)  -  a) 

b  represents  the  intercept  of  the  line  on  the  axis  of  y,  and  will 
be  positive  or  negative  according  as  the  line  cuts  that  axis 
above  or  below  the  origin. 

COR.  3.     If  the  distance  OD  =  0,  or  the  line  pass  through 
the  origin,  we  shall  have 

C 


and  the  equation  to  the  line  will  be 

sin  a 

sin  (w  -  a)  " 

Hence  the  equation  to  any  line  passing  through  the  origin  is 
of  the  form 

y  =  mx. 

22.      (IV)      Next  let  the  data  be  the  point  P'  through 
which  DT  passes,  and  the  angle  DTx  which  it  makes  with  Ox. 
Let  the  known  co-ordinates  of  P'  be  x  and 
y',  and  let  z.  DTx  =  a,  DOx  =&),  as  before. 

Then,  since  (xy)  is  a  point  on  the  line 

Ax  +  By  +  C  =  0, 

f  t  &I  \ 

and   .'.  A  (x  -  x')  +  B  (y  -  y)  -  0, 

y-y        A . 


or  , , 

/  -j->    7 

x  -  x          B 


but  as  before, 

C 
B 

~A 
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A       OD  sin  a 


and 
hence 


or 


B  OT~       sin(w-a)' 
y  -  y  sin  a 

x  -  of  sin  (a>  -  a) ' 
y  -  y  x-  as 


sin  a   •    sin  (a>  —  a) 
COR.  1.      If  a>  =  90n,  or  the  co-ordinates  be  rectangular, 

sin  (to  —  a)  =  cos  a, 
and  the  equation  may  be  written 

y  -y      («>  -  x) 

sin  a          cos  a 
or  more  commonly 

y  -y'  =  m  (x  -  x), 
where  m  =  tan  a. 

COR.  2.  If  the  given  point  be  the  origin  and  therefore 
x  —  0,  y =  0,  this  equation  reduces  to 

y  =  mx, 
as  in  III.  Cor.  3. 

23.  (V)  Next  let  the  data  be  the  co-ordinates  of  the 
two  points  Pf  and  P"  through  which  the  line  passes.  Let  the 
co-ordinates  of  Pf  be#',  y,  and  of  jP",  x",  y";  then  since  Pf  and 
P"  are  points  on  the  line 

Ax  +  By  +  C  =  0     .      .      .     .      (1) 
.-.  Ax  +  By  +  C  =  0     .     .     .     .     (2) 
and  Ax"+By"+  C  =  0     ....      (5) 
from  (l)  -  (2)    A  (x  -  x)  +  B  (y  -  y')  =  0, 
from  (3)  -  (2)    A  (x" -  x)  +  B  (y"-  y')  =  0, 
whence  we  have  for  the  required  equation 

y  -y  _  y"  -  y 
/  ~~  n     i  * 

X  —  X          X    —  X 
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COR.      If  one  of  the  points  (x"y")  be  the  origin,  the  equa- 
tion becomes,  since  ao"  =  0,  y"  =  0, 

y  -  y     y 


~~  0}          OG 


or,  reducing, 


is  the  equation  to  a  line  passing  through  the  origin  and  (xy). 

24.  All  these  equations  may  be  obtained  independently 
from  geometrical  considerations,  instead  of  being  deduced  from 
the  general  equation  of  the  first  degree ;  thus 

(I)      The  intercepts  OD  =  b,  OT  =  a  being  given.      Let 
PM(=  y),  OM  (  =  x)  be  the  co-ordinates  of 
any  point  P  in  the  line  ;   then  the  triangles 
DOT,  PMT  are  always  similar,   whatever 
be  the  position  of  P,  and  we  have 
PM  :   MT  ::   OD  :   OT, 
y          b 


or 


a  —  a;      a 


whence  -  +  -  =  1,  as  before. 
a      b 

This  equation  will  be  easily  remembered,  as  each  variable 
stands  over  the  intercept  on  its  own  axis.  It  is  the  same, 
whether  the  co-ordinates  are  rectangular  or  oblique. 

25.     (II)     Given  the  perpendicular    (p)    and  the  angle 
(a)  it  makes  with  the  axis  of  x.      Let  P 
be  any  point  in  DT\   OM,  PM  (ny)  its 
co-ordinates.     Draw  MS   perpendicular 
to  OjE1;  then 

OS 


cosa=-- (1) 

/r*  ' 
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and   cos  (&>  -  a)  =  cos  SRM 
SR 


RE 

and  also  = 


and  .'.  = 


RP' 

SR  +  RE 


y 

from  (l)  OS  =  x  cos  a,  from  (2)  SE  =  y  cos  (to  -  a)  ; 
.'.  on  cos  a  +  y  cos  (co  —  a)  =  OS  +  SE 

=  p. 
COR.      If  yOx  be  a  right  angle,  we  have 

OS  SE 

cos  a  =  —  ,  sin  a  =  cos  SRM  = , 

x  y 

and  we  obtain  the  equation 

x  cos  a  +  y  sin  a  =  p. 

26.       (Ill)       The    length     OD    (=  b)    and     the     angle 
DTo?(=a)    being  given. 

Let    OM  (=  x}  and  PM  (=  y)  be  the  co-ordinates  of  any 
point  P  in  the  line ;   through  D 
draw  DQ.  parallel  to  Ox  to  meet 
MP  produced  in  Q  ;    then 

PQ      sin  PDQ 


or 


sin  DPQ. ' 

~7^       «/        jar        W\~> 

QM-PM  _  sin  (180 -a)  / 

DQ  sin  (a  -  a>) 
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b  —  y  sin  a 


or 


i 
whence  y  =  - 


sin  (to  -  a)  ' 
sin  a 


sin  (a>  -  a) 
or     y  —  mx  +  6, 


as  before. 


COR.      If  yOa?  be  a  right  angle,  we  have 

PQ 


=  -  tan  a, 

b  —  y 
.-.   --  -  =  -tana, 

a? 

y  =  tan  a  .  to  +  b. 

It  will  be  observed  that,  in  the  figure  we  have  chosen,  m 
is  a  negative  quantity,  since  sin  (w  -  a)  and  tana  are  both 
negative.  If  we  take  the  dotted  line,  the  geometrical  con- 
struction will  shew  that  m  is  positive  in  that  case. 

27.  (IV)  The  co-ordinates  (x  y)  of  the  point  P\  and 
the  angle  DTx  (=  a)  being  given. 

Let  P  be  any  point  (pcy)  on  the  line,  and  draw  P'Q  parallel 
to  Ox,  to  meet  the  ordinate  of  P  in  Q  ; 

PQ       sin  P  P'Q 
1 


y  —  y'      sin  (180  —  a) 

oe  —  x        sin  (a  —  a>) 

/ 

y  —y'  sin  a  /    Jf 

hence  -    —  =  — ,  / 

x  —  x        sin  (to  —  a)  / 
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as  before.     This  equation  may  be  written 

y-y  _      ®-*' 

sin  a        sin  (a>  —  a)  ' 

P'P 

where  each  member  of  the  equation  is  evidently  =  -   —  ;  hence 

sin  w 

we  may  write  the  equation  thus 

y-y     or-  SB 


sin  a  sin  (a>  -  a)  ,  _ 

where  s  =  —  —  ,    c  =  -  7  —      —  ,    /  -  P  P, 
sin  a)  sin  w 

and  where  we  must  remember  that  s,  c,  are  constants  for  any 
given  line,  but  I  is  a  variable  quantity  and  equals  the  length 
of  the  line  between  the  points  (xy)  and  (foyf). 

COR.      If  the  axes  be  rectangular, 

y-y 

—  -f  —  tan  a. 

T  —  f 

<t<      & 

and  since  sin  o»  =  1,  the  equation  may  be  written 

y-y  _  x  -  of  _ 

_  _  i  , 

s  c 

where  s  and  c  are  now  equal  to  sin  a  and  cos  a. 

The  geometrical  meaning  of  this  equation  should  be  care- 
fully noted,  as  we  shall  frequently  have  occasion  to  use  it 
hereafter.  The  formula  will  evidently  make  I  positive  or 
negative,  according  as  the  distance  is  measured  from  P' 
towards  D  or  T,  and,  as  sin  a  is  always  positive,  the  sign  of  I 
is  always  the  same  as  that  of  y  —  y. 

28.      (V)      The  co-ordinates  of  two  points  P'  (xy)  and 

•rJl  /    n    t>\   i      •  • 

F  (iV  y  )  being  given. 


26  STRAIGHT   LINES. 

Let  P  be  any  point   (xy)  on   the  line ;   and  draw  P'Q"Q 
parallel  to  Ox,  to  meet  the  ordi-  / 

nates  of  P  and  P"  in  0  and  0"; 

' 
then 

PQ      P"Q[' 

-   =  ; .  /  CX 

QP'      $'P' ' 

y  -y     y"  -  y 


or 


as  —  x      x  —  x 


i        a        i 

y  —  y       y    —  y 

or  y      y  y 


if*  -  -  w  w      -  -    i» 

tt*     ~~  w  w         ^^    tCf 

as  before. 

This  equation  may  be  written  in  the  form 
y  -  y  =  m  (x  -  x), 


n       i 

,  y  -y 

where  m  =  —f T 


x  —  x 
sin  a 


—    ,  -,  if  the  axes  be  oblique, 

sin  (to  -  a) 

=  tan  a,  if  the  axes  be  rectangular, 
which  agrees  with  the  result  of  (IV). 

29.     We  will  now  give  a  few  numerical  examples  on  the 
preceding  Articles. 

Ex.  1.     To  find  the  equation  to  a  line  which  cuts  off  inter- 
cepts on  the  axes  of  x  and  y  equal  to  3  and  —  5  respectively. 
Writing  a  =  3,  b  =  -  5  in  the  equation  of  (I), 
x      y 

-+T-1* 

a       6 
we  have,  for  the  required  equation, 
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Ex.  2.  The  perpendicular  from  the  origin  on  a  straight 
line  =  5,  and  makes  an  angle  of  30°  with  the  axis  of  x ;  find 
the  equation  to  the  line  (i),  when  the  axes  are  inclined  at  an 
angle  of  60°,  and  (ii),  when  they  are  rectangular. 

Writing  CD  =  60°,  a  =  30°,  and  p  =  5  in  the  equation  of  (II), 

x  cos  a  +  y  cos  ((u  -  a)  =  p, 
we  have 

\/3  (x  +  y}  =  10, 

for  the  equation  when  the  axes  are  inclined  at  an  angle  of  60° ; 
and  if  the  axes  are  rectangular, 

x  cos  a  +  y  sin  a  =  jo, 

or  -V/3  x  +  y  =10, 

.is  the  equation  required. 

Ex.  3.  To  find  the  equation  to  a  straight  line  which  makes 
an  angle  of  135°  with  the  axis  of  a?,  and  cuts  off  an  intercept 
=  —  3  on  the  axis  of  y,  (i),  if  the  co-ordinates  are  rectangular, 
and  (ii),  if  they  are  inclined  at  an  angle  of  45°. 

(i)  Writing  6  =  -  3,  and  m  =  tan  135°  =  - 1  in  the  equa- 
tion of  (III), 

y  =  mx  +  6, 
we  have  for  the  required  equation, 

y  =  -  as  -  3. 

(ii)  Writing  a  =  135°,  w  -  a  =  45°  -  135°  =  -  90°  in  the 
equation  of  (III), 

sin  a 

y=  ~r— -.x  +  &, 

sin  (w  -  a) 

we  have  for  the  required  equation, 
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1 


\/2 

y  = .  as  -  3, 

-1 

1 
or  y  = 7=  .  x  —  3. 

%/i 

Ex.  4.  To  find  the  equation  to  a  straight  line  which  passes 
through  the  points  whose  co-ordinates  are 

x  =  4,  ^  =  —  2,    and  x  =  —  3,    y  =  -  5, 
writing  4  and  —  2  for  <#'  and  y\   and  —  3  and  —  5 

for  a?"  and  y"  in  the  equation  of  (V), 

i        ir         i 

y - y  _y  -  y 

i  rr  /  > 

X  —  OB          X      —  X 

we  have,  for  the  required  equation, 

y + 2       -5+2 
ff  -  4  ~  -  3  -4* 
or  7y  -  3x  +  26  =  0. 

Ex.  5.  To  find  the  equation  to  a  straight  line  which  passes 
through  the  origin  and  a  point  whose  co-ordinates  are 

#  =  3,    y  =  -2. 
Writing  3  and  —  2  for  x  and  y'  in  the  equation  of  (V)  Cor. 

y 

\—s"\ 

we  have 

3y  +  2#  =  0, 

for  the  equation  required. 

30.  We  have  hitherto  considered  those  points  in  the  line 
only  whose  co-ordinates  are  positive,  but  it  may  be  seen,  in 
every  case,  by  noticing  the  direction  in  which  the  co-ordinates 
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are  drawn,  that  the  equation  is  satisfied  by  every  point  in  the 
line,  if  produced  indefinitely  both  ways.  We  will  take  the  form 
of  equation  given  in  (III), 
and  suppose  the  equation  to 
D  T  to  be  y  =  mx  +  6,  where 
ft,  as  we  have  shewn  above, 
is  a  positive  quantity  and 
=  OD,  and  m  is,  for  this 
line,  a  negative  quantity  and 
sin  a 


sin  ((a  -  a) 

Hence,  for  the  part  between  D  and  7*,  y  is  equal  to  the  dif- 
ference of  the  absolute  lengths  represented  by  b  and  m,r,  as  was 
shewn  in  Art.  26 ;  but  if  we  take  P  on  the  other  side  of  the 
axis  of  y,  so  that  x  is  negative,  the  quantity  mx  becomes  posi- 
tive, and  y  is  now  equal  to  the  sum  of  the  absolute  lengths 
represented  by  mx  and  b.  We  may  easily  see  from  geometrical 
considerations  that  this  is  the  case,  for  PQ  is  the  quantity 
which  now  represents  the  absolute  length  of  the  quantity  mx  or 

—  .  DQ,  (the  signs  being  disregarded)   and  QM  =  b ; 
sin  (u)  —  a) 

therefore  PM  or  y  =  the  sum  of  PQ  and  QM  or  the  sum  of 
mx  and  6. 

Again,  if  we  take  P  on  the  other  side  of  the  axis  of  x, 
the  ordinate  will,  as  in  the  portion  DT,  represent  the  difference 
of  the  absolute  lengths  of  b  and  mx,  since  x  is  still  positive 
and  m  is  negative ;  and  here  M'Q'  =  b  and  P'Q'  <=  the  absolute 

length  of  mx  or  of DQ\  and  we  see,  geometrically, 

sin  (to  -  a) 

that  the  ordinate  P'M '  is  the  difference  of  these  lines :  also  it 
is  drawn  upwards  or  in  the  negative  direction,  as  it  evidently 
should  be,  since  of  the  two  quantities  b  and  mx,  whose  difference 
it  is,  the  negative  quantity,  mx,  or  P'Q',  is  the  greater. 
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31.  In  order  to  trace  the  straight  line  represented  by  any 
equation  of  the  first  degree,  it  is  only  necessary  to  determine 
two  points  through  which  the  line  passes.  If  we  make  &'  =  0  in 
the  equation,  the  value  of  y  will  give  the  point  where  the  line 
cuts  the  axis  of  y,  and  if  we  make  y  =  0,  the  value  of  a  will 
give  the  point  where  the  line  cuts  the  axis  of  a?;  the  line  joining 
these  two  points,  and  produced  indefinitely  both  ways,  will  be 
the  locus  of  the  equation. 

Ex.      To  trace  the  lines 

(i)       5y  +  3x  +  15  =  0. 
(ii)      2y  -  5ac  +  10  =  0. 

In  (i),  when  x  =  0,  y  =  -  3,  or  the  line  cuts  the  axis  of  y 
at  a  distance  OD  (=3)  below  the 
origin ;    when    y  =  0    x  =  —  5,    or 
the  line  cuts  the  axis  of  x  at  a  dis- 
tance OT  (=  5)  to  the  left  of  the    X 
origin.     Hence  the  line  DT,  pro- 
duced indefinitely,  is  the  locus  of 
equation  (i). 

In  (ii),  when  x  =  0  y=  -5,  and 
when  y  =  0  x  =  2  ; 

hence,  if  we  take  OD'  =  5,  and  OT'  =  2,  D'T'  produced  inde- 
finitely will  be  the  locus  of  equation  (ii). 

This  method  fails  when  the  equation  is  of  the  form 
Ax  +  By  =  0 ; 

for  we  have  seen  (Art.  21.  Cor.  3),  that  in  this  case  the  line 
passes  through  the  origin,  since  it  may  be  written  in  the  form 
y  =  mx.  It  will  only  be  necessary  then  to  determine  one  more 
point  in  the  line,  the  method  of  doing  which  may  be  seen  by 
the  following  examples. 
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To  trace  (i),      3x  +  4>y  =  0. 
(ii),     2<r-3y  =  0. 

a?          4 
In  (i),  -  =  —  ,   and  the  ordi- 

y       3 

nate  and  abscissa  must  always  have 
different  signs,  or  the  line  will  lie 
in  the  angles  yOx  ',  y'Ox  ;  hence,  if 
we  take  OM  =  4,  PM  =  3,  P  is  a 
point  in  the  line,  and  PO  produced 
indefinitely  is  the  locus  of  equation 


3D        3 

In  (ii),  -  =  -,  and  the  co-ordinates  have  the  same  sign,  or 

y 
the  line  lies  in  the  angles  yOx,  y'Ox;  hence,  if  we  take 

OM'  =  3,  FMT  =  2, 

P'  is  a  point  in  the  line,  and  the  locus  will  be  traced  by  join- 
ing OP'  and  producing  the  line  indefinitely  both  ways. 

32.  The  equations  to  two  straight  lines  being  given,  to 
Jind  the  co-ordinates  of  their  point  of  intersection. 

Since  the  co-ordinates  of  every  point  on  a  line  must  satisfy 
its  equation,  the  co-ordinates  of  the  point  through  which  both 
the  lines  pass  will  satisfy  both  equations,  or  they  will  be  the 
values  obtained  by  solving  the  equations  as  simultaneous. 

Ex.  To  find  the  co-ordinates  of  the  point  where  the  two 
lines 

3y  +  4>x  -  11  =  0,  4>y  +  3x  -  10  =  0 
intersect. 

The  values  of  x  and  y,  obtained  by  combining  these  two 
equations,  are  so  =  2,  y  =  1,  which  are,  therefore,  the  co-ordi- 
nates of  the  point  of  intersection  of  the  lines. 
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33.  We  remarked  (Art.  19)  that  the  variables  x  and  y 
had  not  the  same  meaning  in  two  different  equations.  If, 
however,  we  combine  these  equations  in  any  manner  what- 
soever, we  tacitly  introduce  the  geometrical  condition  that  the 
values  of  the  variables  are  the  same  in  each,  and  the  result  of 
such  combination  will,  therefore,  always  express  some  fact 
regarding  the  point  or  points  which  the  lines  have  in  common. 
We  may  combine,  as  in  Art.  32,  in  such  a  manner  as  abso- 
lutely to  determine  these  co-ordinates,  or,  we  may  obtain  some 
relation  between  them,  expressed  by  an  equation,  and,  as  this 
equation  must  represent  some  line,  straight  or  curved,  and  is 
satisfied  by  the  co-ordinates  of  the  point  or  points  of  intersec- 
tion, it  represents  a  line  passing  through  those  points. 

We  will  take  a  simple  example  of  this. 
Let  the  equations  to  two  straight  lines  be 

y  =  mx  +  b  ...  (l),  y  = x  +  6'  ...  (2). 

m 

The  geometrical  meaning  of  these  equations  is  (Art.  26) 
that  the  lines  cut  off  intercepts  on  the  axis  of  y  equal  to  b  and 
b',  and  that  they  make  angles  0,  0'  with  the  axis  of  #,  so 
related  that 

tan  9.  tan  B'  =  -  1 (3). 

Now,  if  B  and  B'  be  quantities  whose  value  is  absolutely 
known,  we  may  treat  (l)  and  (2)  as  simultaneous  equations, 
and  obtain  definite  values  for  x  and  y,  the  co-ordinates  of  the 
intersection  of  (l)  and  (2),  in  terms  of  the  constants  B,  0',  &,  b'. 
But,  if  all  we  know  about  B  and  B'  is  that  they  are  connected 
by  equation  (3),  it  is  evident  that  for  every  value  of  B  there 
will  be  a  corresponding  value  of  & ',  and  that  each  pair  will 
produce  a  new  point  of  intersection.  Suppose  then  that  we 
combine  (l)  and  (2)  so  as  to  eliminate  this  variable  quantity 
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wz,  (which  =  tan  9,  by  Art.  26',)  instead  of  one  of  the  variables 
.v  or  y.      We  obtain   the  equation 

(y-b)  (y-b')+x*  =  0 (4). 

Equation  (4)  is  a  relation  between  the  co-ordinates  of  the 
intersection  of  (l)  and  (2),  and,  as  it  represents  a  line  of  some 
kind,  that  line  must  pass  through  the  intersection.  But  what- 
ever value  9  and  9'  have,  in  (1)  and  (2),  we  shall,  by  the  same 
means,  obtain  equation  (4),  provided  only  that  the  relation  (3) 
exist  between  them.  Hence,  (4)  passes  through  every  point  of 
intersection  which  can  be  generated  by  the  change  of  $,  and  is 
called  the  locus  of  the  intersection  of  (1)  and  (2). 

We  may  here  remark  that  the  student  cannot  be  too  care- 
ful in  considering  the  geometrical  meaning-  of  every  algebraic 
step  he  takes.  The  very  facility  with  which  algebraic  expres- 
sions are  combined  and  manipulated  is  often  the  most  serious 
drawback  to  his  progress. 

34.  In  finding  the  co-ordinates  of  the  points  where  two 
loci  intersect,  we  shall  sometimes  fall  upon  impossible  and 
sometimes  upon  infinite  values  of  the  variables.  We  gather 
from  the  former  that  the  loci  do  not  meet  there,  and  the  latter 
will  often  give  us  some  information  about  the  geometrical 
position  of  the  loci.  For  instance,  from  the  equations 

y  =  mac  +  b  ...  (l),  y  =  mx  +  b' ...  (2), 
we  obtain,  for  the  abscissa  of  the  intersection, 

b'  -b 


x  = 


m— m 

If  now  m  becomes  equal  to  m',  x  becomes  infinite,  from  which 
we  gather  that  (l)  and  (2)  are  parallel  in  this  case,  which  is 
evidently  true  by  Art.  26.      The  equation  of  the  second  degree 
will  furnish  us  with  other  examples  of  this  principle. 
35.      If  the  equations  to  two  straight  lines  be 

Ax  +  By  +  C=  0     .     .     .      (1), 
Ax  +  B'y  +  C'=  0     .     .     .     (2), 
p.  c  s.  3 
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the  equation 

(Ace  +  By  +  C)+k  (A'x  +  B'y  +  Cf)  =  0     .     (8). 

where  k  is  any  constant  quantity,  positive  or  negative,  will  re- 
present a  straight  line  passing  through  the  point  where  (1)  and 
(2)  intersect;  for  it  is  an  equation  of  the  first  degree,  and 
therefore  represents  a  straight  line,  and  the  co-ordinates  of  the 
point  of  intersection  of  (l)  and  (2)  satisfy  both  those  equations, 
and,  therefore,  evidently  satisfy  (3),  or  the  point  is  on  the  line 
represented  by  (3). 

Thus  we  see  that  the  equations 

(Ax  +  By  +  C)  +  2(A'x  +  B'y  +  C'}  =  0, 
(A at  +  By  +  C)  -  3(A'x  +  B'y  +  C'}  =  0, 

represent  two  straight  lines  passing  through  the  intersection  of 
the  lines, 

Ax  +  By  +  C  =  0,  A' of  +  B'y  +  Cf  =  0. 

Since  k  is  an  arbitrary  quantity,  undetermined  by  the 
nature  of  the  problem,  equation  (3)  will  represent  a  system  of 
lines  fulfilling  one  condition  only,  viz.  that  of  passing  through 
the  intersection  of  (l)  and  (2).  Any  individual  of  the  system, 
particularized  by  t'ie  fulfilment  of  a  second  condition,  can  have 
the  appropriate  equation  assigned  to  it  by  giving  the  proper 
value  to  k.  For  example,  if  any  line  of  the  system  passed 
through  a  point  (x'y),  we  should  obtain  the  value  of  k  for 
that  line  from  the  equation 

(Ax  +  By  +  C)  +  k  (A'x  +  B'y'  +  C")  =  0, 

and,  substituting  this  value  in  (3),  we  should  have  the  equation 
required.  The  student  should  exercise  himself  in  obtaining  k 
from  other  conditions,  such  as  that  the  line  (3)  is  parallel  or 
perpendicular  to  a  given  line,  &c. 

Also,  generally,  if  the  equations  to  two  curves  be 
S=0,  £"=0, 
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where  S  and  tf  stand  for  expressions  involving  x  and  y,  the 
equation 

33  +  k&  =  0, 

will  represent  a  curve  passing  through  the  points  of  intersec- 
tion of  the  two  first-mentioned  curves. 

Hence,  if  any  equation  involve  an  arbitrary  constant  k  in 
such  a  manner  that  the  equation  may  be  written  in  the  form 
S  +  kS'  =  0,  that  equation  will  represent  a  series  of  lines  or 
curves  which  pass  through  the  point  of  intersection  of 

s  =  o,  y  =  o. 

Ex.  l.      The  equation 

3y  +  <kc  -  1 1  +  k  (4-y  +  3x  -  10)  =  0, 
or  (3  +  4&)  y  +  (4  +  3k)  x  -  1 1  -  Wk  =  0, 

will,   according  as  we  give  different  values  to  &,  represent  a 

series  of  straight  lines  passing  through  the  point  (#  =  2,  y=  1,) 

which  is  the  point  of  intersection  of  the  two  lines  represented  by 

3y  +  4#  -  11  =  0,   4<y  +  3x  -  10  =  0. 

Ex.  2.      The  equation  y  =  mx  +  &>  may  be  written 

(y  —  6)  —  mx  =  0, 

and,  if  m  is  indeterminate,  this  will  represent  a  series  of  lines 
passing  through  the  intersection  of  the  lines 

y  -  b  =  0,    x  =  0, 

or  cutting  off  an  intercept  =  b  from  the  positive  part  of  the 
axis  of  y,  as  we  have  already  seen  (Art.  21). 

Ex.  3.      The  equation 

y  -  y  -  m  (a?  -  a?')  =  0, 

represents,   if  m  is  indeterminate,  a  system   of  lines  passing 
through  the  intersection  of  the  lines 

y  —  y  =  0,  x  —  x  =  0, 
as  we  saw  in  Article  22. 

a— 2 
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36.      To  find  the  co-ordinates  of  a  point    (hk)  where  the 


line  joining  two  given  points  (x  y'),  (x"y  ) 
ratio. 

Let  P,  Q  be  the  two  points  (x'y),  (®"y' 
whose  co-ordinates  are  sought,   w  the 
angle  DOT,  and  let 

PR  :  RQ  ::  m  :  n. 

Now  the  equation  to  the  line  D  T, 
which  joins  P  and  Q,  since  it  passes    ~~o7 
through  (M),  is 

y  —  k      x  —  h 


is  cut  in  a  given 
,  R  the  point  (hk), 

fy 


where  s 


sin  a 


c  = 


8  C 

sin  (w  —  a] 


=  1 


(Art.  27), 


.    . 

a    beinff  the  angle    DTx 
sin  M  sin  u) 

and  where  £  is  the  distance  of  a  point  (-xy)   measured  frorr 

R  (/i&),  and  is  a  positive  quantity  when  measured  towards  L 

and  negative  when  measured  towards  T.  Hence,  since  (afy) 
(x"y")  are  points  in  the  line, 


and 
whence 
from  which 
and  similarly, 


y'  -  k      as  —  h 
s 

a      i 

y  -k 
s 

jj*k 

y"-k 


c 

"  7L 

y   —  h 
c 

RP 


-RP, 


m 


h  = 


m+  n 

m,v"  +  nx' 
m  +  n 
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If  w  =  n,  or  the  line  be  bisected  in  the  point  (/*&), 


EXAMPLES  II. 

1  .     DRAW  the  lines  whose  equations  are, 
(1)     y=5*  +  2,         (2)     y-7  =  5x  +  3,         (3) 


(4)     6-x=<2y,        (5)        +JY  =  2'  (6) 

2.  Find  the  equation  to  the  straight  line  which  passes  through 
the  points  (2,  5)  and  (0,  -  7). 

3.  The  co-ordinates  of  the  angular  points  of  a  triangle  being  given, 
find  the  equations  to  the  three  lines  each  of  which  bisects  two  of  the 
sides. 

4.  Two  lines  make  each  of  them  an  angle  of  45°  with  the  axis  of 
x,  and  their  intercepts  on  the  axis  of  y  are  6  and  8  ;  find  the  equation 
to  the  straight  line  which  is  equidistant  from  the  two,  the  axes  being 
rectangular. 

5.  Find  the  equation  to  a  straight  line  on  which  the  perpendicular 
from  the  origin  =  6,  and  makes  (1)  an  angle  of  45°,  and  (2)  an  angle  of 
225°  with  the  axis  of  x,  the  axes  being  rectangular. 

6.  Determine  the  point  of  intersection  of  the  two  lines  (Sy  —  x  =  0) 
and  (2x  +y  =  1). 

7.  The  co-ordinates  of  P  are  x  =  2,  y  —  3,  and  of  Q,  x  =  3,  y  =  4  ; 
find  the  co-ordinates  of  R,  so  that  PR  :  RQ  ::  3  :  4. 

8.  Find  the  equation  to  a  straight  line  which  is  equidistant  from 
the  two  lines  represented  by  the  equation  y  =  ma;  +  c±c>. 

9.  The  portion  of  a  straight  line  intercepted  by  rectangular  axes 
=  r,  and  the  perpendicular  on  it  from  the  origin  =p;  what  is  the 
equation  to  the  line. 
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10.  Find  the  length  of  the  perpendicular  from  the  origin  on  the 
line  a(x  —  a)  +  b(y  —  b)  =  0,   and  the  portion  intercepted  by  the  axes, 
which  are  rectangular. 

11.  Find  the  area  between  the  lines  y  =  x  tan  a,  y  =  x  tan  a,,  and 
y  =  x  tan  <*2  +  &»  ^ne  axes  being  rectangular. 

12.  Find  the  equation  to  a  straight  line  which  passes  through  a 
given  point  (a£>),  and  makes  equal  angles  with  the  axes. 


13.  Find  the  equations   to  the  diagonals  of  the  parallelogram 
formed  by  the  four  lines  x  =  a,  x  =  of,  y  =  b,  y  =  b'. 

14.  A  straight  line,  inclined  to  the  axis  of  x  at  an  angle  of  150°, 
cuts  the  positive  axes  of  rectangular  co-ordinates  in  A  and  B  ;  find 
the  equation  to  a  straight  line  bisecting  AB  and  passing  through  the 
origin. 

15.  Find  the  equations  to  the  four  sides  of  a  square,  the  co-ordi- 
nates of  two  of  its  opposite  angular  points  being  (2,  3)  and  (3,  4),  the 
co-ordinates  being  rectangular. 


16.     Find  the  distance  of  the  origin  of  co-ordinates  from  the  line 

y. 

3 


=  1>  *he  axes  being  rectangular. 


17.  Find  the  equation  to  a  straight  line  which  passes  through 
the   intersection   of  the   lines    x  =  a,   x  +y  +  a  =  0,   and  through  the 
origin. 

18.  The  axes  of  co-ordinates  being  inclined  to  each  other  at  an 
angle  of  60°,  find  the  equation  to  a  straight  line  parallel  to  the  line 
(x  +y  =  3a),  and  a  distance  from  it  equal  to  ^ajs. 


19.  Shew  that  the  lines  y  =  2x  +  S,  y  =  3x  +  4>,  y  =  4>x  +  5,   all 
pass  through  one  point. 

20.  Find  the  value  of  m  in  order  that  the  line  (y  =  mx  +  3)  may 
pass  through  the  intersection  of  the  lines  (y  =  x  +  1)  and  (y  =  2x  +  2). 
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21.  A  straight  line  cuts  off  intercepts  on  the  axes,  the  sura  of  the 
reciprocals  of  which  is  a  constant  quantity;  shew  that  all  straight  lines 
which  fulfil  this  condition  pass  through  a  fixed  point. 

22.  A  straight  line  slides  along  axes  of  x  and  y,  and  the  difference 
of  the  intercepts  is  always  proportional  to  the  area  it  encloses ;  shew 
that  the  line  always  passes  through  a  fixed  point. 

23.  If  the  distance  of  a  point  from  the  origin  =  twice  its  distance 
from  the  axis  of  x,  shew  that  it  always  lies  in  one  of  two  straight  lines 
that  pass  through  the  origin  ;  axes  rectangular. 

24.  Prove  that  the  equation  a?+  2ax  +y2+  a*  =  0,  represents  a  point 
in  the  axis  of  x;  and  x* +  2ax+y* +  2a2  =  0  has  no  geometrical  signi- 
fication. 

25.  If  a  line  cuts  the  (rectangular)  axes  of  x  and  y  at  equal  dis- 
tances from  the  origin,  and  a  line  be  drawn  from  the  origin,  dividing  it 
in  the  ratio  m  :  «,  find  the  tangent  of  the  angle  which  this  latter  line 
makes  with  the  axis  of  x. 

26.  An  equilateral  triangle  whose  side  =  a  has  its  vertex  at  the 
origin,  and  its  sides  equally  inclined  to  rectangular  axes ;  find  the  co- 
ordinates of  the  angles,  and  thence  of  the  point  bisecting  the  base. 

27.  Shew  that  the  three  lines  which  bisect  the  angles  of  an  equi- 
lateral triangle  meet  in  a  point,  taking  two  of  the  sides  as  axes. 

28.  The  base  of  a  triangle  and  the  line  joining  the  bisection  of  the 
base  with  the  vertex  being  axes,  form  the  equations  to  the  lines  which 
join  the  bisection  of  the  other  sides  with  the  opposite  angles,  and  find 
their  co-ordinates  of  intersection. 


SECTION  III. 

The  Straight  Line  continued: — Angles. — Perpendicu- 
lars.— Polar  Co-ordinates. — Equations  representing 
straight  lines. 

37.      To  Jind  the  angle  between  two  straight  lines  whose 
equations  are  given,  the  axes  being  supposed  rectangular. 

Let  tan  TPT'  =  t,  and  let  the  equations  to  DT,  D'T  be 

y  =  mx  +6,     y  =  m'x  +  &', 

since  any   equation   may  be   written   in 
this  form;   then  (Art.  26) 

m  =  tan  Z>7X     m'  =  tan  D'T'oc,  ^ 

and  tan  TPT'  =  tan  (DTx  -  D'T'x), 
m  —  m 


or  t  =  - 


1  +  mm 


\ 


which  determines  the  angle  TPT'. 
COR.      Hence  we   see  that,  if  m  =  m,   tan  TPT'  =  0,  or 

the  lines  are  parallel.      Also,  if  m  = ,  tan    TPT'  =  cc,  or 

m 

the  angle  TPT'  is  a  right  angle. 

The  condition  then  that  the  two  lines 

y  =  mx  +  6,     y  =  m',v  +  b' 

should  be  parallel,  is 

m  =  m ', 
and  that  they  should  be  perpendicular  to  each  other,  is 

1 

m  = . 

m 
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38.  The  condition  of  parallelism,  deduced  in  the  last 
Article,  is  evident  independently,  and  we  have,  in  fact,  assumed 
it  in  previous  Articles ;  for  m  and  m  are  the  tangents  of  the 
angles  which  the  lines  make  with  the  axis  of  a?,  and  those  angles 
are  equal,  if  the  lines  be  parallel.  The  condition  of  perpen- 
dicularity may  be  proved  independently;  for,  if  we  consider 
TPT'  a  right  angle,  we  have 

m  =  tan  D'  T'x  =  -  cot  DTx 


1 
m 


39.  The  condition  of  parallelism  may  be  easily  seen  to  be 
the  same  if  the  co-ordinates  be  oblique,  for,  if  each  line  make 
an  angle  a  with  the  axis  of  #,  we  have,  by  Art.  26, 


sn  a 


. 
sin  (to  -  a) 

The  condition  of  perpendicularity  will  be  much  more  compli- 
cated when  the  co-ordinates  are  oblique  than  when  they  are 
rectangular,  as,  indeed,  will  all  formulae  in  which  angles  are 
involved.  For  this  reason  we  shall  choose  rectangular  axes  in 
the  solution  of  questions  concerning  angles,  and  shall  not 
extend  the  remaining  Articles  of  this  Chapter  to  the  case  of 
oblique  co-ordinates. 

Ex.  1.     To  find  the  angle  between  the  lines 
2y  +  a?  +  1  =  0,    3y  -  x  -  I  =  0, 
the  axes  being  rectangular. 

Here  m  =  -  1,   m'  =  1,   and,  if  a  be  the  angle  between 
the  lines, 

tana  =  ~  ^  7  ?  =  -  1, 

i-i-i 

or  a  =  135°. 
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Ex.  2.      To  find  the  angles  between  the  lines 
ax  +  by  +  c  =  0, 
ax  +  b'y+'c  =  0. 

The  equations  may  be  written 


a          c 

V  = T  x , ; 

y  •.'         /.' ' 


a         ,         a 

hence  m  =  —  7 ,  m  = ; , 

b  b 


and  tan  a  = 


1  + 


aa 
66' 


a'b  —  ab' 
bb'  +  aa  ' 


40.  To  find  the  equation  to  a  straight  line  which  shall 
make  a  given  angle  with  a  given  straight  line  (y  =  mx  +  6), 
tJie  axes  being  rectangular. 

Let  a  be  the  given  angle,  and  let  tan  a  =  #,  and  let  the 
equation  to  the  given  line  (DT)  be 

y  \  •          •          •  •  \     J) 

and  the  equation  of  the  required  line 

y  =•  mx.  +  b'  .      .      .     .      (2), 

where  m'  is  to  be  found  by   the   con- 
ditions of  the  problem. 

Then,  since  the  required  line  may 
lie  either  as  PQ  or  PR,  we  shall  have, 
by  Art.  37, 


t 


m  —  m 
1  +  mm 


m  —  m 


or  = 


1  +  mm 
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Hence 

,       in  =t  t 
m  =  -        -  , 

and  the  required  equation  is 
m 


, 
x  +  6      ......      (3), 

=F» 

where  6'  still  remains  undetermined,  as  an  infinite  number  of 
lines  may  be  drawn  fulfilling  this  condition. 

If  we  add  another  condition,    that  the  line  should  pass 
through  a  point  P  (#V),  the  equation  will  be  (Art.  22,  Cor.  1) 


w, 


and  it  may  be  seen  from  the  figure  that  there  are,  generally, 
two  straight  lines  fulfilling  these  conditions. 

COR.  1.      If  t  =  0,  or  the  problem  be  to  find  the  equation 
to  a  straight  line  which  passes  through  a  given  point  and  is 
parallel  to  a  given  straight  line,  the  equation  is 
y  -  y  =  m  (x  -  a?'). 

COE.  2.  If  t  =co  ,  or  the  problem  be  to  find  the  equation 
to  a  straight  line  which  shall  pass  through  a  given  point  and 
be  perpendicular  to  a  given  line.,  the  equation  is 

*-*---(***)' 

m 

—  ±  1 

m  =t  t        t  1 

for 


1  =?  mt       1  m 

-T  m 

v 


if  t  becomes  =  oo  . 
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Ex.  To  find  the  equation  to  the  straight  lines  which 
shall  pass  through  the  point  (l,  2)  and  make  an  angle  of  45° 
with  the  line 

San  +  4>y  +  7  =  0. 
3 

Here,  m  = ,  t  =  1  ;  hence,  according  as  we  take  upper 

4 

or  lower  signs  in  equation  (4),  we  have 

7y  —  x  —  13  =  0,      y  +  7#  -  9  =  0, 
for  the  required  equations. 

41.  The  equation  obtained  in  Cor.  1,  is  the  same  as  that 
of  Art.  27,  where  its  geometrical  meaning  is  explained. 

The  geometrical  meaning  of  the  equation  of  Cor.  2,  may 
be  seen  thus : 

Let  DT  be  the  given  line  (y  =  mx  +  6),  P' (xy)  the  given 
point,  through  which  the  line 
D T'  is  drawn  perpendicular 
to  DT,  and  let  P  be  any  other 
point  (acy)  on  D 'T ';  then,  if 
P1 R  be  drawn  parallel  to  Ox 
to  meet  the  ordinate  PM  in  J2, 
we  have 


\ 

JO 


PR 


tanPT'o?  =  - 


or,  since  tan  DTx  =  ?w, 


M 


y-y 

X  —  X 


1 
m 


42.  To  find  the  length  of  the  perpendicular  from  a 
given  point  (v'y)  on  the  line  (Ax  +  By  +  C  =  0),  the  aves 
being  rectangular. 
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The  equation  to  a  line  passing  through  (xy)  is  (Art.  2?) 


where  /  is  the  distance  of  any  point  (xy)  from  the  fixed  point 
(xy),  and  if  this  line  be  perpendicular  to  {Ax  +  By  +  C  =  0), 
we  have  (Art.  37) 

s      B 

ra  ...............  (2)' 

since  the  two  lines  make  with  the  axis  of  x  angles  whose 
tangents  are,  respectively,  equal  to  • 

8  A 

-  and  --  -  . 
c  B 

If  we  substitute  for  x  and  y  from  (1)  in  the  equation  to 
the  given  line,  the  resulting  equation  will  refer  to  the  point 
where  the  two  lines  intersect,  and  we  shall  have  for  the 
distance  (/)  from  (xy)  to  that  point,  i.  e.  for  the  perpendicular 
from  (xy)  on  the  given  line,  the  equation 

A  (cl  +  x")  +  B  (si  +  y')  +  C  =  0, 
or  (Ac  +  Bs)l  +  Ax  4-  By'  +  C  =  0  .........  (3). 

But,  since  s  and  c  are  the  sine  and  cosine  of  the  angle 
which  the  line  (l)  makes  with  the  axis  of  x, 

*2  +  c2=  l, 

from  which  and  from  (2)  we  have 

A  B 


C   =    ± 


+  B2  VA*  +  B- 

hence  from  (3) 

Aaf  -f  By  +  C 


+ 

according  as  we  take  c  and  *  with  the  lower  or  uppep  signs. 
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As  we  are  only  now  considering  the  magnitude  of  the 
perpendicular,  the  algebraic  sign  with  which  it  is  affected  is 
immaterial.  We  shall  see  hereafter  that  it  is  sometimes  neces- 
sary to  select  the  appropriate  sign  for  I  ;  but,  for  this  purpose, 
we  shall  use  a  geometrical  construction,  and  the  equation  to 
the  line  in  a  less  general  form. 

COR.  If  the  point  (xy)  be  the  origin,  as  =  0,  y  =  0,  and 
we  have,  for  the  distance  of  the  line  from  the  origin, 


L 

Ex.  To  find  the  length  of  the  perpendicular  from  the 
point  (a?  =  3,  y  =  5)  on  the  line  (3y  -  7<r  +  9  =  0). 

3x5-7*3+9          3 
\/78  +  3*  v/58  ' 

43.  To  find  the  length  of  the  perpendicular  from  a 
point  (ae'y1)  on  the  line  (cvcosa  4-  y  sin  a  =  p),  the  axes  being 
rectangular. 

Let  DT  be  the  line 

OB  cos  a  +  y  sin  a  =  jp,  , 

and  P  the  point  (asy).  Draw  a  line 
RS  through  P  parallel  to  DT,  and 
draw  PQ,  OEH  perpendicular  to 
the  lines  DT  and  RS  ';  then  the 
equation  to  US  must  be 

x  cos  a  +  y  sin  a  =  OH  °  x>\\ 

=  p'  suppose  ; 

but  since  (acy)  is  a  point  in  RS,  we  have 
UG  cos  a  +  y  sin  a  =  p', 
and  /.  PQ  =  HE  =p  -p 

-  a;'  cos  a  +  y  sin  a  -  p, 
and  is  therefore  known. 
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If  the  point  (x'y)  be  on  the  other  side  of  the  line  as  P', 
the  length  of  the  perpendicular  P'Q'  will  evidently  be  =p—p', 
or  =  p  -  at'  cos  a  -  y  sin  a.  Hence,  we  may  deduce  the  fol- 
lowing rule. 

If  the  equation  to  a  line  be  given  in  the  form 

oo  cos  a  +  y  sin  a  =  p, 

where  p  is  a  positive  quantity,  the  length  of  the  perpendicular 
from  (ay)  is 

±  (a/  cos  a  +  y  sin  a  —  jt>), 

the  upper  or  lower  sign  being  used,  according  as  we  do  or  do 
not,  pass  through  the  line  to  reach  the  origin  from  the  point 
(xy).  If  the  line  itself  pass  through  the  origin,  the  rule  may 
be  applied  by  considering  the  case  of  a  new  line,  drawn  parallel 
to  the  given  line,  at  a  very  small  distance  from  it,  and  making 
this  distance  vanish  in  the  result. 

44.  An  illustration  will  make  the  last  remark  of  the 
preceding  Article  clearer. 

Given  a  point  P  (a/ y),  and  a 
straight  line  AE  (Ax  -  By  =  0),  situ- 
ated as  in  the  fig. ;  to  find  the  alge- 
braical expression  for  PQ,  which  will 
make  it  a  positive  quantity. 

The  reasoning  of  Art.  43  is  based 
upon  the  supposition  that  the  equation 
to  the  line  is  written  in  a  particular 
form,  (#  cos  a  +  y  sin  a  =  p),  where  p  is  a  positive  quantity. 
Now  the  equation  to  AB,  when  written  in  the  required  form 
is  either 

A  B 

••at —        -/  =  0 (1), 


or   - 


(2), 
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since,  not  having  the  sign  of  p  to  guide  us,  we  may  write  it 
with  equal  accuracy  in  either  form. 

It  will  be  necessary  then  to  fix  upon  one  of  these  forms, 
before  we  discuss  the  problem. 

If  we  draw  two  lines  ab,  a'b\  parallel  and  very  near  to 
AB,  it  is  evident  that,  for  ab,  cos  a  is  positive  and  sin  a 
negative,  and  the  contrary  for  ab'  ;  so  that  the  equation  to 
AB  will  be  written  as  (l)  or  (2)  according  as  we  consider  it 
to  be  the  limiting  position  of  ab  or  a'b',  when  the  distance  of 
these  lines  from  AB  becomes  indefinitely  small.  Let  us  con- 
sider it  as  the  limiting  position  of  ab  ;  then  its  equation  is 
(l),  and  since  we  do  not  pass  through  the  line  to  reach  the 
oriin 


We  shall  evidently  obtain  exactly  the  same  result  if  we 
consider  AB  to  be  the  limit  of  «'&',  since  then  we  do  pass 
through  the  line  to  reach  the  origin. 

This  method  may  be  readily  applied  to  the  bisectors  of 
Art.  45,  if  one  or  both  of  them  pass  through  the  origin  ;  for 
we  may  evidently  reason  about  AB>  as  if  it  actually  were  ab, 
or  a'b',  when  we  have  written  the  equation  in  accordance  with 
our  assumption.  We  may  remark  that  Arts.  43,  45,  are" 
equally  true  for  oblique  as  for  rectangular  co-ordinates,  if  the 
form  of  the  equation  be  modified  as  in  Art.  20  ;  but  in  that 
case  the  reduction  of  an  equation  to  the  required  form  becomes 
considerably  more  complicated. 

45.     It  has  already  been  shewn  (Art.  35)  that  the  equation 
Ax+  By  +  C  +  k  (A'x  +  B'y  +  C')  =  0  ......  (l) 

is  the  equation  to  a  straight  line  passing  through  the  inter- 
section of  the  lines 

Ax  +  By  +  C  =  0,     A'x  +  B'y  +  C'=  0  ......  (2) 
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Now  equation  (l)  admits  of  a  very  simple  geometrical  inter- 
pretation, if  the  lines  (2)  be  written  in  the  form 

x  cos  a  4-  y  sin  a  —  p  =  0,' (3) 

SB  cos/3  +  y  sin/3-  q  =  0|; (4) 

for  let  EK  and  j£7?  be  the  lines  (3)  and  (4), 
and  suppose  the  origin  somewhere  in  the 
angle  opposite  to  KER.  Then,  if  we  take 
any  point,  as  P,  (tf'j/),  the  perpendiculars 
PK  and  PR  will  be  represented  (Art.  43)  by  the  expressions 

OB  cos  a  +  y'  sin  a  —  p,      to  cos  /3  +  y  sin  /3  —  </, 
and  the  equation 
x  cos  a  4  */'  sin  a  -  p  -  k  (aa  cos  /3  +  y'  sin  /3  -  9)  =  0 (5) 

asserts  that 

PK  _k 

YR  ~7' 

and  hence  the  locus  of  the  point  P,  or  of  the  equation 
as  cos  a  +  y  sin  a  -  p  -  k  (x  cos  j8  +  y  sin  /3  —  9)  =  0 (6) 

is  a  straight  line  passing  through  the  intersection  of  (3)  and 
(4),  and  such  that,  if  perpendiculars  be  dropped,  from  any 
point  in  it,  upon  the  lines  (3)  and  (4),  those  perpendiculars 
will  be  to  one  another  in  the  ratio  of  A:  to  1.  Hence  also,  the 
sines  of  the  angles  which  (6)  makes  with  (3)  and  (4)  are  in 
the  ratio  of  k  to  1. 

46.  It  will  now  be  seen  why  we  have  (Art.  43)  considered 
so  carefully  the  signs  of  the  perpendiculars,  or,  more  correctly, 
investigated  a  method  by  which  we  may  always  be  able  to 
write  the  expressions  for  them,  so  that  those  expressions 
shall  represent  positive  quantities;  for  if  the  lines  in  ques- 
tion be  DT  and  /XT',  it  is  evident  that  the  reasoning  of 
P.  c.  s.  4 
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Article  43  will  give  us,  for  the 
point  P(oe'y),  if  its  perpendiculars 
on  DT  and  D'T  are  as  k  to  1,  the 
equation 

01  cos  a  +  y  sin  a  —  p      k 
x  cos  /3  +  y  sin  /3  —  <?       1  ' 
or  #  cos  a  +  y  sin  a  —  p 
—  k  (x  cos  j3  +  y  sin  /3  -  <?)  =  0. . .  (7) 
as  the    equation  to  PR  ;     whereas 
the   point    Q  would,  under  the  same 
circumstances,  give  us  the  equation 

jo  cos  a  4-  y  sin  a  —  p 


T1 


k 


-  (ai  cos  /3  +  y  sin  /3  -  7)       1  ' 

or  a?  cos  a  4-  y  sin  a  -  p  +  k  (x  cos  /3  +  y  sin  /3  -  q)  =  0  . . .  (8) 
as  the*  equation  to  QR. 

The  symbols  a,  ft  are  often,  for  the  sake  of  brevity,  used 
for  the  expressions 

as  cos  a  +  y  sin  a  -  j»,      x  cos  /3  +  ?/  sin  /3  -  </, 
and  we  may  then  write  the  equations  (7)  and  (8) 

a  -  k  /3  =  0,      a  +  kfi  =  0. 

47.  Tn  order  to  select  the  proper  equation  for  any  par- 
ticular line  passing  through  Q,  where  the  ratio  of  the  perpen- 
diculars, or  sines,  is  given,  the  following  rule,  which  may  be 
readily  deduced  from  Art  41,  is  universally  true. 

If  from  any  point  in  the  required  line,  we  have  to  pass 
through  both  or  neither  of  the  given  lines  to  reach  the  origin, 
the  equation  is 

a  -  kfi  =  0,1 

but  if  only  one,  > (9) 

a  +  kfi  =  O.J 

The  equations  to  the  lines,  if  given  in  any  form,  may  (Art.  20, 
Cor.  2)  be  reduced  to  the  form  here  used,  and  the  above  test 
applied. 
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COR.  If  k  =  1,  or  the  perpendiculars  are  equal,  equations 
(9)  become 

a  -  /3  =  0,      a  +  /3  =  0, 

and   represent  the  lines    which  bisect  the  angles  D'RT  and 
D'RD. 

48.  Equations  (6)  and  (7)  (Arts.  45,  46)  usually  present 
some  difficulty  to  the  student,  because  we  use  the  same  symbols, 
x  and  y,  to  represent  the  co-ordinates  of  the  point  P  and  the 
co-ordinates  of  any  point  on  the  given  lines.  In  these  articles, 
we  have  endeavoured  to  avoid  this  difficulty,  by  first  calling 
the  co-ordinates  of  P  of  and  y',  considering  P  as  one  fixed 
point.  When  we  have  obtained  relations  (5)  between  these 
co-ordinates,  by  means  of  the  conditions  of  the  problem,  we 
may,  evidently  (Art.  17),  write  x  and  y  for  x  and  y\  in  the 
equation  to  the  loctts  of  P,  without  any •  fear  of  confusion. 
We  shall,  however,  hereafter,  frequently  speak  of  the  perpen- 
dicular from  the  point  (xy)  on  the  line  ,vcosa  +y  sin  a  —p=0, 
bearing  in  mind  this  explanation. 

Ex.  To  Jind  the  equations  to  the  lines  which  bisect  the 
supplementary  angles  between  the  two  lines. 

y  -  \/&P  -5=0,          v/%  -  x.  +  6\/3  =  0. 

Let  DR,  D'R  be  the  lines,  which  will  evidently  lie  as  in  the 
figure ;   then,  comparing  their  equations  with  the  equation 
.2?  cos  a  +  y  sin  a  =  p, 

and  writing   them   in  that  form,  we 
have  (Art.  20,  Cor.  2)  for  DR 


and  for  D'R 

\/3 


4  —  2 
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Hence  the  equation  to  the  bisector  PR,  from  any  point  of 
which  we  must  pass  through  neither  or  both  of  the  lines  to 
reach  the  origin,  is 

j—  j— 

2    '  2 

or  2y  -  2,3?  =  ll\/3  -  23. 
For  the  bisector  RQ,  where  we  pass  over  one  only, 

1  ^^  /~      V/S         i         5 

2  2  2  * 

or  2#  +  2t/  =  -  23  -  1 1  A/3. 
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49.  Besides  the  method  of  expressing  the  position  of  a 
point  that  we  have  hitherto  made  use  of,  there  is  another  which 
can  often  be  employed  with  advantage. 

If  a  fixed  point  0  be  given,  and  a  fixed 

line  OA  through  it,  we  shall  evidently 

know  the  position  of  any  point  P,  if  we 

know    the    length     OP   and    the    angle 

POA.     The  line  OP  is  called  the  radius 

vector,    the  fixed  point  is  called  the  pole,  the  line    OA   the 

initial  line;  and  this  method  is  called  the  method  of  polar 

co-ordinates.     We   shall,    for   the  sake  of  brevity,    call    the 

point  whose  polar  co-ordinates  are  p  and  0,  '  the  point  (p9)' 

50.  The  sign  —  is  applied  to  polar  co-ordinates  on  exactly 
the  same  principles  as  those  already  explained  in  the  case  of 
rectangular  co-ordinates.      Thus,  if  p  represent   any  distance 
measured  from  O  towards  P,  —  p  represents  an  equal  distance 
measured  from  0  towards  P';   and,  if  d  represent  any  angle 


POLAR   CO-ORDINATES. 


53 


measured  from  A  towards  P,  —  0  will  represent  an  equal  angle 
measured  from  A  towards  Q.  We  shall  define  the  positive 
direction  of  p  as  that  part  of  the  line  which  marks  the  boundary 
of  the  angle  9.  A  few  examples  will  make  this  clearer. 

Let  a  be  any  distance  OP,  measured  from  O  towards  P,  0 
being  the  angle  which  OP  makes  with  OA  (Art.  21)  ;   then, 


Fig-  1. 


Fig.  2. 


Fig.  3. 


O 


Fig.  4. 


Fig.  5. 


O  — 


0  =  -  ,     p  =  a      represents   P  in  Fig.  1  ; 
4 


Fig.  2  ; 


a-3* 
4  ' 

0   =      7T, 

f-T' 

4 


=  -a 


=  a 


Fig.  3; 
Fig.  4 ; 
Fig.  5. 


It  is  important  to  observe  that  the  direction  in  which  p  is 
measured  depends  not  only  on  its  sign,  but  also  on  the  value  of 
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9  ;  thus,  when  9  =  —  and  p  =  —  a,  |0  must  be  measured  from 

41 

7?r 
0  to  P  as  in  fig.  3;   and  when  B  -  —  ,  p  =  a,  p  must  be  mea- 

~r 

sured  in  exactly  the  same  direction.  Again,  when  9  =  0,  p  =  a. 
and  when  9  =  TT,  p  =  -  a,  p  must  in  both  cases  be  measured 
from  O  towards  A. 

51.      To  transform  polar  co-ordinates  into  rectangular,  or 
rectangular  into  polar, 

Suppose  P  to  be  the  point  whose  polar  co-ordinates  OP  (  =  pi), 
and    angle    POA    (=  9)   are    known. 
Take  the  pole  O  as  origin  of  rectangular  p 

co-ordinates,  OA  and  a  perpendicular 
through  0,  as  axes  of  x  and  y,  and  let 
O-M  (=  a?)  and  PJ/  (=  y)  be  the  rect- 
angular co-ordinates  of  P. 

Hence,  we  have 

y  =  p  sin  9,  •%  =  p  cos  9, 

a,*  +  y*  =  p*,  tan  9  =  -  . 

a? 

These  equations  will  enable  us  to  transform  any  equation  from 
polar  co-ordinates  to  rectangular,  and  vice  versa. 

Ex.  1.      To  find  the  general  equation  to  the  straight  line, 
referred  to  polar  co-ordinates. 

Writing  01  =  p  cos  9,  y  =  p  sin  0,  in  the  equation 

Aoa  +  By  +  (7=0, 
we  have 

Ap  cos  9  +  Bp  sin  9  +  C  =  0, 
for  the  general  polar  equation. 


j*r    A. 
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Ex.  2.      To  transform  the  equation 

a?p  sin8  9  =  2a&2  cos  0  -  b*p  cos2  0 
to  rectangular  co-ordinates. 
Multiplying  by  p,  we  have 

ay  sin2  9  =  ZaWp  cos  0  -  ftp*  cos2  0., 
or     a2y2  =  2absx  —  62#2, 
the  initial  line  being  now  the  axis  of  .r,  and  the  pole  the  origin. 

52.  It  is  easily  seen  that,  as  in  the  case  of  rectangular  and 
oblique  co-ordinates,  the  form  of  the 
general  polar  equation  to  the  straight 
line  will  vary  according  to  the  data 
which  determine  the  position  of  any 
particular  line.  The  following  data 
present  the  equation  under  its  most 
convenient  form. 

Let  DTbe  the  line,  and  let  the  perpendicular  OE  (=  p) 
from  the  pole,  and  the  angle  EOT  (=  a)  which  it  makes  with 
the  initial  line,  be  the  data  to  determine  its  position.  Now  if 

A  p  cos  0  +  B  p  sin  9  +  C  =  0,     .     .      (l) 

be  the  equation  to  DT,  we  have,  since  E(pa)  is  a  point  on 
the  line 

A  p  cos  a  +  Bp  sin  a  +  C  =  0.      .      .     (2) 

From  (1)  and  (2) 

p  sin  0  -  p  sin  a          A 
p  cos  0  -  p  cos  a          B ' 

C 

But  from  (l),  when  0  =  0,      p  =  -  — ,  the  point  T, 

A 

£ 
and  when  0  =  90°,  p-  --^»  &'•> 
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and  .-.  -  -  =  OD,    --=  OT, 
B  A 

A      OD 


and,  therefore,  substituting  in  (3), 

p  sin  9  .  sin  a  —p  sin2  a  =  -  p  cos  9  .  cos  a  +  p  cos2  a  ; 

.*.    p  cos  (9  —  a)  =  p, 

or  p  =  p  sec  (9  -  a)  ; 
the  polar  equation  for  the  above  data. 

COR.     This  equation  may  be  deduced  at  once  from  the 
equation  to  the  straight  line  in  the  form 

x  cos  a  +  y  sin  a  =  p, 

by  writing  p  cos  6  for  ,r,  and  p  sin  0  for   y,   the  data  being 
exactly  the  same  in  the  two  cases. 

53.  The  equation  of  the  preceding  Article  may  be  ob- 
tained  very  simply  from  geometrical  considerations,  for,  if  P 
be  any  point  (pO)  in  the  line,  we  have 

QP=OE.  sec  POE, 
or  p  =  psec(9  -  a). 

If  a  =  0,  or  OE  be  taken  for  initial  line,  the  equation  is 
p  =  p  sec  9. 

54.  To  determine  the  distance  between  two  points  whose 
polar  co-ordinates  are  given. 

Let  P,  P'  be  the  two  points,  OP  =  p,  angle  POA  -  9, 
Of  =  p,  angle  P'OA  =  9';   then  from  the 
triangle  POP',  we  have 

PP'*=  OP'2  +  OP2-  2  OP.  OP'  cos  POP', 

or  PP^  =  p"  +  p~  -  2pp  cos  (0'  -  9), 
which  gives  the  required  distance. 
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55.  If  we  have  the  equations  to  two  straight  lines 

A  x  +  By  +  C  =  0,        A'x  +  B'y  +  C'  =  0, 
it  is  evident  that  the  equation  of  the  second  degree 
(Ax  +  By+C).  (A'x  +  B'y  +  C')  =  0 

will  represent  both  the  lines,  for  the  co-ordinates  of  any  point 
in  either  of  the  lines,  substituted  in  the  equation,  will  make 
one  of  the  factors  vanish,  and  the  equation  will  be  satisfied. 
Similarly,  if  we  multiply  together  the  equations  to  n  straight 
lines,  we  shall  obtain  an  equation  of  the  wth  degree  which 
represents  them  all.  Conversely,  if  any  equation  of  the  nth 
degree  can  be  separated  into  factors  of  the  first  degree,  it  re- 
presents n  straight  lines. 

56.  To  find  the  condition  that  an  equation  of  the  second 
degree  should  represent  two  straight  lines. 

Let  the  equation  of  the  second  degree,  in  its  most  general 
form, 

Ax*  +  Bay  +  Cy*  +  Dx  +  Ey  +  F  =  0, 

be  written  as  a  quadratic  in  y, 

Cy2  +  (Bat  +  E)y  +  Aa?+Dx+  F=0, 

or  Py*  +  Qy  +  R  =  0. 
Solving  this  equation,  we  have 


where  it  is  easy  to  see  that  Q  can  contain  no  higher  power  of 
at  than  the  first,  and  Q2-  4>PR  none  higher  than  the  second; 
for  P  does  not  contain  x,  and  R  no  higher  power  of  x  than  the 
second.  Hence,  if  Q-  —  4 PR  contain  x  at  all,  it  must  be  a 
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perfect  square,  in  order  that  the  original  equation  may  be  re- 
solved into  two  equations  of  the  first  degree. 

If  the  quantity  under  the  root  do  not  contain  x  at  all,  the 
equation  will  represent  two  parallel  straight  lines  ;  for,  in  this 
case,  the  coefficient  of  x  in  the  right  hand  member  of  the 
equation,  which  is  (Art.  21,  Cor.  2)  the  tangent  of  the  angle 
which  the  lines  make  with  the  axis  of  at,  is  not  affected  by  the 
alteration  of  the  sign  of  the  radical. 

Ex.  l.      The  equation 

y*  -  of*  =  0 
when  solved  becomes 

y  =  at,    or  y  =  -  a?, 

and   represents  (Art.  21,   Cor.  .3)   two  straight  lines  passing 
through  the  origin. 

Ex.  2.      The  equation 

Ax°  +  Bxy  +  Cy~  =  0 
can  be  resolved  into  the  two  equations 
2  Cy  =  -  (B  - 


representing  two  straight  lines  passing  through  the  origin. 
Ex.  3.     The  equation 

Aa?  +  Bos  +  C  =  0 

will  give  two  solutions  of  the  form  at  =  constant,  and  will 
therefore  represent  two  straight  lines  parallel  to  the  axis  of  y. 
In  like  manner  the  equation 


represents  two  straight  lines  parallel  to  the  axis  of  ,v. 

Ex.  4.     Find  the  equations  to  the  two  lines  represented  by 
the  equation 

y"  —  3,vy  +  2atz  +  3y  —  4at  +  2  =  0. 
This  may  be  written 

yz  -  S(x  -  l)t/  +  2(#  -  l)s  -  0  ; 
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solving  for  y,  we  have  the  equations 

y  -  2x  +  2  =  0,  y  -  X  +  I  =  0, 

which  are  the  equations  required,  since  the  original  equation  is 
obtained  by  multiplying  these  two  equations  together. 

57.      To  find  the  angle  between  the  lines  represented  by 
the  equation 

Aa?  +  Bxy  +  Cy2  +  Dx  +  Ey  +  F=0,  .     .     (l) 
the  axes  being  rectangular. 

If  (l)  represents  straight  lines,  it  can  be  written  in   the 
form 

(y  -  mx  -  b) .  (y  —  m'x  -  b')  =  0,      .     .      (2) 

and  the  tangent  of  the  angle  between  the  two  lines  represented 
by  (2)  is  (Art.  37) 

m  —  m 
1  +  mm 
But  (2)  -may  be  written 

mm' x~  —  (m  +  m'}xy  +  y*  +  Px+  Qy  +  R  <=  0,    .     .     (3) 

where  P,  Q,  and  R  do  not  involve  x  and  y.     Hence,  if  (l)  and 
(3)  are  in  reality  the  same  equation 

A  EC 


mm'          m  +  m       1 
and  (m  —  m')2  =  (m  +  m')2  -  4mm' 


(7 

,     4  +  C 
1  +mm  =  — — ; 
\j 

m  -  m'       (Bz-4>AC)l 
1  +  mm          A  +  C 


from  (4) 
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EXAMPLES  III. 

1.  FIND  the  equation  to  the  straight  lines  which  pass  through  the 
point  (1,  3)  and  make  an  angle  of  30°  with  the  line  (2y  —  x  +  I  -  0) ; 
axes  being  rectangular. 

2.  Draw  the  lines  represented  by  the  equation 

(2y  —  x  +  c)  .  (3y  +  a;  -  c)  =  0, 

and  determine  (1)  where  they  intersect,  and  (2)  at  what  angle;  the  axes 
being  rectangular. 

3.  Find  the  equation  to  a  straight  line  which  passes  through  the 
point  (c,  0)  and  makes  an  angle  of  45°  with  the  line  (bx  —  ay  =  afy ; 
axes  being  rectangular. 

4.  Find  the  equation  to  a  straight  line  which  is  perpendicular  to 
the  line  (8y  +  5x  —  3  =  0),  and  cuts  the  axis  of  y  at  a  distance  =  8  from 
the  origin ;  axes  being  rectangular. 

5.  Find  the  cosine  of  the  angle  between  the  lines  (y  —  4x  +  8  =  0) 
and  (y  —  6x  +  9  =  0) ;  axes  being  rectangular. 

6.  Find    the    angle    between    the   lines    (4>y  +  3x  +  5  =  0),    and 
(4r  -  3y  +  6  =  0) ;  axes  being  rectangular. 

7.  Find  the  equations  to  the  straight  lines  which  pass  through  the 
intersection  of  the  lines  (y  =  2-r  +  4),  (y  =  3x+  6),  and  bisect  the  supple- 
mentary angles  between  them ;  axes  being  rectangular. 

8.  What  is  the  geometrical  signification  of  the  equations 

.r2+/  =  0,  .ry  =  0? 

9.  Find  the  equations  to  the  straight  lines  which  bisect  the  angles 
between  the  lines  (5y  —  2j?  =  0)  and  (3^-f  4x=  12);   axes  being  rect- 
angular. 

10.  The  lines  represented  by  the  equation 

6y*  +  xy  -  Zx  +  y  -  x*  -  1  =  0, 
are  inclined  to  one  another  at  an  angle  of  135°;  axes  being  rectangular. 
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11.  The    equation    2y*  —  3xy  —  2x*  -  3y  +  6x  =  0,    represents   two 
straight  lines  at  right  angles  ;  axes  being  rectangular. 

12.  The  equation  y'  —  2xy  sec  0  +  a?  =  0,  represents  two  straight 
lines  inclined  to  one  another  at  an  angle  8  ;  axes  being  rectangular. 

13.  What  is  the  inclination  of  the  co-ordinate  axes,  when  the  lines 
represented  by  y*  —  x*  =  0,  are  perpendicular  to  one  another  ? 

1  4.     What  lines  are  represented  by  the  equation 


15.  What  must  be  the  inclination  of  the  axes  in  order  that  the 
lines  (jty  —  3y-2x  +  6  =  ti)  may  include  an  angle  of  135°  ? 

16.  Find  the  equations  to  the  two  straight  lines  which  pass  through 
the  origin  and  divide  into  three  equal  parts  the  distance  between  the 
points  in  which  the  axes  of  co-ordinates  are  intersected  by  the  line 


17.  Find  the  distance  of  the  point  of  intersection  of  the  lines 

(So:  +  2y  +  4  =  0),     (2ar  +  5y  +  8  =  0), 
from  the  line  (^  =  5x  +  6),  the  axes  being  rectangular. 

18.  The  polar  co-ordinates  of  P  are  p  =  5,  0  =  75°,  and  of  Q  p  =  4, 
6  =  15°  ;  find  the  distance  PQ. 

19.  Find  the  polar  co-ordinates  of  the  point  of  intersection  of  the 
lines   lp  =  2asec(0-  -H    and   lp  =  asecf  0—  ^H,     and    the    angle 
between  them. 

20.  Trace  the  line  whose  polar  equation  is 
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Transformation  of  Co-ordinates. 

58.  WHEN  the  position  of  a  point  or  the  equation  to  a 
curve  is  given  with  reference  to  any  particular  system  of  co- 
ordinates, it  is  frequently  necessary   to  find  that   position   or 
equation  with  regard  to  some  other  system.     We  have  alreadv 
shewn  how  to  pass  from  rectangular  to  polar  co-ordinates,  and 
the  converse,  and  we  shall  now  shew  how  we  may  perform 
other  transformations,   such   as   altering    the   origin,   passing 
from  rectangular  to  oblique  co-ordinates,   and  others  of   the 
same  nature. 

59.  To  transfer  the  origin  of  co-ordinates  to  a  point 
(x'  y')  without  altering  the  direction  of  the  axes. 

Let  O'Jf,  O'Fbe  the  new  axes,  respectively  parallel  to  Ov 
and  Oy,  the  old  ones;  let  the  co-ordi- 
nates of  any  point  P,  referred  to  the 
old  axes,  be  x,  y,  and,  when  referred 
to  the  new,  X,  Y\  then 

OR  =  x,  O'R  =  3,',  and  j         *> 

PM  =  PM'  +  O'R,  OM  =  O'M'  +  OR, 

or  y  =  Y  +  y,  x  =  X  +  x . 

These  formula?  are  equally  true  for  rectangular  and  oblique 
co-ordinates. 

Hence,  to  find  what  the  equation  to  any  locus  becomes, 
when  the  origin  is  transferred  to  a  point  (x  y'},  the  new  axes 
remaining  parallel  to  the  old,  we  must  write  x  +  x  for  <r,  and 
y  +  y'  for  y. 

Ex.  To  find  what  the  equation  y*  +  4<y  —  4.7?  +  8  =  0  be- 
comes when  the  origin  is  transferred  to  a  point  whose  co-ordi- 
nates are  x  =  1,  y  —  —  2. 
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Writing  x  +  1  for  x,  and  y-2  for  y,  the  equation  becomes 


60.  Tojind  what  the  co-ordinates  of  a  point  become,  if 
the  axes,  being  rectangular,  are  turned  through  a  given  angle 
(a),  the  origin  remaining  the  same. 

Let  Ox,  Oy,  OM,  PM  be  the  old  axes  and  co-ordinates  of 
any  point  P,  OX,  OY,  OM',  PM' 
the  new  ones ;  let  angle  XOx  =  a, 
and  let  the  old  co-ordinates  be  x,  y, 
the  new  X,  Y;  then,  transforming 
to  polar  co-ordinates  (Art.  51)  we 
have,  if  the  angle  POx  =  9, 

x  =  p  cos  0,  y  —  p  sin  #» 

X  -  p  cos  (0  -  a),       Y  =  p  sin  (0-a). 

Hence,      x  =  p  (cos  9  -  a  +  a) 

=  p  cos  (9  -  a)  .  cos  a  -  p  sin  (Q  —  a)  sin  a 
=  X  cos  a  —  Y  sin  a. 

Similarly,  y  =  p  sin  (9  -  a  +  a) 

=  p  sin  (0  -  a)  cos  a  +  p  cos  (9  —  a)  sin  a 
=  Ycos  a  +  X  sin  a. 

These  results  may  be  seen  to  agree  with  the  figure  ;  for,  if 
M'R,  M' S  be  drawn  parallel  to  Ox,  Oy  respectively,  we  have 
OM=OS-  RM', 
PM=PR+M'S, 

or,  since  angle  RPM'  =  angle  XOx  =  a, 
x  =  X  cos  a  -  Y  sin  a,      y  =  Y  cos  a  +  X  sin  a  ; 

hence,  to  find  what  the  equation  to  any  locus  becomes,  when 
referred  to  the  new  axes,  we  must  write 

x  cos  a  —  y  sin  a  for  x,  and  y  cos  a  +  x  sin  a  for  y. 
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Ex.     To  find  what  the  equation  #2  —  y2  =  a2  becomes  when 
the  axes  are  moved  through  an  angle  of  45°.      Here, 


sin  a  =  cos  a  =  — 7=. , 
V/2 


A''  and  —7=  (p  +  y)  fory ; 

\/2 


and  we  must  write 

1 

V/2 
hence,  the  equation  becomes 

(x  -  y)z  —  (x  +  y)z  =  2a2, 
or  2xy  +  a2  =  0. 


61.  To  find  what  the  co-ordinates  of  a  point  become 
when  the  axes  are  changed  from  one  oblique  system  to  another, 
the  origin  remaining  the  same. 

Using  the  same  notation  as  in  Art.  60  and  a  similar  figure, 
we  have 

PM  =  M'S  +  PR 


sin  (xy)  sin  (xy)  ' 

where  by  sin  (xy)  we  mean  the  sine 
of  the  angle  which  the  axis  of  &• 
makes  with  the  axis  of  y,  and  by  sin 
(Xx)  the  sine  of  the  angle  which  the 
axis  of  X  makes  with  the  axis  of  x  ;  and  so  with  the  rest. 

Similarly,   OM  =  OS  +  M'R 


sin  (xy) 


sin  (xy) 


\^^ 
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Hence,  if  we  assume   angle   (xy)  =  cu,  angle  (&i>)  —  a,  angle 
( F<r)  =  /3,  we  have 

^"sina       P"sin  3 

y=  -T—    -+—7—  ~  , 
sin  ft>  sin  &) 

JT  sin  ((w  -  a)       F  sin  (&>  -  /3) 


sin  <t)  sin  w 

If  these  values  of  as  and  y  be  substituted  in  the  equation 
to  any  curve  referred  to  the  old  axes,  we  shall  have  the  equa- 
tion to  the  same  curve  referred  to  the  new  axes. 

COR.  1 .  If  we  wish  at  the  same  time  to  transfer  the  origin 
to  a  point  (xy),  we  have  only  to  add  SB  and  y  to  these  expres- 
sions for  x  and  y  respectively. 

COB.  2.  The  formula?  of  this  Article  include  the  particular 
cases  where  we  wish  to  pass  from  rectangular  to  oblique,  or 
from  oblique  to  rectangular  axes.  In  making  use  of  these 
formulae  it  must  be  borne  in  mind  that  eo  represents  the  angle 
formed  by  the  positive  directions  of  the  old  axes,  and  that  a,  /3 
represent  the  angles  formed  by  the  positive  directions  of  the 
new  axes  with  the  positive  direction  of  Ox. 

62.  The  student  must  bear  in  mind  that  we  make  no 
change  in  the  locus,  by  changing  the  origin  or  axes.  The 
assemblage  of  points  represented  by  the  new  equation  is  pre- 
cisely the  same  as  that  represented  by  the  old,  but  the  manner 
in  which  the  axes  are  placed  with  regard  to  them  is  changed, 
and  therefore  the  equation,  which  expresses  this  relative  posi- 
tion, is  not  the  same  as  before. 

We  may  notice  also  that  the  degree  of  an  equation  cannot 
be  altered  by  transformation.  For  let  Axpyq  represent  any  term 
of  an  equation  of  the  wth  degree,  where  p  +  q  =  n  ;  then,  since 
(Arts.  59—61)  the  old  co-ordinates  are  functions  of  the  new,  of 
the  first  degree  only,  we  should  have 

Ax?yi  =  A  (ax  +  by  +  c)f  (dot  +  ey  +/)7, 
p.  c.  s.  5 
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and  no  term  resulting  from  this  multiplication  can  be  of  a 
higher  degree  than  p  +  q  or  n.  Hence,  the  equation  cannot 
be  depressed.  It,  consequently,  cannot  be  raised;  for,  if  that 
were  possible,  we  might,  by  re-transforming  it,  depress  it,  which 
has  been  proved  to  be  impossible. 

63.  In  the  case  of  polar  co-ordinates,  if  we  wish  to  turn 
the  initial  line  through  an  angle  a,  we  must  write  0  +  a  for 
0  in  the  equation,  since  the  new  9  is  less  than  the  old  6 
by  the  angle  a. 

Examples  of  the  transformation  of  co-ordinates  will  be 
found  at  the  end  of  Section  VII. 


SECTION  V. 
Geometrical  Applications. 

64.  WE  shall  now  give  a  few  examples  of  the  application 
of  the  formulae  we  have  obtained  to  the  solution  of  geometrical 
problems.     In  attempting  to  solve  these  problems  algebraically, 
the  student  will  find  that  much  depends  upon  a  judicious  selec- 
tion of  the  origin  and  axes,  and  the  application  of  the  proper 
equations  and  formulae.     He  should  in  every  case  consider  the 
problem    well   before  he  attempts  the   solution,  and  form  a 
definite  plan  before  he  begins.     He  may  very  possibly  not  be 
able  to  carry  out  his  original  scheme,  but  his  attempts  to  do  so 
will  probably  suggest  some  method  by  which  he  may  solve  the 
problem,  and  he  will,  at  any  rate,  avoid  a  practice  very  common 
to  beginners,  of  working  without  any  definite  aim,  and,  conse- 
quently,  introducing  and  combining  equations  and  formula 
that  only  serve  to  embarrass  him,  without  in  any  way  aiding 
him  in  the  solution. 

65.  To  shew  that  the  perpendiculars  drawn  from  th<- 
vertices  on  the  opposite  sides  of  a  triangle  meet  in  a  point. 

Let  ABC  be  the  triangle,  CD,  BE,  AF  the  perpendiculars, 
and  assume  Ax,  Ay  as  rectangular 
axes ;  let  the  co-orainates  of  C  be 
AD  =  x,  CD  -  y\  and  let  AB  -  x". 
Now  the  proposition  is  proved,  if  we 
can  shew  that  the  abscissa  of  the  point 
where  AF  and  BE  intersect  is  —  #',  for 
they  will  then,  evidently,  intersect  in  CD.  In  order  to  show 
this  we  must  find  their  equations,  which  we  shall  obtain 
(Art.  40,  Cor.  2)  by  observing  that  they  each  pass  through  a 
given  point  and  are  perpendicular  to  a  given  line.  We  must 

5—2 
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then  first  find  the  equation  to  the  lines  AC,  BCto  which  they 
are  perpendicular. 

Since  AC  passes  through  the  origin  and  the  point  C(x'y'), 
its  equation  is,  (Art.  23,  Cor.) 


and  since  BE  -passes  through  B  (x"  0)  and  is  perpendicular  to 
(1),  its  equation  is  (Art.  40,  Cor  2) 


v 

~(a>  -a>")  ............  (2) 


Also,   since  BC  passes  through   the   points  B(a>"Q)   and 
C(x'y),  its  equation  is 

*mf^f>1"-'^ (8) 

and  since  AF  passes  through  the  origin  (0,  0)  and  is  perpendi- 
cular to  (3),  its  equation  is 


x-a, 


At  the  point  where  (2)  and  (4)  intersect,  their  ordinates 
must  be  identical;  hence,  equating  their  values,  we  must  have, 
at  that  point, 


whence,  at  the  point  of  intersection, 

a?  =  a;'  ; 
which  proves  the  proposition. 

The  student  may  exercise  himself  by  solving  this  problem 
with  DC  as  axis  of  y  instead  of  Ay:  then,  assuming  DC,  DA, 
DB  to  be  known,  he  may  express  the  equations  to  AC  and  CB 
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in  terms  of  the  portions  of  the  axes  they  cut  off  (Art.  19).  It 
will  then  remain  to  prove  that  AF  and  BE  intersect  in  a  point 
whose  abscissa  =  0. 

66.      To  shew  that  the  three  perpendiculars  through  the 
middle  points  of  the  sides  of  a  triangle  meet  in  a  point. 

Using  the  same  axes  and  notation  as  in  the  last  problem, 
we  must   find  the   co-ordinates  of 

/V 

the  three  middle  points  M ,  M',  M";    J 
we  can  then  find   the  equations  to 
the  two  perpendiculars  MP,  M"P, 
from  the  condition  that   they  each 


o 

'MrS^   \m 


pass  through  a  given  point  and  are     -A-  s   & 

perpendicular   to    a   given    line  ;    if   we   then    shew    that    the 
abscissa  of  their  point  of  intersection 


we  shall  have  proved  that  they  intersect  in  the  perpendicular 
from  M'  . 

x1    y' 
The  co-ordinates  of  M"  are  evidently  —  ,  —  ;  also  (Art.  36) 

£       £ 

the  co-ordinates  of  M,  the  point  of  bisection  of  the  line  con- 

tained between  the  points  B  (#"o)  and  C  (#V)»  are 

i        it  i 

x  +  x  y 

/vi    —    _  7/    —    _ 

tX/    —  *  €/     —  • 

2  2 

As  before,  the  equation  to  .4(7  is 

y--,*,  ...............  0) 

X 

/  T*     ?/  \ 

and  the  equation  to  M"  P  which  passes   through  M"  (  —  —I  , 

and  is  perpendicular  to  (1),  is 

y          x   (        x'\ 
y  --  =  -  —  (a?--)  ......  ...(2) 

2          y'\        2) 
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Also,  as  before,  the  equation  to  BC  is 


y 


y 


as  —  on 


.00 


and  the  equation  to  M P  which  passes  through  M  (  -  "  ) 
and  is  perpendicular  to  (3),  is 

y  at  -  x"  (        x'+x"\ 

y = , —    [x (4) 

2  y        \  2      y 

At  the  point  where  (2)  and  (4)  intersect,  their  ordinates 
must  be  identical ;  hence,  equating  their  values,  we  have 

an'  I        x'\       x  -  x"  I        x'  +  ar"\ 
—  (x 1= ; —    a? ; 

y  V      2;         y     \         2     y 

If 

which  gives      x  =  —  , 

as  the  abscissa  of  the  point  of  intersection  ;  but  this  abscissa 
belongs  to  some  point  in  the  perpendicular  from  M',  which 
proves  the  proposition. 

67.  In  the  figure  of  Euc.  i.  47,  if  KH  and  FG  be  pro- 
duced to  meet  in  M,  and  MA  produced  to  meet  BC  in  T,  sheiv 
that  MT  is  perpendicular  to  BC. 


Take  AB,  AC  produced  indefinitely,  as  axes  of  x  and  y, 


and  denote  the  sides  of  the  triangle 
opposite  to  A,  B,  C  by  a,  6,  c ;  then 
the  co-ordinates  of  M  are  x  =  —  b, 
y  =  -  c,  and  the  equation  to  MA  which 
passes  through  the  origin  and  M  is, 
(Art.  23,  Cor.) 

c 
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also  the  line  BC  cuts  off  from  the  axes  of  x  and  y  intercepts 
=  c  and  b  respectively  ;  hence,  (Art.  19)  its  equation  is 


or     y  =  --  so  +  b, 
c 

which,  by  Art.  35,  represents  a  line  perpendicular  to  MA. 

68.      To  prove  algebraically  Euc.  vi.  2. 

Let  AB,  A  C  the  sides  of  the  triangle  be  taken  as  oblique 
axes,   and  let  AB  =  c,    AC  =  6,    AE  =  d, 
AD  =  e;  then  the  equation  to  BC  is  (Art.  19), 
since  it  cuts  off  intercepts  c  and  b  on  the 
axes  of  x  and  y  respectively, 


or  y  = x  +  b\ 

c 

and  similarly  the  equation  to  DE  is 


x 


(0 


d 
or  y= a?  +  a  ; 


hence,  (Art.  37,  Cor.),  (2)  is  parallel  to  (l)  if 

b      d 

-  =  - , 
c      e 

b  —  d      c  —  e 


or, 


(2) 


d  e 

L  e.  if  EC  :  EA  ::  DB  :  AD,  and,  conversely,  if  the  lines  (l) 
and  (2)  are  parallel,  these  four  lines  are  proportional. 
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69-  The  sides  containing  a  given  angle  are  in  a  given 
ratio,  and  the  vertex  is  fixed  ;  supposing  the  extremity  of  one 
of  the  sides  to  move  in  a  given  straight  line,  to  Jind  the  locus 
of  the  extremity  of  the  other. 

Let  OA,  OB  be  the  two  sides ;  let  angle  AOB  =  a,  angle 
A  Ox  =  B,  angle  BOx  =  9',   Ox  being  any 
fixed  straight  line ; 

OA  =  p,     OB  =  p,     p  =  np. 

Let  A  move  in  the  straight  line  AD, 
the  perpendicular  on  which  (OD)  from  the 
origin  =  p  and  makes  an  angle  DOx  =  fi 
with  Ox ;  then  the  polar  equation  to  AD 
is  (Art.  52), 

p  cos  (9  -  / 


-p; 

hence  p'  cos  (9  -  /3)  =  np, 
or  p'  cos  (&'  -  ft  -  a)  =  np, 

which  is  the  polar  equation  to  the  locus  of  B,  and  is  therefore 
a  straight  line,  at  a  distance  =  np  from  the  origin,  the  inclina- 
tion of  this  distance  to  Ox  being  /3  —  a. 

70.  Given  two  fixed  lines  OA  and  OB  ;  if  any  line  AB 
be  drawn  to  intersect  these,  parallel  to  a  third  fixed  line  OC, 
to  find  the  locus  of  the  point  where  AB  is  cut  in  a  fixed  ratio. 

Take  OA,  OC  as  axes  of  x  and  y,  and  let  P  be  the  point 

in  AB,  so  that  AP  =  -  AB ;    then  the 
n 

equation  to  OB,  since  it  passes  through 
the  origin,  is  (Art.  21,  Cor.  3)  of  the 
form 

y  =  mx, 
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and,  since  OA  and  AB  are  the  abscissa  and  ordinate  of  the 
point  B  on  the  line, 

AB=m.  OA, 

or,  since  AB  =  n  .  AP, 

AP=-.OA, 
n 

and  the  equation  to  the  locus  of  P  is 

m 

y  -—  #, 

n 
which  represents  a  straight  line  through  O. 

71.  Given  two  straight  lines  AB,  AC  and  a  point  R,  P 
a  point  in  AB,  and  Q  a  point  in  AC  ;  it  is  required  to  draw 
through  R  a  straight  line  which  shall  cut  AB  in  M  and  AC 
in  N,  so  that  PN  sAaZ/  6e  parallel  to  QM. 

Take  ^(5  and  AC  as  axes,  and  suppose  the  position  of  R 
to  be  determined  by  its  co-ordi- 
nates AS  -  h,  RS  =  k  ;  let 

AP  =  a,  AQ  =  6, 
and  assume  AM  =  ,v,  AN  =  y, 
which  are  quantities  to  be  deter- 
mined. 

The  equation  to  MN  is 

x       y 

-,  +  -,  =  1, 
x       y 

and  since  it  passes  through  R(hk),  the  co-ordinates  of  R  must 
satisfy  the  equation  ;  hence, 

h       k 

-  +  -=i; 0) 

x       y 
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also,  since  PN  is  parallel  to  QM  , 
AP  :  AM  :: 


or  -  =       ............  (2) 

<#        b 

From  (1)  and  (2)  00  and  y',  i.  e.  AM  and  JJV  may  be  de- 
termined. 


EXAMPLES  IV. 

L     In  the  fig.  of  Euc.  i.  5,  if  BG,  CF  meet  in  H,  shew  that  AH 
bisects  the  angle  BAG. 

2.  In  the  fig.  of  Euc.  i.  47,  shew  that  AL,  BK,  FC  intersect  in 
one  point,  and  that,  if  BG  and  CH  be  joined,  the  lines  will  be  parallel. 

3.  A  line  is  drawn  parallel  to  the  base  of  a  triangle,  and  its  extre- 
mities joined  transversely  to  the  base;  shew  that  the  locus  of  the  point 
of  intersection  of  the  joining  lines  is  a  line  passing  through  the  vertex 
and  bisecting  the  base. 

4.  Let  Ax  bisect  any  straight  line  CD  in  0;  draw  CB,  cutting  Ax 
in  B  and  AD  produced  in  E ;  join  DB  and  let  it  meet  AC  produced  in 
F,  and  join  FE ;  FE  shall  be  parallel  to  DC. 

5.  In  two  given  straight  lines,  drawn  from  a  point  0,  take  points 
P,  Q  in  one,  and  P',  Q!  in  the  other,  so  that  OP,  OQ,  OP',  OQ!  are  in 
harmonical  progression;   shew  that   the  locus    of  the  intersections  of 
POJ  and  P'Q  is  a  line  bisecting  the  angle  between  the  given  lines. 

6.  A  side  AB  of  a  triangle,  and  a  perpendicular  through  A,  are 
assumed  as  the  axes  of  x  and  y,  and  the  equations  to  the  other  sides  are 
(BC}y  =  mx  +  b,  and  (AC)y  =  irix ;  determine  the  sides  and  angles  of 
the  triangle. 


EXAMPLES.  75 

7.  Taking  the  requisite  data  to  fix  a  parallelogram  in  a  plane,  by 
equations  to  its  sides,  prove  that  the  diagonals  bisect  each  other. 

8.  MANP  is  a  parallelogram,  having  a  given  angle  at  A,  and 
also  its  perimeter  a  given  quantity;  shew  that  the  locus  of  P  for  all 
such  parallelograms  is  a  straight  line. 

9.  The  three  bisectors  of  the  sides  of  a  triangle,  drawn  from  the 
opposite  angles,  meet  in  a  point. 

10.  The  locus  of  a  point,  whose  distances  from  two  straight  lines, 
of  which  the  equations  are  given,  are  always  to  one  another  in  a  fixed 
ratio,  is  a  straight  line ;  axes  being  rectangular. 

11.  Given  the  base  and  the  difference  of  the  squares  of  the  sides  of 
a  triangle ;  find  the  locus  of  the  vertex. 

12.  Given  the  base  and  the  sum  of  the  sides  of  a  triangle;  if  the 
perpendicular  from  the  vertex  on  the  base  be  produced  through  the 
vertex  till  its  whole  length  equals  one  of  the  sides,  shew  that  the  locus 
of  the  extremity  of  the  perpendicular  is  a  straight  line. 

13.  If  Ax,  Ay  be  two  straight  lines,  and  through  any  point  P 
there  be  drawn  straight  lines  PPj^,  PP2Q2,  &c.  meeting  Ax  in  P,, 
P2,  &c.,  and  Ay  in  Qi}  Q2,  &c.,  then,  if  AP^  AP^  &c.  are  in  harmon- 
ical  progression,  so  also  are  AQ^  AQ2,  &c. 

14.  AB,  AC  are  two  straight  lines  given  in  position ;  a  straight 
line  DE  meets  them  in  Z>,  E^  respectively,  so  that  AD  +  AE  is  a  con- 
stant length ;  also  DE  is  divided  in  the  point  P  so  that  DP  bears  a 
constant  ratio  to  EP ;  the  locus  of  P  is  a  straight  line. 


SECTION  VI. 

The  Circle. 

72.  BEFORE   examining   the  curves  represented  by   the 
general  equation   of  the  second  degree,   we    shall   investigate 
some  of  the  properties  of  the  circle,  which  we  shall  afterwards 
see  to  be  a  particular  case  of  a  class  of  curves  represented  by 
that  equation.    We  select  the  circle  on  account  of  its  simplicity, 
and  because  the  reader  is  already  familiar  with   its  principal 
properties,  geometrically  treated. 

73.  To  find  the  equation  to  a  circle  whose  centre  and 
radius  are  given,  the  co-ordinates  being  rectangular. 

If  C  (ab)  be  the  centre  of  the  circle,  P  any  point  (xy]  on 
the   circumference,    and   CR  be  drawn 
parallel  to  Oco  to  meet  the  ordinate  of  P     ^ 
in  R,  we  have 

CR"  +  PR2  =  CP\ 

or  (IB  -  of  +  (y  -  6)8  =  r",  

where  r  =  the  radius  of  the  circle. 

This  follows  directly  from  Art.  6,  and,  in  fact,  the  equation 
only  asserts  that  the  distance  between  the  points  (ab)  and  (xy) 
is  constant  and  equal  to  r. 

If  the  co-ordinates  be  oblique,  and  inclined  to  one  another 
at  an  angle  =  w,  we  have,  since  angle  CRP  now  =  180  —  o>, 

(x  -  a)2  +  (y  -  b)*  +  2(x  -  a).(y  -  b)  cos  w  =  r2; 
but  we  shall  seldom  have  occasion  to  use  this  equation. 
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74.     Expanding  the  general  equation  to  the  circle  referred 
to  rectangular  axes,  we  have 

of  +  y*  _  2ax  -  2by  4-  a2  +  5s  -  r2  =  0  ; 

and  hence  it  appears  that  the  general  equation  to  the  circle  is 
of  the  form 

a?  +  y°  +  Ax  +  By  +  C  =  0, 

A9  B,  C  being  any  constants.      The  equation 
Aa? 


may  be  reduced  to  this  form  by  dividing  by  A,  and  is  therefore 
the  most  general  form  that  the  equation  can  assume,  when  the 
co-ordinates  are  rectangular. 

75.      If  we  can  reduce  an  equation  to  the  form 

a?  +  y*  +  Ase  +  By  +  C  =  0, 

...  -   A2      B- 

we  may  determine  the  circle  it  represents;  for,  adding  --  1-  - 

T*  TP 

to  both  sides  of  the  equation,  we  have 

Az       i         B2      A2      B2 


which  is  evidently  the  equation  to  a  circle,  the  co-ordinates  of 
whose  centre  are 

A  B  (A2     W        \i 

x  =  --  ,  y  =  --  ,  and  whose  radius  =     —  +  --  C    . 
2  2  \4>          4  J 

A2      B* 

If  the  quantity  --  i  ----  C  be  =  0,  the  equation  may  be 
4         4 

considered  to  represent  a  circle  with  an  infinitely  small  radius, 
or,  in  fact,  the  centre,  for  the  equation  is  now 
A\a       I         B\2 


A  B 

which  can  only  be  satisfied  by  the  values  x  =  --  ,  y  =  --  ; 
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A2    B2 
if  --  !  ---  C  be  negative,  the  radius  is  an  impossible  quantity, 

4         4 

and  the  circle  imaginary. 

Ex.  1.  The  equation  a?2  +  y2  -  2#,  +  4>y  +  1  =  0,  may  be 
written  (ae  —  I)2  +  (y  +  2)a  =  4,  which  represents  a  circle  the 
co-ordinates  of  whose  centre  are  ,v  =  1,  y  =  —  2,  and  whose 
radius  «=  2. 

Ex.  2.  The  equation  a?2  +  y8  +  2,r  -  6y  +  10  =  0,  may  be 
written  (on  +  I)9  +  (y  -  3)2  =  0,  a  circle  the  co-ordinates  of  whose 
centre  are  x  =  -  1,  y  =  3,  and  whose  radius  =  0. 


Ex.  3.    x2  +  y2  +  2x  +  6y  +  ll=0,  or  (*•  +  l)2 
represents  an  imaginary  circle. 

76.  If  in  the  equation  (x  —  of  +  (y  —  b)2  =  r2,  a  =  0, 
5  =  0,  or  the  centre  of  the  circle  be  origin,  the  equation  becomes 

a?  +  f  =  r2. 

If  a  =  r,  5  =  0,  or  a  diameter  be  chosen  as  axis  of  tr,  and 
its  extremity  as  origin,  the  equation  becomes 

a?  -  2ra?  +  y2  =  0, 

and  similarly,  if  the  axis  of  y  be  a  diameter  and  the  origin  at 
its  extremity,  the  equation  is 

a?  +  y2  -  2ry  =  0. 

77«  It  may  be  observed  here,  that,  in  the  circle,  as  well  as 
every  other  curve,  if  the  origin  is  on  the  curve,  there  will  be  no 
term  which  does  not  involve  either  se  or  y  ;  for  the  equation 
must  be  satisfied  by  the  values  x  =  0,  y  =  0,  which  cannot  be 
the  case  if  there  be  a  term  which  does  not  vanish  when  x  and 
y  vanish. 

78.  If  we  expand  the  equation  to  the  circle  (Art.  73), 
referred  to  oblique  axes,  we  obtain 
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o?s  +  yz  +  2  cos  o).xy  —  2  (a  +  b  cos  o>)  a?  -  2  (6  +  a  cos  a>)  y 

+  a2  +  62  +  2a6coso;  -  r*  =  0 (1). 

Hence,  if  the  inclination  of  the  axes  be  to,  the  general 
equation  to  the  circle  is 

x°~  +  y2  +  2cosa>.<2?2/  +  Ax  +  By  +  C  =  0 (2), 

where  A,  B,  C  are  constants. 

Ex.     To  determine  the  inclination  of  the  co-ordinate  axes, 
in  order  that  the  equation 

x2  —  xy  +  y2  -  ax  -  ay  =  0 

may  represent  a  circle,  and  find  the  magnitude  of  its  radius. 

Comparing  the  equation  with  equation  (l),   we  have  the 
equations 

2  cos  o>  =  —  1,    a2  +  £>2  +  2a6  cos  a>  —  r2  =  0, 

2  (a  +  b  cos  a>)  =  a  =  2  (6  +  a  cos  to), 
from  which  we  obtain 

2 
ftj  =  -7r,   a  =  6  =  r  =  a. 

79.      The  equation 

900 

a?2  +  y  =  r2 

will  give  us  a  well-known  property  of  the  circle ;  for  it  may  be 
obtained   by  eliminating  k,   by  means  of 
multiplication,  from  the  equations 

y  =  k(x-r), (1), 


where  A;  is  a  constant,  and  perfectly  arbitrary. 

But  these  equations  evidently  represent  lines  which 

(i)   pass  through  the  extremities  of  the  diameter  QR  which 

is  the  axis  of  a?;  for  (Art.  35),  equation  (l)  represents  a  line 
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passing  through  the  intersection  of  the  lines  y  =  0,  as  —  r  =  0, 
which  is  the  point  R,  and  (2)  passes  through  the  intersection 
of  y  =  0,  a?  +  r  =  0,  which  is  the  point  Q. 

(ii)  intersect  in  the  circle,  since,  by  eliminating  k  between 
them,  we  have  the  equation  to  the  circle ;  and 

(iii)  are  at  right  angles  to  one  another  by  Art.  37 ;  and 
they  represent  all  lines  which  fulfil  these  three  conditions. 
Hence  we  see  that  the  locus  of  the  vertices  of  all  right-angled 
triangles  on  QR  as  base  is  the  semicircle  QPR. 

80.  To  Jind  the  equation  to  the  circle  referred  to  polar 
co-ordinates. 

Let  Ox  be  the  initial  line,  O  the  pole;  let  the  co-ordinates 
of  the  centre  C  be  the  known  quantities 
p\  6',  and  of  any  point  P,  in  the  circum- 
ference, p,  9 ;   then 

CO2  +  POS  -2  CO.PO.cos  POC  =  CP2, 

or  p'*  +f?-  2pp  cos  (9  -  &)  =  r2, 
which  is  the  polar  equation  required.    , 

It  will  be  seen  that  this  is  the  formula  of  Art.  54,  and  only 
asserts  that  the  distance  between  the  points,  whose  polar  co- 
ordinates are  p,  9,  and  p',  0',  is  constant  and  equal  to  r. 

COR.  1.  The  two  values  of  p  which  maybe  found  from 
the  equation 

p*  -  2p'  cos  (9  - 0').p  +  p*  -  rz  =  0. 

are  the  two  distances  from  the  pole  O  of  the  points  P,  P', 
where  the  radius  vector,  which  makes  an  angle  9  with  Ox, 
cuts  the  circle.  The  product  of  the  roots  of  this  equation 
(Appendix)  =  p'2  —  r2,  a  quantity  which  does  not  change  for 
different  values  of  9.  Hence  the  rectangle  OP.  OP'  is  constant 
for  all  positions  of  OP.  When  the  roots  are  equal,  or  the 
line  touches  the  circle,  as  OR,  we  have 
p'2  -  r2  =  OR2. 
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Hence  OP.  OP'  =  OR\  as  in  Euc.  in.  35,  36. 

COR.  2.      If  p'  =  0,   or   the  centre  be  pole,  the  equation 

becomes 

p  =  r. 

Cou.  3.      If  p  =  r  and  9'  =  0,  or  a  diameter  be  the  initial 
line,  and  one  extremity  of  it  the  pole,  the  equation  becomes 

p  =  2r  cos  9. 

The  reader  will  do  well  to  verify  by  geometrical  figures 
the  results  obtained  here  and  in  Art.  76. 

81.  In  the  foregoing  Articles  we  have  assumed  one  only 
of  the  well-known  geometrical  properties  of  the  circle,  viz.  that 
the  distance  from  the  centre  to  the  circumference  is  constant, 
and  from  this  property  we  have  deduced  the  equation.      Most 
of  the  following  Articles  will  admit  of  being  proved  in  a  very 
simple  manner  by  those  properties  of  the  circle  with  which  the 
reader  is  familiar;   but  we  prefer  to  deduce  our  proofs  from 
the  equation  alone,  because  this  method  is  the  same  as   that 
which  we  shall  use  in  the  case  of  other  curves,  and  it  is  desir- 
able that  the  student  should  perceive  that  all  the  properties  of 
the   circle  may  be   obtained   from   its   equation,    without   any 
previous   acquaintance  with  the  curve.     It   will,   however,  be 
an   exercise  very  profitable  to   the    student,    if  he   endeavour 
to  deduce  the  equations  of  the  following   Articles  from   any 
of   the  properties  of  tangents,    &c.    which    he    may   find    in 

Euclid. 

t» 

82.  To  find  the  equation  to  a  line  touching  the  circle 

at  a  point  (x'y'). 

Let  DT  be  a  line  cutting  the  circle 

a?  +  y-  =  r2       ....      (1) 
in  the  point  P  (xy);   then  the  equation  to  DT  is  (Art.  27) 

jf-jC  _  .-y  _  L 

s  c 

p.  c.  s.  6 
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Now,  if  we  substitute  for  <x  and  y  from 
(2)  in  (l),  the  result  will  be  a  quadratic 
in  /,  the  two  roots  of  which  equation 
will  be  the  distances  of  the  point  (x'y) 
from  the  points  where  DT  cuts  the  cir- 
cle. Hence  from  (1)  and  (2)  we  have 

(cl  +  x'Y  +  (si  +  y'f  =  r2, 

or  (c~  +  s°)  I-  +  2  (ex'  +  sy')l  =  0, 


since  xs  + 


=  r 


(x'y)  being  a  point  on  the  circle. 

Equation  (3)  gives  us 

/  =  0, 

(as  it  should,  for  (x'y)  coincides  with  one  of  the  points  of 
section,)  and  also 

(c2  +  s2)  I  +  2  (ex  +  sy')  =  0, 

the  value  of  /  in  which  is  the  distance  PQ.  But,  if  we  suppose 
the  point  Q  to  move  up  to  P,  this  distance  vanishes,  and  the 
line  becomes  a  tangent  at  P(x'y),  and  we  have,  as  the  con- 
dition that  (2)  should  be  tangent, 

ex'  +  sy  =  0  .....      (4) 

Eliminating  c  and  s  by  means  of  this  equation  and   the 
equation  to  the  line,  we  have 

(x-  x')x  +(y-y')y  =0,      ...      (5) 
or  xx  +  yy  —  (x'~  +  y'2)  =  0, 
whence  xx'  +  yy  =  r2, 

which  is  the  equation  to  the  tangent  at  the  point  (x'y). 

We   leave   the   reader   to   obtain   this   equation  geometri- 
cally, by  means  of  known  properties   of  the  tangent.       For 
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example,  he  will  find  it  easy  to  shew,  from  Euc.  in.  16,  Cor. 

that 

i  i 

x  -x  =  _y_ 

y  -  y        x" 

which  gives  us  equation  (5)  of  this  Article. 

83.  If  we  transfer  the  origin  to  any  point  (—  o,  —  6)  so 
that  the  co-ordinates  of  the  centre  are  a  and  b,  we  must  write 
in  the  equation  to  the  tangent,  by  Art.  59, 

x  -  a,  x-  a,  y  -  6,  y  -  b  for  x,  x,  y,  y, 
respectively,  and  the  equation  becomes 

(x  -  a)  (xf  -a)  +  (y-b)  (y1  -  6)  =  r2. 

84.  If  the  problem  be  to  find  the  equation  to  a  tangent 
which  makes  a  given  angle  with  the  axis  of  x,  we  must  elimi- 
nate x  and  y,  instead  of  c  and  $,  from  equation  (2). 

We  have  from  (4), 

s          x' 

i » 
c         y 

s2  +  c3      x'z  +  y1* 
whence  — - —  =  -      - —  , 


from  which  and  from  (4),  we  have 

y  =  =t  re,          a/  =  =p  rs  ; 
hence  (2)  becomes 

cy  —  sx  =  (cy  —  sac) 
=  ±  r  (c2  +  *2) 

=  ±r; 

6 — 2 
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or,  if  -  =  m,   where  m  is  the   trigonometrical    tangent   of  the 
c 

angle  which  the  tangent  makes  with  the  axis, 
y  =  mx  ±  r\/l  +  m2 ; 

but  we  shall  obtain  this  equation  directly,  without  introducing 
the  point  (a?V)j  in  Article  86. 

85.  The  equation  to  the  tangent  in  terms  of  its  distance 
from    the  centre  and  the  angle  (a)  which  that  distance  makes 
with  the  axis  of  #  is  evidently 

ao  cos  a  +  y  sin  a  =  r, 

since  the  perpendicular  from  the  centre  is  the  radius.  This 
may  be  deduced  from  the  equation  of  Art.  84,  without  assum- 
ing the  above  property  of  the  circle. 

86.  To  find  the  equation  to  the  tangent  in  terms  of  its 
inclination  to  the  axis  of  x. 

Let  y  =  mx  +  b,  a?  +  y2  =  r9,  represent  a  straight  line  and 
a  circle  respectively  ;  if  we  find  values  of  a?  and  y  which  satisfy 
both  these  equations,  these  will  evidently  be  the  co-ordinates  of 
a  point  where  the  line  and  circle  intersect,  for  no  co-ordinates 
but  those  of  the  points  of  section  can  be  common  to  the  line 
and  circle.  Eliminating  x  between  them,  we  obtain 

2/8(l  +  m")  -  2by  +  62  -  raV  =  0, 

the  roots  of  which  equation  are  the  ordinates  of  the  points  of 
intersection.  If  these  roots  be  equal,  or  the  line  touch  the 
curve  instead  of  cutting  it,  we  have  (Appendix) 

62=  (63-mV2).(l  +m2), 
or  6  =  =t=  r\/i  +  m\ 

and  the  equation  to  the  tangent  which  makes  with  the  axis  of 
x  an  angle  =  tan-1w,  is 

y  =  mx  ±  r\/\  +  m", 
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the  double  sign  referring  to  the  two  tangents  at  the  extremities 

O  o  o 

of  any  diameter,  which  are  parallel. 

COR.  1.      Hence   the   condition    that  any  line  y  =  mx  -f  b 
should  touch  the  circle  a?  +  yz  =  r2,  is 

6a  =  r2(l  +m~). 

87-      To  determine  the  equations  to  the  tangents  drawn  to 
a  circle  from  any  point  x'y'  without  it. 

Let  the  equation  to  the  tangent  be 


y  —  mx  =  ±  r  \/\  +  m2 ; 

then,  since  it  passes   through   (x'y),  the  co-ordinates  of  that 
point  satisfy  the  equation,  and  we  have 

(yf  —  mx'Y  =  r2  (l  +  ms), 

or   (x2  -  r°-)  m2  -  2x'y'm  +  y'~  -  r~  =  0,    .      .      .      (i) 
a  quadratic  to  determine  the  two  values  of  m  in  the  equations 
to   the  two   tangents   which  can  be  drawn  to  the  circle  from 
(x'y).      If  m  and  m   be  the  two  roots,  the  required  equations 
will  be  (Art.  22,  Cor.  1) 

y  -  y  =  m  (x  -  x'),     y  -  y  =  m  (x  -  x). 
COR.      Solving  equation  (l),  we  have 


m 


x*  -  r* 


whence  we  see  that  the  tangents  are  real  if  x'*  +  y'2  >  r'!,  or  the 
point  is  outside  the  circle ;  they  coincide  when  x'z  +  y~=  r*,  or 
the  point  is  on  the  circle ;  and  they  are  imaginary  when 
x'2  4-  y'2  <r2,  or  the  point  is  within  the  circle. 

88.  The  line  drawn  through  any  point  in  a  curve  per- 
pendicular to  the  tangent  is  called  the  Normal. 

In  the  case  of  the  circle,  if  the  point  be  (xy')t  the  equation 
to  the  normal  is 
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r   /•  /» 

y  -  y  =  m  (?  -  ®  ;> 

where  m   must  (Art.  37)  have  a  value,  the  reciprocal  of  the 
value  found   in  the  case  of  the  tangent,  and  must  be  of  a 

y 

different  sign  ;   hence,  (Art.  84)  m  =  — ,  and  the  equation  is 

f 

'  =  ^.  (    _a,'\ 
!/      y         '  v  * ' 

x 

which,  after  reduction,  becomes 


•  x 

the  equation  to  a  straight  line  passing  through  the  origin  ; 
hence  every  normal  in  the  circle  passes  through  the  centre,  as 
is  proved  in  Euc.  in.  16,  19. 

89.      To  find  the  equation  to  the  chord  joining  the  points 
of  contact  of  two  tangents  from  any  point  (x'y'). 

Let  P1  (x'y)  be  the  external  point,  and  let  PP''  be  the 
line  whose  equation  is  required. 

Now    the    equation    to    P'P",    the 
tangent  at  P"  (x"y"),  is   (Art.  83) 

n  ir         2 

xx  +  yy  =  r2, 

and,  since  this  line  passes  through 
Pf(a/y),  the  co-ordinates  of  P1  satisfy 
the  equation,  hence, 

/    n         in          n 

at  at  +yy  =r2; 
hence  the  values  x  =  #",  y  =  y"  satisfy  the  equation 

xx  +  yy'  =  r\ 

or  P''  (x'y")  is  a  point  on  the  line  it  represents;  and  by  exactly 
similar  reasoning,  P,  the  other  point  of  contact,  is  on  this  same 
straight  line ;  hence 

xx'  +  yd  —  r2 
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is  the  equation  to  the  chord  joining  the  points  of  contact  of 
tangents  drawn  from  the  point  (x'y)  ;  for  it  is  the  equation 
to  some  straight  line,  and  both  P  and  P"  have  been  proved 
to  lie  in  it. 

COR.  Hence,  to  draw  tangents  to  the  circle  from  any 
external  point  (x'y),  we  have  the  two  equations 

xx'  +  yy'  =  r2,      a?  +  y*  =  r2, 

to  determine  the  co-ordinates  of  the  points  of  contact.  These 
equations  will  always  give  two  points,  corresponding  to  the 
points  of  intersection  of  the  line  and  circle. 

90.  A  chord  of  a  circle  is  drawn  through  a  JLxed  point 
(x'y'),  and  tangents  are  drawn  at  the  points  where  it  cuts  the 
circle  ;  to  find  the  equation  to  the  locus  of  the  intersection  of 
these  tangents  when  the  chord  is  turned  about  the  point  (x'y'). 

Let  P'  be  the  point  (x'y),  P'QR  the  chord,  and  let  the 
tangents  at  Q  and  R  intersect  in  P'(x"y"); 
it  is  required  to  find  the  locus  of  P"  as  the 
chord  turns  about  P'.  Considering  P'R  as 
the  chord  joining  the  points  of  contact  of 
tangents  drawn  from  the  point  (v"y"),  its 
equation  is  (Art.  89) 


but,  since  it  passes  through  P  (x'y)  we  have 

'  "       *  "       i  /~\ 

xx  +yy  =  r*;   .      .      .      .     (2) 

but  (#"*/")   is    any  point   in   the  required  locus,  and  its  co- 
ordinates satisfy  the  equation 

xa/+yy'=r-,    .      .      .      .      (3) 

hence,  the  co-ordinates  of  every  point  in  the  locus  satisfy  this 
equation,  which  is,  therefore,  the  equation  required. 
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The  locus  is  therefore  a  straight  line,  evidently  perpendi- 

y 

cular  to  the  line  y  =  —,  #,  i.  e.  to  the  line  joining  the  centre 

30 

with  the  point  (xy'}. 

This  line  is  called  the  polar  of  the  point  (x'y')  with  regard 
to  the  circle  (a?2  +  ?/8=r2),  and  the  point  (x'y)  is  called  the  pole 
of  the  line.  These  terms  must  not  in  any  way  be  confounded 
with  the  same  terms  used  in  Arts.  49 — 54. 

91.  The  reasoning  of  the  preceding  Article  is  very  often 
perplexing  to  the  beginner.      The   difficulty  commonly  arises 
from  the  use  of  the  co-ordinates  of  P"  (x'y")  as  constants  in 
equation    (l),   and   afterwards   as   variables    in    equation    (3). 
We   should   bear  in    mind   that,   although   P"  is  a  moveable 
point,  we  do  not  examine  its  position  during  its  motion,  but, 
taking  it  in  any  one  of  its  several  positions,  we  obtain  a  rela- 
tion  between   its    co-ordinates  while  in   that  position.     The 
relation   so  obtained  is   equally  true  for  all  positions,  and  is 
therefore  the  equation  to  the  locus  of  the  point.     Thus,  equa- 
tions   (1)    and    (2)    are    relations   obtained   between    the    co- 
ordinates of  the  actual  points  P',  P".      Equation  (3)  declares 
this  relation  to  be  true  for  all  points  determined  by  the  same 
law  as  P". 

92.  As  the  equation  to  the  polar  is  one  of  the  greatest 
importance,  and  will  be  frequently  used  in  the  following  pages, 
we  will  define  its  exact  meaning  in  all  cases. 

(1)  The  position  of  the  point  P'  (Art.  90)  is  not  subject 
to  any  limitation  ;   hence,  wherever  the  point  (<v'y)   may  be, 
the  equation  xao  +  yy  =  r"~  represents  the  locus    of  the  inter- 
section of  tangents  drawn  at  the  extremities  of  chords  which 
all  pass  through  (xy). 

(2)  If  the  point    be   without   the   circle,   this   locus   is 
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(Art.  89)  identical  with  the  chord  joining  the  points  of  contact 
of  tangents  drawn  from  (x'y). 

(3)  If  the  point  be  on  the  circle,  the  locus  is  also 
(Art.  82)  the  tangent  at  the  point  (ao'y). 

93.  If  one  point  (x'y')  lie  on  the  polar  of  \  second 
point  (x"y"),  then  will  the  point  (x"y")  lie  on  the  polar  of  the 
point  (x'y'). 

For  the  equation  to  the  polar  of  (x"y")  is 

xx"  +  yy"  =  r*} 
and  the  condition  that   x''   should  lie  on  this  line,  is 


t     It  I     II  o 

xx   +  y  y    =  r  ; 

but  this  is  also  the  condition  to  be  fulfilled  in  order  that  the 
point  (x"y")  should  lie  on  the  line 

xx'  H-  yy  =  r8. 

94.      To  find  the  locus  of  the  middle  points  of  any  system 
of  parallel  chords  in  a  circle. 

x  —  x'      y  —  y 
Let     -  =  -  -  -  =  I 
c  s 

be  the  equation  to  any  one  of  the  chords  of  the  system,  (x'y) 
its  middle  point  ;  then,  for  its  intersection  with  the  circle, 
(x*  +  y-  =  r2),  we  have 

(cl  +  x')"  +  (si  +  y'Y  =  r2, 

or    (c2  -f  s")  I2  +  2  (ex  +  sy')  I  +  .v'"  +  y'2  -  r", 

I  being  the  distance  from  the  middle  point  (x'y)  to  the  points 
of  section  of  line  and  circle  ;  hence,  (Appendix),  the  roots  of 
this  equation  are  equal  and  of  opposite  signs, 

.•.  ex'  -f  sy'  =  0, 
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a  relation  which  is  true  for  the  co-ordinates  of  every  middle 
point,  since  c  and  *  are  the  same  for  every  chord  of  the 
system,  and  therefore  the  equation 

ex  +  sy  =  0 

is  the  equation  to  the  locus  of  the  middle  points,  and  evidently 
represents  a  straight  line  through  the  centre  and  perpendicular 
to  the  chords. 

95.  In  working  problems  on  the  circle,  it  is  sometimes 
convenient  to  express  the  position  of  any  point  (x'y)  on  the 
circumference  by  means  of  a  single  variable.  If  0'  be  the 
angle  which  the  radius  vector  of  the  point  makes  with  the 
axis  of  x,  we  shall  have 

x'  =  r  cos  0',     y'  =  r  sin  0'. 

Ex.      To  find  the  co-ordinates  of  the  point  of  intersection 
of  tivo  tangents  to  the  circle  at  two  given  points. 

The  equations  to  the  tangents  will  be 

x  cos  0'  4-  y  sin  0'  =  r,     ,v  cos  0"  4-  y  sin  0"  =  r, 
and  the  co-ordinates  of  their  intersection  are 

cosl.(0'  +  0")  sin  1(0'  40") 


r 


COSlL(0'-0") 


96.  The  equations  to  two  circles  are  given  ;  to  find  the 
equation  of  the  straight  line  which  joins  their  points  of  inter- 
section. 

Let  the  equations  to  the  two  circles  be 

a?2  +  y2  +  Ax  +  By  +  C  =  0,     .     .     .     (i) 
#8  +  ?/2  +  A'x  +  B'y  +  C'  =  0  ;    .      .     .      (2) 
then,  by  Art.  35,  if  k  be  any  constant, 

Ax  +  By+C+Jc^+y'+A'x  +  B'y+C')  =0  .      (3) 


COMMON   CHORD   OF   TWO  CIRCLES.  91 

is  the  equation  to  some  curve  passing  through  the  points 
where  (l)  and  (2)  intersect,  since  it  is  satisfied  by  those  values 
of  x  and  y  which  satisfy  (l)  and  (2).  The  equation  may  be 
written 

(14-  A;)  ,u»+  (l  +  k)  y°  +  (A  +  kA')  x  +  (B  +  kff)  y+C+  kC'=  0, 

which  evidently  represents  a  circle  (Art.  75)  since  it  can  be 
reduced  to  the  form 

#2  +  y*  +  Px  +  Qy  +  R  =  0, 
by  dividing  by  1  +  k. 

If  k  =  -  1,   or   (2)   be  simply  subtracted    from    (l),    the 
equation  becomes 

(A  -  A')  x  +  (B  -  B')  y  +  C  -  C'  =  0, 

which  is  therefore  the  equation  to  a  straight  line  passing 
through  the  intersections  of  (l)  and  (2). 

97-      To  find  the  length  of  a  line  drawn  from  a  point 
(x'y')  to  meet  a  circle,  axes  being  rectangular. 

Let  the  equation  to  the  circle  be 

(x  -  a)*  +  (y  -  by  -  r-  =  0  .....      (l) 
We  shall,  for  the  sake  of  brevity,  write  this 

ff-0. 
Let  the  equation  to  the  line  be 

y  -  «'      oo  -  x 

-  —  ?-  =  --  =/.....      (2) 

S  C 

Substituting  for  x  and  y  from  (2)  in  (l),  and  remembering 
that  5s  +  c8  =  1,  we  have 


-ay+(y-by*-r*=Q.     .      (3) 
If  the  roots  of  this  equation  be  not  equal,  or  the  line  cut  the 
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circle,  the  rectangle  contained  by  the  segments  of  the  line 
(Appendix) 

=  (#'  ~  «)5  +  (y  -  bY  -  r\ (4) 

and,  if  the  roots  be  equal,  or  the  line  touch  the  circle,  this 
expression  is  equal  to  the  square  of  ,the  tangent.  Hence,  if 
S  =  0  be  the  equation  to  a  circle,  the. length  of  the  tangent 
from  an  exterior  point  (xy)  is  equal  to  S.  It  may  easily  be 
seen  that  expression  (4)  becomes  negative  when  the  point 
(ac'y)  is  within  the  circle,  and  that  the  roots  cannot  in  that 
case  be  equal. 

98.  We  have  seen,  by  Art.   96,  that,  if  S  and  S'  are 
symbols  standing  for  the  expressions 

(x  -  a)'-  +  (y-  b)2  -  r\      (at  -  a')2  +  (y  -  6')8  -  /*, 
so  that 

S=o, (i)         S'=o (2) 

are  the  equations  to  two  circles,  then  the  equation 
S-ST=0 (3) 

is  the  equation  to  a  straight  line,  and  that,  if  the  circles 
intersect,  the  points  of  intersection  will  lie  on  (3).  But  (3) 
is  a  real  line,  whether  the  circles  intersect  or  not,  and  in 
either  case  possesses  the  following  important  property  with 
regard  to  the  circles ;  if  from  any  point  of  it,  lines  be  drawn 
to  touch  both  circles,  the  lengths  of  those  lines  are  equal; 
for  the  lengths  of  the  tangents  to  (l)  and  (2)  from  any  point 
(xy)  on  (3)  are  (Art.  97)  equal  to  S  and  S'  respectively,  and 
(3)  asserts  that  these  are  equal. 

If  (1)  and  (2)  be  in  their  simplest  forms,  i.  e.  if  the  co- 
efficients of  #*  and  \f  in  them  are  unity,  the  line  (3)  is  called 
the  Radical  Axis  of  the  two  circles. 

99.  If  there  be  two  unequal  circles  which  do  not  inter- 
sect,   there   will   evidently   be   two  points,   on  the  indefinite 
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straight  line  joining  their  centres,  from  each  of  which  a  pair 
of  tangents  common  to  the  two  circles  may  be  drawn.  The 
points  will  lie,  one  between  the  centres,  and  the  other  exterior 
to  the  smaller  circle.  They  are  called  the  Centres  of  Simili- 
tude*. 


EXAMPLES  V. 

1.  To  find  the  centre  and  radius  of  the  circle 

x2  +  y*  -  Qx  +  4>y  +  4  =  0. 

2.  Investigate  the  line  or  lines  represented  by  the  equation 

x3  +  xy*  -  x*r  —  xr3  —  ry*  +  r3  =  0. 

3.  Find  the  common  chord  of  two  circles 


4.     To  find  the  equation  to  a  straight  line  which  passes  through 
the  centres  of  the  two  circles 


5.  To  find  the  equation  to  a  circle  having  for  its  diameter  the  line 
joining  the  points  of  intersection  of  the  line,  y  =  ax,  and  the  circle, 
y*  =  2rx  -  xs. 

6.  Find  the  equation  to  the  circle,  the  diameter  of  which  is  the 
common  chord  of  the  circles 

.r2  +  y'  -  r\     (a;  -  of  +  y"  =  r2. 
7-     What  is  represented  by  the  equation 

x(x  -  2)  +  y(y  -  4)  +  8  =  0  ? 
8.     Find  a  relation  between  the  coefficients  of  the  equation 

A(x-  +  ;/)  +  Dx  +  Ey  +  F=  0, 

in  order  that  (1)  the  axis  of  x,  and  (2)  the  axis  of  y,  may  be  tangents 
to  the  circle. 

*  The  properties  of  these  points  are  discussed  at  length  in  Salmon's  Conic  Sections. 
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9.  To  find  the  inclination  to  the  axis  of  x  of  the  tangents  drawn 
from  any  point  (x'y')  to  the  circle  whose  equation  is 

(a-a)'  +  (y-  6)2-r2  =  0. 

10.  To  find  the  relation  between  the  quantities  a,  b,  r,  in  order 

3C        V 

that  the  line  -  +  ^  =  1  may  touch  the  circle  s?  +y2  =  r2. 
cx>      o 

11.  To  find  the  equation  to  a  circle,  the  centre  of  which  is  at  the 
origin  of  co-ordinates,  and  which  is  touched  by  the  line  y  =  2/c  +  3. 

12.  To  find  the  intercepts  on  the  axes  of  co-ordinates  of  the  tan- 
gent to  a  circle  (x3  +  ya  =  r2),  drawn  parallel  to  a  given  straight  line, 

(x  cos  «  +  y  sin  a  =/?). 

13.  If  2a',  2a"  be  the  inclination  of  two  radii  of  a  circle,  zs+j/2-r*, 
to  the  axis  of  .r,  to  find  the  equation  to  the  chord  joining  the  extremi- 
ties of  the  radii. 

14.  If  a  chord  of  constant  length  be  inscribed  in  a  circle,  it  will 
always  touch  another  circle. 

15.  Find  the  locus  of  a  point  where  a  chord  of  constant  length  is 
cut  in  a  constant  ratio. 

16.  To  find  the  locus  of  the  middle  points  of  chords  of  a  given 
circle  drawn  parallel  to  a  given  line  (y  =  mx  +  6). 

17-     To  find  the  locus  of  the  centre  of  the  inscribed  circle,  when  the 
base  and  vertical  angle  of  a  triangle  are  given. 

18.  Find  the  locus  of  the  middle  points  of  chords  drawn  from  the 
extremity  of  the  diameter  of  any  circle. 

19.  If  circles  be  described  on  the  sides  of  a  triangle  as  diameters, 
they  will  intersect  in  the  points  where  the  perpendiculars  from  the 
opposite  angles  meet  the  sides,  or  the  sides  produced. 

20.  The  three  radical  axes  belonging  to  three  given  circles,  taken 
two  and  two,  pass  through  one  point. 

21.  If  a  chord  be  drawn  parallel  to  the  diameter  of  a  circle,  and, 
from  any  point  in  the  diameter,  lines  be  drawn  to  its  extremities,  the 
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sum  of  their  squares  will  be  equal  to  the  sum  of  the  squares  of  the  seg- 
ments of  the  diameter. 

22.  Find  the  locus  of  the  vertices  of  all  triangles  which  have  a 
given  base,  and  a  given  vertical  angle. 

23.  Prove  Euc.  in.  31,  from  the  resulting  equation. 

24.  The  vertical  angle  of  any  oblique-angled  triangle  inscribed  in 
a  circle  is  greater  or  less  than  a  right  angle  by  the  angle  contained  by 
the  base  and  the  diameter  drawn  from  the  extremity  of  the  base. 

25.  Tangents  are  drawn  to  a  circle  y*  .  y*  —  r*,   at  two  points 
(^y'}->  (d'y"}  '•>  to  nn(l  th-e  distance  of  a  point  (hit}  from  a  line  passing 
through  the  centre  and  the  intersection  of  the  two  tangents. 

26.  To  find  the  equations  to  straight  lines  touching  the  circle 

x^y  =  io, 

at  points,  the  common  abscissa  of  which  is  unity. 

27.  Find  the  equation  to  a  line  touching  a  given  circle 

O-ay  +  Cy-^r*,    ' 
and  parallel  to  a  given  line  y  =  mx  +  c. 

28.  Find  the  equation  to  a  circle  having  for  diameter  the  distance 
of  a  given  point  (x'y'}  from  the  origin  of  co-ordinates. 

29.  To  find  the  equation  to  the  straight  line  passing  through  the 
origin  of  co-ordinates,  and  touching  the  circle  x*  +  y*  —  3x  +  4>y  =  0. 

30.  To  find  the  length  of  the  common  chord  of  the  circles 

(X-a?+(y-W  =  f,      (*-£)' +  (?-«)•  =  7'. 

31.  To  prove  that  all  circles  represented  by  the  equation 
0-  a)*  +  (y-/3j«  -  7*  +  £{(*  -  a,)'  +  (y  -  ffi-  7,'|  =  0, 

where  a,  /?,  -y,  a15  /31?  yl  are  constants,  and  k  any  quantity  whatever, 
pass  through  two  fixed  points,  and  to  find  the  equation  to  the  straight 
line  passing  through  the  points. 

32.  If  a  circle  be  described  on  the  radius  of  another  circle,  any 
chord  of  the  outer  circle,   drawn  from  the  point  of  contact,    will  be 
bisected  by  the  inner. 
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33.  To  find  the  length  of  the  chord  of  a  circle  x2  +  y*  =  r*  made  by 

X        ?/ 

the  straight  line  -  +  -,  =  \  . 
a      b 

34.  Through  any  fixed  point  A  in  the  circumference  of  a  circle 
draw  chords  AP,  AQ  at  right  angles,  and  join  PQ.     If  0  be  a  point 
in  PQ  such  that  PO  =  n  .  PQ,  the  locus  of  0  is  a  circle. 

35.  Shew   that,    by  giving  a  suitable  value  to  k,  the  equation 
S  —  kS'  may  be  made  to  represent  any  circle  passing  through  the  inter- 
sections of#=0,  £"  =  0. 

36.  Given  a  line  and  a  circle,  to  find  a  point,  such  that,  if  any 
chord  be  drawn  through  it,  and  perpendiculars  let  fall  from  its  extremi- 
ties on  the  given  line,  the  rectangle  under  these  perpendiculars  will  be 
constant. 

37.  To  determine  the  relations  between  the  constants  of  the  two 
equations  Ix  +  my  —  3,   and  (x  -  of  +  (y  —  6)*  =  rz  in  order  that  they 
may  touch  each  other. 

38.  If  from  a  given  point  S,  a  perpendicular  be  drawn  to  the  tan- 
gent PY  at  any  point  P  of  a  circle,  of  which  the  centre  is  <?,  and,  in 
the  line  MP  at  right  angles  to  CS  and  produced  if  necessary,  a  point 
Q  be  taken  such  that  QM  =  $Y,  to  find  the  locus  of  Q. 


39.  Given  the  equation  to  a  circle,  and  the  chord  of  a  circle  ;  shew 
that  a  perpendicular  let  fall  upon  the  chord  from  the  centre  bisects  the 
chord. 

40.  Find  the  diameter  of  the  circle 

x*  +  y*  4-  2xy  cos  ta  =  ax  +  by. 


41.  The  radical  axis  is  perpendicular  to  the  line  joining  the  centres 
of  two  circles. 

42.  Find  the  equation  to  the  circle  which  passes   through  the 
points  (0,  0),  (-  8a,  0),  (0,  6«). 

43.  To   find  the  locus   of  middle  points  of  chords  which  pass 
through  a  given  point. 
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44.  If  on  any  radius  vector  through  a  fixed  point  0,  OQ  be  taken 
in  a  constant  ratio  to  OP,  find  the  locus  of  Q. 

45.  The  circles  represented  by  the  equation 

(n  +  1) .  (x* +jf)  =  ax  +  nby, 
where  n  is  arbitrary,  have  a  common  chord. 

46.  To  prove  analytically  that  the  angles  in  the  same  segment  of 
a  circle  are  equal. 

47.  Prove  analytically  that  the  angle  in  a  semicircle  is  a  right 
angle. 

48.  Given  the  base  and  vertical  angle,  to  shew  that  the  locus  of 
the  point  of  intersection  of  the  perpendiculars  of  the  triangle  is  a  circle. 

49.  Given  base  and  ratio  of  sides  of  a  triangle;  shew  that  the 
locus  of  the  vertex  is  a  circle. 

50.  "When  will  the  locus  of  a  point  be  a  circle,  if  the  square  of  its 
distance  from  the  base  of  a  triangle  be  in  a  constant  ratio  to  the  pro- 
duct of  its  distances  from  the  sides  ? 

51.  "When  will  the  locus  of  a  point  be  a  circle,  if  the  sum  of  the 
squares  of  the  three  perpendiculars  from  it  on  the  sides  of  any  triangle 
be  constant  ? 

52.  Find  the  locus  of  a  point,  the  square  of  whose  distance  from  a 
given  point  is  proportional  to  its  distance  from  a  given  right  line. 

53.  Given  the  base  of  a  triangle,  and  m  times  the  square  of  one  of 
its  sides  ±  n  times  the  square  of  the  other  =  a  constant ;  find  locus  of 
the  vertex,  find  centre  and  radius  of  resulting  circle,  and  where  it  cuts 
base. 

54.  Find  the  equations  to  the  circles  which  touch  the  three  lines 

x  =  a,    y  =  2b,    y  =  2b'. 

55.  To  find  the  equation  to  a  circle  which  passes  through  three 
points,  the  co-ordinates  of  which  are  (I,  2),  (1,  3),  (2,  5). 

56.  Trace  the  circle  whose  equation  is 

a(x2+y)  +  6(x+^)  =  0. 
p.  c.  s.  7 
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57-  The  locus  of  the  centres  of  all  circles  inscribed  in  all  right- 
angled  triangles  on  the  same  hypotenuse  is  the  quadrant  described  on 
the  hypotenuse. 

58.  The  equation  to  a  circle  is  y2  +x*  =  a(y  +  ai)  ;  what  is  the 
equation  to  that   diameter  which   passes  through  the  origin   of  co- 
ordinates ? 

59.  To  find  the  equation  to  a  circle  referred  to  two  tangents  at 
right  angles,  as  axes. 

60.  If  through  any  point  of  a  quadrant  whose  radius  is  ft,  two 
circles  be  drawn,  touching  the  bounding  radii  of  the  quadrant,  and  r,  r' 
be  the  radii  of  these  circles,  rr  =  ft*. 

61.  To  find  the  equations  to  the  lines  which  touch  both  the  circles 


62.     To  find  the  equation  to  the  circle  which  touches  the  three 
lines 


63.  To  find  the  equations  to  two  circles,  which  touch  rectangular 
axes  of  x  and  y,  and  pass  through  a  given  point  (ai). 

64.  APB  is  the  segment  of  a  circle.     Take  any  point  P  and  let 
PC  be  drawn  bisecting  the  angle  APB  ;  shew  that  the  dividing  lines 
all  pass  through  one  point  in  the  circumference  of  the  circle  of  which 
APB  is  a  segment. 

65.  The  lines  joining  the  angles  of  a  triangle  with  the  points  in 
which  the  escribed  circles  touch  the  opposite  sides,  meet  in  a  point. 

66.  A  rod  of  given  length  is  moved  between  two  fixed  lines,  CP 
and  CQ  ;  the  perpendiculars  upon  CP,  CQ  from  P,  Q  meet  in  J2,  and 
those  from  P,  Q  on  (7Q,  CP  meet  in  S;  shew  that  the  loci  of  R  and  S 
are  circles  with  common  centre  C. 

67-  In  any  circle  draw  a  chord  AB  ;  from  the  middle  point  E 
of  the  lesser  segment  draw  any  line  cutting  AB  in  C  and  meeting 
the  circumference  in  D  ;  join  AD,  and  in  AD  take  AP  =  AC;  find 
locus  of  P. 
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68.  The  axes  Ox,  Oy  cut  a  circle  in  points  A,  A',  B,  B'  respec- 
tively; to  compare  the  values  of  x,  y,  at  the  intersection  of  the  chords 
AB',  A'B. 

69.  Determine  the  magnitude  and  position  of  the  circle 

P2  -  2P  (cos  6  +JS  sin  0)  =  5. 

70.  Find  the  locus  of  a  point  such  that,  if  straight  lines  be  drawn 
to  it  from  the  four  corners  of  a  given  square,  the  sum  of  their  squares 
may  be  invariable. 

71.  AB  C  is  an  equilateral  A,  and 

PA=PB  +  PC; 
shew  that  P  lies  on  the  circle  which  circumscribes  the  A. 

72.  ACB  is  the  segment  of  a  circle,  and  any  chord  AC  is  pro- 
duced to  a  point  P,  so  that  AC  :  CP  in  a  given  ratio  ;  required  to  find 
the  locus  of  P. 

73.  Find  the  equation  to  a  straight  line  which  cuts  a  given  circle, 
when  the  lines  drawn  from  the  points  of  intersection  to  the  centre  con- 
tain a  right  angle,  and  one  of  them  is  inclined  to  the  axis  of  x  at  a 
given  angle. 

74.  Two  straight  lines  revolve  uniformly  in  one  plane  about  one 
extremity,  the  one  moving  twice  as  fast  as  the  other.     Find  the  locus 
of  their  points  of  intersection,  supposing  them  to  begin  to  move  toge- 
ther in  the  same  direction,  from  the  straight  line  joining  their  fixed 
extremities. 

75.  If  any  number  of  circles  touch  one  another  in  one  point,  all 
their  polars,  which  correspond  to  a  common  pole,  pass  through  a  single 
point. 

76.  To  find  the  locus  of  the  pole,  when  the  polar  of  a  given  circle 
always  passes  through  a  given  point. 

77-     In  the  sides   AB,  AC  of  a  given  triangle  ABC,   take   two 
points  M,  .ZV,  such  that  -TJ^=  TT^J  and  shew  that  the  circle  described 


about  the  triangle  A  M.N  will  always  pass  through  a  given  point. 

7—2 


SECTION  VII. 

General  Equation  of  the  Second  Degree. 

100.  THE  equation  of  the  first  degree  has  given  us  but  one 
species  of  line,  viz.  the  straight  line.  We  saw,  in  the  case  of 
the  circle,  that  an  equation  of  the  second  degree  may  represent 
a  curve  limited  in  every  direction,  and  the  case  where  it  repre- 
sents two  straight  lines,  shews  us  that  it  may  Represent  loci 
extending  to  infinity.  These  are  but  particular  cases  of  the 
equation  of  this  degree,  of  which  the  most  general  form  is 

Axz  +  Exy  +  Cy2  +  Dec  +  Ey  +  F  =  0. 

We  shewed  (Art.  17),  by  dividing  the  equation  by  the  co 
efficient  of  one  of  the  variables,  that  there  are  never  more 
than  two  constants  really  involved  in  the  equation  of  the  first 
degree,  and  in  like  manner  we  may  see  that  there  are  never 
more  than  five  constants  involved  in  the  equation  of  the  second 
degree,  for,  dividing  by  F,  the  equation  becomes 

A    ,       B  C   (       D         E 

-X*  +  ~xy  +  —f  +  —X  +  -y  +  1=0; 

which  has  only  five  constants  —  ,  — ,  &c.     Hence,  a  curve  of 

F     F 

the  second  order  may  be  made  to  fulfil  five  conditions ;  for 
instance,  it  may  be  described  through  five  points,  for  the  co-or- 
dinates of  those  points  substituted  in  the  equation  successivelv 

A      B 

will  give  nve  equations  to  determine  — ,    — ,  Sec. 

/      F 
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101.    Solving  the  general  equation  so  as  to  obtain  y  in  terms 
of  x,  we  have 


_ 


2(7 


By  reason  of  the  double  sign  of  the  radical,  there  are,  in 
general,  two  values  of  y  for  every  value  of  a?,  i.  e.  there  are  two 
ordinates  which  correspond  to  the  same  abscissa.  As  long  as 
the  values  given  to  x  render  the  quantity  under  the  root  positive, 
we  can  calculate  and  construct  these  ordinates,  and  so  determine 
two  points  in  the  curve  corresponding  to  each  abscissa;  if  they 
make  it  =  0,  the  two  points  are  coincident  ;  and  lastly,  if  they 
make  it  negative,  the  value  of  y  is  imaginary,  or  no  point  of  the 
curve  corresponds  to  the  abscissa  in  question.  Hence,  to  find 
the  extent  and  limits  of  the  curve  in  a  direction  parallel  to  the 
axis  of  x  we  must  examine  what  values  of  x  render  the  radical 
part  real,  zero,  or  imaginary. 

The  reality  of  the  ordinate  depends  upon  the  sign  of  the 
quantity  under  the  root 

(Bz  -  4  AC)  x*  +  2(BE  -  2  CD)  x  +  E2-4>CF 
or  Pa;2  +  Qx  +  R. 

Now,  writing  -  for  #,  this  expression  becomes 

P  +  Q*  +  R%* 

~x*~     "' 

the  sign  of  which  fraction  is  the  same  as  that  of  its  numerator, 
since  zz  is  essentially  positive  ;  but,  by  diminishing  #,  we  shall 
arrive  at  length  at  some  value  of  x,  for  which,  and  for  all  smaller 
values,  whether  positive  or  negative,  Qz  +  Rz2  is  less  in  magni- 
tude than  P,  i.  e.  as  z  decreases  beyond  this  value,  the  expression 

will  always  be  of  the  same  sign  as  P\  hence,  since  x  =  -  ;  there 
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is  some  value  of  x,  for  which,   and  for  all  greater  values, 
whether  positive  or  negative,  the  sign  of  the  expression 

Px*  +  Qx  +  R 
is  the  same  as  the  sign  of  P. 

Hence  we  gain  the  following  results : 

I.  When    P,   or   B2  —  4>AC,  is  negative,   there   will   be 
values  of  x  beyond  which  the  ordinate  y  will  be  always  imagi- 
nary, whether  we  take  x  positive  or  negative.     The  curve  will 
then  be  limited  both  in  the  positive  and  negative  directions 
of  x.      A  curve  of  this  class  is  called  an  Ellipse.      It  will  be 
seen  hereafter  that  the  Circle  belongs  to  this  class  of  curves. 

II.  When  B*  —  4>AC  is  positive,  there  will  be  values  of 
x  both  positive  and  negative,  beyond  which  the  ordinate  y 
will  be  always  real.      The  curve  will  then  extend  indefinitely 
both  in  the  positive  and  negative  directions  of  x.      A  curve  of 
this  class  is  called  an  Hyperbola.     In  this  case  if  the  quantity 
under  the  root  be  a  complete  square,  the  equation  represents 
two  straight  lines  (Art.  56)  which  cut  one  another ;    this  is, 
evidently,   like    the    hyperbola,    a  locus    unlimited    in   every 
direction. 

III.  When    Bz  —  4>AC   is  =  0,    the  polynomial  loses   its 
first  term.     Then,  if  BE  —  C2CD  be  a  positive  quantity,  there 
will  evidently  be  some  positive  value  of  x,  for  which,  and  for 
all  higher  values,  the  quantity  under  the  radical  is  positive, 
and  the  ordinate  real ;  but,  if  we  take  x  negative,  there  will 
be  some  value  of  x,  for  which,  and  for  all  higher  values,  the 
quantity  is  negative,    and  the  ordinate  imaginary.      Exactly 
the   contrary   will  be  the  case  if  BE  —  2CD  be  a  negative 
quantity.      Hence,  in  these  two  cases,  the  curve  will  extend 
indefinitely  either  in  the  positive  or  negative  direction  of  x, 
and  will  be  limited  in  the  other  direction.      A  curve  of  this 
class  is  called  a  Parabola.      If  BE  -  2CD  =  0,  at  the  same 


CLASSIFICATION   OF  CURVES.  103 

time  that  B~  —  4>AC  =  0,  the  above  reasoning  is  evidently  in- 
applicable, and  the  equation  will  not  represent  a  curve  of  the 
above  class  ;  it  will,  in  fact,  (Art.  56)  represent  two  parallel 
straight  lines.  The  student  will  observe  that,  in  case  III, 
the  first  three  terms  of  the  general  equation  form  a  complete 
square. 

102.  The  reasoning  of  the  previous  Articles  depends  on 
the  possibility  of  solving  the  equation  as  a  quadratic  in  y, 
that  is,  we  have  supposed  that  G  is  not  =  0  in  the  equation. 
If  we  solve  with  regard  to  a?,  we  have 


-  (By  +  D)  ±  ^(B-  -  4  A  C)y*  +  2  (BD  -  2AE)y  +  D2  -  4AF 

-^A~ 

which  will  give  us  the  same  conditions  for  classifying  the 
curves  as  before,  and  shews  us  that  the  parabola  will  be  inde- 
finitely extended  in  the  positive  or  negative  direction  of  the 
axis  of  y,  according  as  BD  —  2AE  is  positive  or  negative*. 

103.  If  A   or   C  =  0  in   the  general  equation,  we  may 
solve   with   regard   to  that  variable,  the  coefficient  of  whose 
second   power   does   not   vanish  ;    in  each   of   these   cases  the 
curve  will  be  an  hyperbola,  for  B"  —  4>AC  reduces  to  B*,  and 
is  always  positive. 

104.  If  A  and  C  each  =  0,  the  equation  is  of  the  form 

Bay  +  Dx  +  Ey  +  F  =  0, 

which  represents  an  hyperbola,  since  any  value  of  one  variable, 
however  large,  or  of  whatever  sign,  gives  a  real  value  of  the 
other.  If,  however,  this  equation  can  be  resolved  into  two 
possible  factors  of  the  first  degree,  it  represents  two  straight 
lines. 

105.  If  5  =  0  at  the  same  time  that  A  or  C=0,  B2-4>AC 
becomes  =  0,  and  the  curve  is  a  parabola. 

*  It  is  shewn  (Art.  119),  that  the  conditions,  B3-4AC=Q,  £E-2CD=Q,  make 
also  BD-2AE=0. 
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106.      We   may  then  divide    the    curves  of    the  second 
order  into  three  distinct  classes : 

I.  Curves  limited  in  every  direction;  B*  —  4<AC<0. 

II.  Curves  unlimited  in  every  direction;      BS  —  4>AC>0. 

III.  Curves  limited  in  one  direction,  and] 
unlimited  in  the  opposite  direction. 

The  forms  of  the  curves  will  be  seen  hereafter  to  be  as  in 
the  figures. 

Fig.  I.  Fig.  II. 

tit 


B*-AAC.=  0. 


Ex.  1.      Let  the  proposed  equation  be 

3a?  +  2xy  +  3y*  -  l6y  +  23  =  0  ; 

here  B  =  2,  A  =  3,  C  =  3,  and  therefore  B2  -  4>AC  =  -  32,  or 
the  curve  is  an  ellipse. 

Ex.  2.      Let  the  equation  be 


here  B  =  -  10,  A  =  1,  C  =  1,  and  B2  -  4>AC  =  96,  or  the  curve 
is  an  hyperbola. 
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Ex.  3.      Let  the  equation  be 

y2  -  2<ry  +  a?2  +  y-6#  +  9  =  0; 

here  B  =  -  2,  A  =  1,  (7=1,  and  B2  -  4,AG  =»  0,  or  the  curve 
is  a  parabola. 

Ex.  4.  4<a?2  +  Sxy  +  4>y*  4-  Sx  +  3y  =  0  ; 

here  i?--44C  =  0,  but  also  JBE  —  2CD  =  0;  hence,  the  equation 
represents  two  parallel  straight  lines,  whose  equations  are,  by 
the  method  of  Art.  56, 

y  +  as  =  0,  4y  +  4<a?  +  3  =  0. 

Ex.  5.  12xy  +  8x-  2?y  -18  =  0; 

here  B  =  12,  A  =  0,  C  =  0,  and  52-  4^C=  144  ;  but  writing 
the  equation  in  the  form 

*y  +  f*  -  f  y  -  i  =  °' 

or  (*-£).(y  +  f)  =  o, 

we  see  that  it  represents  two  straight  lines 

«-i-o,        y  +  f  =  o. 

107.  Having  divided  the  loci  represented  by  the  equation 
of  the  second  degree  into  three  classes,  we  shall  now  proceed 
to  shew  how,  by  a  proper  selection  of  origin  and  axes,  we  may 
reduce  the  general  equation  to  a  form  which  will  enable  us,  in 
each  case,  to  trace  the  curve  and  deduce  its  most  remarkable 
properties. 

If  a  point  be  so  situated  with  regard  to  a  curve,  that  all 
chords  of  the  curve,  drawn  through  the  point,  are  bisected  in 
it,  the  point  is  called  the  centre  of  the  curve. 

Suppose  C  to  be  the  centre  of  a  curve,  and  the  chord  PCQ 
to  meet  the  curve  in  P  and  Q ; 
then  OP=  CQ,  and,  if  we  take  C 
as  the  origin  of  co-ordinates,  it  is 
evident  that  the  co-ordinates  of 
Q  are  the  same  as  those  of  P, 
but  with  opposite  signs ;  i.  e.  if 
the  co-ordinates  of  P  be  #',  y',  the 
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co-ordinates  of  Q  are  —  x\  —  y',  and  this  is  true  whatever  be 
the  position  of  P.  Hence,  the  centre  being  origin,  for  every 
point  (xy),  whose  co-ordinates  satisfy  the  equation,  there  will 
be  a  corresponding  point  (—  <*?',  —  y')  whose  co-ordinates  also 
satisfy  the  equation. 

From  this  it  follows  that,  when  the  centre  is  the  origin,  the 
equation  will  not  be  altered  by  writing  —  x,  —  y  for  as  and  y  ; 
now  this  can  only  be  the  case  when  the  terms  Dx  and  Ey 
vanish  from  the  general  equation 

Axz  +  Bxy  +  Cfy2  +  Dx  +  Ey  +  F  =  0  ; 

and,  therefore,  if  we  select  the  centre  of  a  curve  for  origin, 
we  shall  simplify  the  equation  by  getting  rid  of  these  two  terms. 

108.  In  order  to  find  the  centre  of  the  curve,  we  must 
transfer  the  origin  to  a  point  (x'y')t  and  then  observe  what 
values  of  x',  y',  make  the  new  D  and  the  new  E  vanish.  These 
values  will  be  the  co-ordinates  of  the  centre  with  reference  to 
the  original  axes. 

Writing  (Art.  59)  x  +  at  for  #,  y  +  y  for  y  in  the  general 
equation,  we  have 


Arranging  the  equation  according  to  the  powers  of  the 
variables,  we  find  that  the  coefficients  of  xz,  xy,  y-  will  be,  as 
before,  A>  B,  C,  and  that 

the  new  D  =  zAcc  +  By  -f  D  ; 
the  new  E  =  2Cy'  +  Bx  +  E  ; 
the  new  F  =  Ax*  +  Bxy  +  Cyz  +  Dx  +  Ey  +  F. 

Hence,  the  co-ordinates  of  the  centre,  with  reference  to 
the  original  axes,  will  be  determined  by  the  equations 

2  Ax  +  By  +  D  =  0, 
2Cy'  +  Bx  +  E  =  0. 
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These  two  equations  will,  in  general,  give  one  and  only  one 
value  of  a/  and  y  ;  hence,  curves  of  the  second  degree  have  in 
general  one,  and  only  one,  centre. 

Its  co-ordinates  are  found,  by  solving  the  above  equations, 
to  be 

BE  -2CD         ,         BD  -  2AE 

'  B*  -  4AC  '     y"     ~  &  -  4AC   ' 

109.  In   the  ellipse  and   hyperbola,  B*  —  4>AC  is  always 
finite  (Art.  101);  but  in  the  parabola  B"  —  4AC  =  0,  and  the 
co-ordinates  of  the  centre  become  infinite.      The  ellipse  and 
hyperbola  are  hence  often  classed  together  as  central  curves, 
while  the  parabola  is  called  a  non-central  curve. 

110.  We  see  by  the  last  Article  that  the  equation  to  the 
ellipse  and  hyperbola  may,  by  taking  the  centre  of  the  curve 
as  origin,  be  reduced  to  the  form 

Aa?  +  Bxy  +  Cy2  +  F  =  0  ; 

we  next  proceed  to  inquire  whether,  by  any  change  in  the 
direction  of  the  axes,  we  can  get  rid  of  the  term  involving  xy, 
as  it  will  be  seen  hereafter  that  this  will  greatly  facilitate  our 
inquiries  into  the  form  and  properties  of  the  curve.  Now  it 
is  manifest  that,  if  we  can  so  transform  the  axes  as  to  get  rid 
of  the  term  involving  xy,  the  equation  will  be  left  in  the  form 

Ao?  +  Cy*  +  F=0, 

where,  if  any  value  be  given  to  one  of  the  variables,  the  other 
.vill  have  two  equal  values  with  opposite  signs ;  hence,  in  this 
case,  each  axis  will  bisect  all  chords  parallel  to  the  other. 

111.  We  have  not  hitherto  supposed  the  axes  necessarily 
rectangular,  though  the  generality  of  our  reasoning  would  not 
have  been  affected  by  such  a  supposition,  since,  if  they  were 
oblique,  by  transforming  them  to  rectangular  axes,  we  should 
have  obtained  an  equation  of  the  same  degree,  and  as  general 
as  the  one  we  have  assumed. 
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We  shall  now,  for  the  sake  of  simplicity,  suppose  such  a 
change,  if  necessary,  to  have  been  made,  and  the  axes  to  be 
rectangular ;  then,  if  we  turn  them  round  through  any  angle  0, 
we  must  (Art.  60)  substitute  for  a?,  o?cos0  —  y  sin  9;  and  for  y, 
x  sin  0  +  y  cos  0,  in  the  equation 

Ax*  +  Bxy  +  Cy*  +  F  =  0. 

Substituting,  and  arranging  the  terms,  we  shall  have 
the  new  A  =  A  cos20  +  B  cosO  .  sin  9  +  C  sin20  ; 
the  new  B  =  2C  sin0.cos0  +  #(cos30-sin20)  -  2A  sin0  .  cos0; 
the  new  C  =  A  sin20  -  B  cos0  .  sin0  +  C  cos20  ; 
the  new  F  =  F. 

Now,  if  we  put  the  new  B  =  0,  we  obtain 

» 
tan  20  =  -^—^, 

an  equation  from  which  we  may  determine  the  angle  0  through 
which  the  axes  must  be  moved  in  order  that  the  term  involving 
xy  may  vanish. 

As  the  tangent  of  an  angle  may  have  any  magnitude,  it 
follows  that  this  equation  will  always  give  real  values  for  20; 
and  if  we  denote  by  2«  that  value  of  20  which  lies  between 
zero  and  TT,  then  the  positive  values  of  20  are 

2a,    TT  +  2a,    2?r  +  2a,    STT  +  2a,    &c. ; 

consequently,  as  0  lies  between  zero  and  2?r,  there  are  4  values 
of  0,  viz. 

TT  STT 

a,       -  +  a,      TT  +  a,      —  -f  a, 

2  2 

the  two  former  of  which  determine  two  lines  at  right  angles  to 
one  another,  and  the  two  latter  the  prolongations  of  these 
lines ;  so  that,  if  we  take  one  of  these  lines  for  the  axis  of  x, 
the  other  will  be  the  axis  of  y.  Hence,  there  exists  one 
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system  of  rectangular  axes,  and  one  only,  about  which  the 
curve  is  so  situated  that  each  axis  bisects  all  chords  parallel 
to  the  other.  These  axes  are  called  the  axes  of  the  curve. 
We  shall  see  hereafter  that  their  position  is  that  of  the 
figures. 

Fig.  I.  Fig.  II. 


COR.      If  B  =  0  in  the  general  equation,  we  have 

Ax2  +  Cy  +  Dx  +  Ey  +  F  =  0, (l) 

which  may,  evidently,  be  written  in  the  form 

A  (x  -  Py  +  C(y  -  Q)2  +  R  =  0, (2) 

and,  by  transforming  (2)  to  a  point  (P,  Q),  we  obtain  the 
equation  in  the  form 

Aa?  +  Ctf  +  R  =  0, 

and  the  axes,  supposed  rectangular,  are  the  axes  of  the  curve. 
If  we  do  not  suppose  them  rectangular,  the  above  reasoning 
shews  that,  if  the  equation  be  in  the  form  (1),  we  may  trans- 
pose the  origin  to  such  a  point  that  each  axis  shall  bisect  all 
chords  parallel  to  the  other. 

112.  As  the  form  of  the  curves  has  been  shewn  to  depend 
upon  the  sign  of  B2  -  4,AC,  it  is  important  to  shew  that  this 
quantity  does  not  change  when  the  axes  are  moved  through 
any  angle  9.  We  have  already  (Art.  108)  shewn  that  it  does 
not  change  for  a  transfer  of  the  origin.  Denoting  the  new 
coefficients  by  A',  B\  C,  we  have,  from  the  equations  of 
Art.  Ill, 
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2A'=  (A  +  C)  +  (A  -  C)  cos  29  +  B  sin  20, 

B'=  B  cos  20  -  (A  -  C)  sin  20, 
2C'=  (^  +  C)  -  (^  -  C)  cos  20  -  B  sin  20. 

Hence,     A'  +  C'  =  A  +  C, (l) 

and  £'2  -  4A'C'  =  {5  cos  20  -  (A  -  C)  sin  20}2 

-  (A  +  C?  +  \(A  -  C)  cos 20  +  B  sin  20Ja 
=  (A  -  C)z  +  B*  -  (A  +  C)2 
or  B1*  -  4A'C'  =  B*-  4>AC (2) 

113.  As  the  term  involving  coy  has  now  vanished,  the 
equation  to  central  curves  referred  to  their  axes  may  be 
written  in  the  form 

Ax2  +  Cf  =  F, 

where  the  constants  A,  C,  and  F  have  been  determined  from 
the  formula?  given  above  (Art.  Ill)  for  the  transformation  of 
the  co-ordinates.  We  see  that,  in  order  to  make  B*~4>AC 
positive,  since  B  =  0,  A  and  0  must  be  of  different  signs,  and 
in  order  to  make  B2  —  4>AC  negative,  A  and  C  must  be  of  the 
same  sign.  Hence,  the  ellipse  will  be  represented  by  the 
equation 

Ax*  +  Cy*  =  F, 

and  the  hyperbola  by  Ax2  —  Cy~  =  F, 
where  A  and  C  are  positive  quantities. 

In  the  case  of  the  ellipse,  F  must  be  positive,  for,  when  F 
becomes  =  0,  the  curve  becomes  indefinitely  small,  since  the 
equation  can  then  be  satisfied  by  no  finite  values  of  as  and  y. 
When  F  becomes  negative,  the  ellipse  becomes  imaginary. 

In  the  case  of  the  hyperbola,  F  may  be  positive  or 
negative ;  but  it  will  not  be  necessary  to  take  this  into  con- 
sideration, since  the  equation 

C*/2  -  Ax2  =  F 
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will  represent  a  curve  of  the  same  form  ;  the  axis  of  a;  in  the 
former  equation  having  the  same  position  with  reference  to  the 
curve  as  the  axis  of  y  in  the  latter.  If  F  =  0,  the  hyperbola 
becomes  two  straight  lines  represented  by  the  equations 

fA 

y=^  V  £*• 

114.  The  equation  to  the  ellipse  may  be  written  in  the 
following  convenient  form  : 

Let  the  intercept  CA  made  by  the  ellipse  on  the  axis  of  x 
be  =a,  then  a  is  found  by  making  y  =  0,  x  =  a,  in  the  equation 

Ao?  +  Cf  =  F, 
whence 

F 

Aa*  =  F,     and  a2  =  —  . 
A 

In  like  manner,  if  b  be  the  intercept  CB  on  the  axis  of  y, 
F 
68  =  — .     Hence  the  equation  of  the  ellipse 


may  be  written 


The  equation  to  the  hyperbola,  which  we  saw  only  differs 
from  that  of  the  ellipse  in  the  sign  of  the  coefficient  of  y",  may 
be  written  in  the  corresponding  form 

a?2      yz 

y    i  . 

~2    ~~    T'    ~         ' 

a3      6~ 

though  in  this  case  we  have  from  the  equation  (Aa?—Cy2  =  F] 

F  F 

the    values  a8  =  —  ,    b"  = ;   so  that  the  intercept  on   the 

A  C 
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axis   of  y  is  an  imaginary  quantity,  or  the  curve  does  not 
meet  that  axis. 

It  may  be  observed  that  the  criterion  by  which  the  curves 
are  distinguished,  viz.,  the  sign  of  B2—4>AC,  where  A,  B,  C 
are  the  coefficients  of  o?e,  <vy,  yz  respectively,  holds,  under 
whatever  form  the  equation  may  be  put  by  transformation  ; 
for  the  nature  of  the  curve  cannot  be  altered  by  transforming 
the  co-ordinates,  and  the  criterion  proved  for  the  most  general 
form  of  the  equation  is  necessarily  true  for  all  particular  forms 
that  it  may  assume. 


115. 
clearer. 


An    example    will    make    the    preceding    Articles 

Let  the  proposed  equation  be 

5y2  +  5x2  +  2xy  — 


here  B2  —  4>AC  =  —  96,  or  the  curve  is 
an  ellipse.  Now,  in  order  to  transfer 
the  origin  to  the  centre  of  the  curve,  we 
write  ao  +  of  for  tv,  and  y  +  y  for  y,  and 
the  equation  becomes 


5yz  + 


+  2  (5x  +  y'  -  6)  on  +  2  (5yf  +  x  -  6)y 
'  -  12x  -  12w' 


.,... 


(2) 


hence,  equating  the  coefficients  of  co  and  y  to  zero,  we  have, 
to  determine  x  and  y,  the  co-ordinates  of  the  centre  of  the 
curve, 

5af  -f  y  -  6  =  0, 

5y'  +  a.'  -  6  =  0  ; 

which  give  of  =  y  =  1  ;  hence,  if  we  transfer  the  origin  to  a 
point  C,  so  that  OM  =  MC  =  1,  C  will  be  the  centre,  and  the 
equation  to  the  curve,  referred  to  new  axes,  Cx ',  Cy't  parallel 
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to  the  old  ones,  obtained  by  putting  x'—y=\  in  equation  (2), 
is 

5y*  +  5rf  +  2xy  -  12  =  0 (3) 

Next,  retaining  C  as  origin,  we  must  find  what  angle  the 
axes  must  be  turned  through,  in  order  that  the  term  containing 
jcy  may  vanish,  i.  e.  in  order  that  each  axis  may  bisect  the 
chords  parallel  to  the  other.  Writing  x  cos  0  —  y  sin  9  for  x, 
and  x  sin  Q  +  y  cos  9  for  y,  in  equation  (3),  we  obtain  an 
equation 

Ax~  +  Bxy  +  Cy~  +  F  =  0,  .     .     .     .     (4) 
where  A  =  5  (sin2  9  +  cos2  9}  4-  2  sin  9  cos  9  =  5  +  sin  29, 
B  =2  (cos8  9  -  sin2  0)  =  2  cos  20, 
C  =  5  (sin2  9  +  cos2  9)  -  2  sin  9  cos  9  =  5  -  sin  20, 
F  =  -  12; 

hence,  that  B  may  vanish,  cos 20  must  =0,  or  20  =  90°,  0  =  45°. 
Hence,  taking  new  rectangular  axes,  Co?",  Cy",  where 

x"Cx'=  45°, 

the  equation  to  the  ellipse  referred  to  Cx" ,  Cy ',  is 
3#2  +  2y2  =  6, 

obtained  by  substituting  for  0  in  equation  (4).  As  the  original 
equation  (l)  contained  no  absolute  term,  it  is  evident  (Art.  77), 
that  O  is  a  point  on  the  curve.  Its  position  with  regard  to 
its  new  axes  will  be  seen  hereafter  to  be  that  of  the  figure. 

xz      y2 
The  equation  may  be  written 1-  —  =  1,   where  (Art.  114) 

r*  *J 

2  and  3  are  the  squares  of  the  portions  of  the  axes  of  x  and 
y  respectively,  intercepted  by  the  curve,  as  may  be  seen  by 
making  y  —  0  and  x  =  0  in  the  equation. 

116.  We  saw,  in  Art.  109,  that,  when  B~  -  4,AC  =  0,  in 
the  general  equation, 

Ax-  +  Bxy  +  Cy"  +  Dx  +  Ey  +  F  =  0, 
p.  c.  s.  S 
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the  co-ordinates  of  the  centre  of  the  curve  become  infinite. 
Hence,  in  the  parabola,  we  cannot,  as  in  the  ellipse,  and  hyper- 
bola, destroy  the  terms  involving  no  and  y,  by  removing  the 
origin  to  the  centre  of  the  curve;  but  if,  as  in  Art.  Ill,  we 
move  the  axes  through  an  angle  $,  the  new  B  will  vanish  by 
the  same  conditions  as  in  that  Article,  viz. 

B 

tan  20  = 


A-  C 

But  the  same  condition  that  makes  the  new  B  vanish  will 
also  make  the  new  A  or  the  new  C  vanish,  since  (Art.  112) 
IP  =  4, AC  in  the  new  equation  as  well  as  in  the  old,  and  the 
equation  will  assume  the  form 

Cy*  +  Dx  +  Ey  +  F  =  0, 

where  we  have  supposed  the  new  A  to  vanish,  since,  if  we 
supposed  the  new  C  to  vanish,  the  equation  would  manifestly 
not  represent  a  different  form  of  curve,  but  one  having  a 
situation,  with  regard  to  the  axes  of  x  and  y  respectively, 
similar  to  the  situation  of  the  supposed  curve  with  regard  to 
the  axes  of  y  and  x  respectively. 

Dividing  by  C,  we  have 


E         E2      D  f       F       E2  \ 

or  if  +  —  v  H +  —  I  tiM — =0. 

Cy     4P      C\       D     *DC) 

which  equation  may  be  written  in  the  form 


E  D  Ez 

where  P=--,     Z=--,     *  = 


If  now  the  origin  be  transformed  to  a  point  whose  co-ordi- 
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nates  are  x  =  R,  y  =  P,  we  shall  have,  writing  x  +  R  for  ,r» 
y  +  P  for  v&  LJj 

y~  =  Lot, 

as  the  equation  to  the  parabola  in  its  simplest  form. 

As  in  Art.  Ill,  it  will  be  seen  that  there  is  one  system  of 
rectangular  axes,  and  one  only,  which  gives  the  equation  to  the 
parabola  in  this  form. 

The  axis  of  x  is  now  called  the  axis  of  the  parabola,  and 
the  point  where  it  meets  the  curve,  i.  e.  the  origin  of  co-ordi- 
nates, is  called  the  vertex. 

117.  An  example  will  render  the  preceding  Article  clearer. 
Let  the  proposed  equation  be 

here  Bz  —  lAC  =  0,  or  the  curve  is  a  parabola,  and  we  cannot 

remove  the  origin  to  the  centre ; 

we  must  therefore  find  out  what 

angle  the  axes  must  be  turned 

through,  in  order  that  the  term 

involving  xy  may  vanish. 

Writing  x  cos9  —  y  sin0  for  x, 
and  x  sin  0  +  y  cos0  for  y, 
in  equation  (1)  we  have  an  equation 

-t-  Bxy  +  Cy"  +  Dx  +  Ey  +  F 


0  ; 


(2) 


where  A  =  1  -  sin  20,  B  =  -  2  (cos20  -  sin20),  C  =  1  +  sin  20, 
Z>=-8cos0,  E  =8  sin  9,  F=l6:  hence,  in  order  that  B 
may  vanish,  we  have  cos  9=  sin0,  or  9  =  45°,  and  the  equation 
to  the  parabola,  referred  to  Ox,  Oy  as  new  rectangular  axes, 
where  x'Ox=  45°,  will  be  found  by  making  9  -  45°  in  equation 
(2),  to  be 

J/?  +  2  \/2t/  -  2  v/*«  +  8=0; 

8—2 
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or    (y  +  x/2)2  -  2  V*    #  -  —?=    ....      (3) 


If  we  now  transfer  the  origin  to  a  point  O'  whose  co-ordi- 
3 

nates  are  OM  =  a  =  —^  ,   O'M=  y  =  -  \/2,  the  equation  to 

V  2 

the    parabola,  referred    to    the  rectangular  axes   OV,    O'y", 

r~  3 

parallel  to  O#',  0y',  will  be,  writing  y  -\/2  for  y  and  <r  4-  —^ 

^y     £ 

for  <#  in  (3), 

y"  =  2  v2<ff' 

We  shall  see  hereafter  that  its  position  with  regard  to  the 
new  axes  is  that  of  the  figure. 

118.      It   will  be  observed   that,  in  the   case  of  central 
curves,  we  have  in  the  reduced  equation 


two  disposable  constants,  viz.  the  two  axes  of  the  curve.  In 
the  general  equation  with  which  we  started,  there  were  five, 
and  the  reader  must  bear  in  mind  in  what  manner  three  have 
been  disposed  of,  viz.  the  abscissa  and  ordinate  of  the  centre 
(Art.  108),  and  the  inclination  of  the  axis  major  to  the  axis 
of  #  (Art.  111). 

In  the  case  of  the  parabola  we  start  with  four  disposable 
constants,  since  the  relation  Bz  =  4-  AC  diminishes  the  number 
by  one.  We  then  dispose  of  the  abscissa  and  ordinate  of  the 
vertex,  and  the  inclination  of  the  axis  of  the  parabola  to  the 
axis  of  07,  and  have  one  left  in  the  reduced  equation,  viz.  the 
quantity  L,  the  geometrical  meaning  of  which  will  be  hereafter 
explained. 

The  condition  that  a  line  should  pass  through  a  given 
point  (x'y)  is  only  one  geometrical  condition,  since,  generally, 
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every  line  has  an  abscissa  ae  and  an  ordinate  y  ',  and  the 
condition  is  simply  that  these  should  belong  to  the  same 
point.  That  the  centre  or  vertex  of  a  conic  should  be  in  a 
given  point  is  two  conditions.  The  abscissa  of  the  point 
limits  the  centre  to  be  in  one  straight  line,  and  the  ordinate 
limits  it  to  be  in  another. 

119.  If  in  the  values  of  the  co-ordinates  of  the  centre, 
found  in  Art.  108,  we  have  BE  —  2CD  =  0,  at  the  same  time 
that  B2  -  4-  AC  =  0,  we  also  have 


or  BD  -  2AE  =  0, 
and  both  the  co-ordinates  of  the  centre  become  =  -  ,  or  indeter- 

minate. 

The  two  equations 

<2Ax  +  By  +  D  =  0, 

2Cy  +  Bx  +  E=  0, 

will  now  represent  two  straight  lines  that  coincide,  as  may  be 
seen  by  multiplying  the  former  by  E  and  the  latter  by  D: 
hence,  there  are  an  indefinite  number  of  centres,  all  situated 
in  that  line.  The  proposed  equation,  with  the  above  relation 
between  its  coefficients,  no  longer  represents  a  parabola,  but 
(Art.  101,  III),  two  parallel  straight  lines,  between  which  the 
above-mentioned  line  lies  evenly,  forming  a  line  of  centres. 
An  instance  of  this  is  given  Art.  106,  Ex.  4. 

120.  We  proved  (Art.  56)  that  the  condition  that  the 
general  equation  of  the  second  degree  should  represent  two 
straight  lines  was  that  the  quantity  under  the  root,  when  the 
equation  had  been  solved  as  a  quadratic  in  one  of  the  variables, 
should  be  a  complete  square.  By  referring  to  the  solution 
in  Art.  101,  we  shall  see  that  this  gives,  as  the  general  con- 
dition, 
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(B2-4,AC)(E2  -4CF)-(BE  ~2CDY  =  0,     .     .     (l) 
or,  simplifying,  we  have 

FB*  -  UCF-BED  +  CD*  +  AE2  =  o.     .     .     (2) 
If  equation  (2)  be  doubled,  it  may  be  written 
2F(B2  -4AQ-D  (BE  -  2  CD)  -  E  (BD  -  2AE)  =  0,  .     (3) 
a  result  which  may  easily  be  seen  to  agree  with  the  conditions 
of  the  Articles  of  the  present  Section. 


EXAMPLES  VI. 

IN  working  the  following  examples,  the  student  should  illustrate 
each  analytical  transformation  by  a  figure.  It  will  perhaps  be  better 
to  read  Arts.  121  —  131,  193  —  196,  before  attempting  them. 

Transform  the  following  equations  : 


2.     3x*  +  2/  -  2x  +y  -  1  =  0  to  72x3  +  48/  =  35. 

3. 

4. 

5.  3x2  +  2xy  +  3y*-l6y  +  23  =  0  to  4a?J  +  2y*  =  1. 

6.  y*-10xy  +  x2+y+x+l=0to  4,8y*-32x*  =  -9. 

7.  yt-2xy  +  x!i-6y-6x  +  9  =  0  to  y*  =  3  JUx. 

8.  /  +  xy  +  x2+y+x-5-=0  to  9x*  +  3ya  =  32. 

9.  y*  -  3xy  +  x*  +  1  =0,  the  axes  being  inclined  at  an  angle  of  60°, 
to  x3—  15y*=3,  the  axes  being  rectangular,  and  the  new  axis  of  x 
inclined  to  the  old  at  an  angle  of  30°. 

10.  y2-2xy-x*  +  2  =  0toya-x*  +  lj2  =  0. 

11.  y'-x'-y^Oto  4*8-4/+l=0. 

12.  Ty2  +  l6xy  +l6x?  +  32y  +  64r  +  28,  the  axes  being  inclined  at 
an  angle  of  60°,  to  y9  +  4o;2  =  9,  the  axes  being  rectangular,  and  the  axis 
of  x  remaining  the  same. 
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Central  Conic  Sections*,  referred  to  their  axes. 

121.  THE  figure  of  the  curves  may  now  be  deduced  from 
the  simple  form  to  which  we  have  reduced  their  equations.   We 
will   commence  with    the  ellipse,  and,   since  we  may  choose 
whichever  axis   we    please  for  axis   of  A;  we  shall   suppose 
that  we  have   chosen  the  axes    so   that  a    may   be    greater 
than  6. 

122.  To  find  the  polar  equation  to  the  ellipse;  the  centre 
being  the  pole. 

Writing  (Art.  51)   pcosO  for  x,   and  psinQ  for  y  in  the 

«r2      y2 

equation  — -  +  —  =  1,  we  have 
a2      62 

1_  _  cos2  e      sin2  0 
f  =  ~a*~+     6*     ' 


r 


P       a*  sin*  9  +  62  cos2  0  ' 


which  is  the  required  equation.      It  may  be  written 

a'b* 


a2  -  (a2  -  62)  cos2  0      bz+  (a2  -  62)  sin2  0 
and  it  will  appear  hereafter  that  it  is   convenient  to  use  the 

«  We  use  the  term  '  conic  section'  for  a  '  curve  of  the  second  degree,'  because  we 
shall  prove  hereafter  that  the  section  made  by  any  plane  in  a  cone  standing  on  a  cir- 
cular base  is  a  curve  of  the  second  degree ;  and,  conversely,  that  all  curves  of  the 
second  degree  may  be  considered  as  conic  sections. 
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a2-62 

abbreviation g —  =  e  .     Hence,  dividing  numerator  and  de- 

a 

nominator  by  a2,  we  have 


~l-e2cos20' 
the  form  most  commonly  used. 

123.  This  equation  will  be  found  the  most  convenient  for 
tracing  the  ellipse*.  The  least  value  that  62  +  (a2  -  62)  sin2  9 
can  have,  is  when  9  =  0,  therefore,  since 


62+(a2-62)sin20' 

the  greatest  value  of  p  is  the  intercept  on  the  axis  of  an,  and 
is  =  a. 

Again,  the  greatest  value  of  62  +  (a2  —  62)  sin2  9  is,  when 
sin  9  =  1,  or  9  -  90°;  hence,  the  least  value  of  p  is  the  intercept 
on  the  axis  of  y,  and  is  =  b.  The  greatest  line  then  that  can 
be  drawn  through  the  centre  is  the  axis  of  x,  and  the  least 
line,  the  axis  of  y. 

From  this  property,  these  lines,  A'  A  (==  2a)  and  B'B  (=  26) 
are  called  the  axis  major  and  the  axis 
minor  of  the  curve.  It  is  plain  that  the 
smaller  9  is,  the  greater  p  .will  be  ;  hence, 
the  nearer  any  radius  vector  is  to  the  axis 
major,  the  greater  it  will  be.  The  form  of 
the  curve  will  therefore  be  that  of  the  figure.  The  points 
A',  A  are  called  the  vertices. 

124.  We  obtain  the  same  value  for  p,  whether  we  suppose 
9  =  a,  or  9  =  —  a.  Hence,  Two  radii  vectores  which  make 
equal  angles  with  the  axis  will  be  equal.  And  it  is  easy  to 
shew  that  the  converse  of  this  theorem  is  true. 

*  The  Articles  on  the  figure  of  the  curves  are  taken  chiefly  from  Salmon's  Conic 
Sections. 
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125.     The  figure  of  the  ellipse  may  also  be  seen  from  the 
following  construction. 

Solving  the  equation  to  the  ellipse  for  y,  we  have 

y  =  i  -  v/o2  -  a?, 
a 

Now,  if  we  describe  a  concentric  circle  with  the  radius  a,  its 
equation  will  be 


ym 

Hence,  if  a  circle  be  described  on  the  axis  major,  and  on 
each  ordinate  LQ  a  point  P  be  taken^  such 
that  LP  may  be  to  LQ  in  the  constant  ratio 
b  :  a,  then  the  locus  of  P  will  be  the  required 
ellipse. 

Hence,  the  circle  described  on  the  axis 
major  lies  wholly  without  the  curve. 

We  might,  in  like  manner,  construct  the  ellipse,  by  describ- 
ing a  circle  on  the  axis  minor,  and  increasing  each  ordinate  in 
the  constant  ratio  a  :  b. 

Hence,  the  circle  described  on  the  axis  minor  lies  wholly 
within  the  curve. 

We  see,  also,  that  the  equation  to  the  circle  is  the  particular 
form  which  the  equation  to  the  ellipse  assumes  when  6  =  a. 

126.  To  find  the  equation  to  the  ellipse,  when  one  of  the 
vertices  is  origin,  the  direction  of  the  axes  being  the  same  as 
before. 

The  problem  is,  to  transfer  the  origin  of  co-ordinates  to  the 
point  A  (-  aO);  hence,  writing  a; -a  for  to  in  the  equation  to 
the  ellipse, 

7/*=-2(a2-,7,.2), 
a 


122 

we  have 
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tf 
a2 


for  the  equation  to  the  ellipse  when  the  origin  is  the  vertex  A. 

127.     We  shall  now  investigate  the  figure  of  the  hyperbola 
from  its  equation, 


The   intercept  on  the  axis  of  x  is  evidently  =  J=  a,  but 

y2 

that  on  the  axis  of  ?/,  being  found  from  the  equation  —  =  —  l, 

is  imaginary  ;  the  axis  of  y  then  does  not  meet  the  curve  in 
real  points. 

If,  however,  we  take  an  hyperbola  whose  equation  is 


the  axis  of  y  will  meet  this  curve  at  a  distance  =  ±  6  from  the 

origin,  and  the  axis  of  x  will  not  meet  it  in  real  points.     This 

(for  reasons  given  hereafter)  is  called  the 

conjugate  hyperbola,  and  possesses  proper- 

ties which  will  be  of  use  to  us  in  consider- 

ing those  of  the  original  curve.    We  shall 

then  call  the  distance  A'  A  (=  2a),  between 

the  two  vertices,  or  points  where  the  curve 

meets  the  axis  of  x,  the  transverse  axis, 

and  we  shall  call  the  distance  B'B  between 

the  two  points  where  the  conjugate  hyperbola  meets  the  axis  of 

y,  the  conjugate  axis.     For  we  have  chosen  as  axis  of  x  that 

which   meets  the  hyperbola  in  real  points,  and  are,  therefore, 

not  entitled  to  assume  a  greater  than  6,  so  that  the  terms, 

axis  major  and  axis  minor  would  not  here  be  applicable. 
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The  conjugate  hyperbola  will  evidently  be  an  hyperbola, 
whose  transverse  and  conjugate  axes  correspond  to  the  con- 
jugate and  transverse  axes  of  the  original  curve. 

128.  Tojind  the  polar  equation  to  the  hyperbola,*  centre 
pole. 

Transforming  the  equation  to  the  hyperbola  to  polar  co- 
ordinates as  in  the  case  of  the  ellipse,  we  get 

,  a262 a*b*  azb* 

P  "*  ft2  cos20  -  a2  sin2  6  ~  62-  (a2  +  62)  sin20  "  (a2  +  62)  cosa  9  -  a2 ' 

Since  formulae  concerning  the  ellipse  are  altered  to  the 
corresponding  formulae  for  the  hyperbola  by  changing  the  sign 

2     ,     12 

of  ft2,  we  must,  in  this  case,  use  the  abbreviation  £  for —  . 

a 

Dividing  numerator  and  denominator  by  a2  we  have  for  the 
polar  equation  to  the  hyperbola,  the  centre  being  pole, 


the  form  most  commonly  used. 

129.  As  in  the  ellipse,  the  hyperbola  may  be  conveniently 
traced  from  this  equation.  The  denominator  62—  (a2  -f  62)  sin20 
will  plainly  be  greatest  when  0  =  0,  therefore,  in  that  case, 
p  will  be  least ;  or,  the  transverse  axis  is  the  least  line  which 
can  be  drawn  from  the  centre  to  the  curve. 

As  0  increases  p  continually  increases,  until 
sin  0  =  f  or  tan  0  =  -  j  , 

when    the   denominator   of  the    value  of  p  becomes  =  0,  and 
p  becomes  infinite.     After  this  value  of  0,  pz  becomes  negative, 
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and  the  radii  vectores  cease  to  meet  the  curve  in  real  points, 
until  again 

b          f  b\ 

sin  0  =  —  .  or  tan  0  =  --    , 

v/^T?  V  a) 

when  p  again  becomes  infinite.  It  then  decreases  regularly  as 
9  increases  until  0  becomes  =  180°,  when  it  again  receives  its 
minimum  value  =  a.  The  lower  part  of  the  curve  evidently 
corresponds  exactly  with  the  upper. 

The  form  of  the  hyperbola,  therefore,  is  that  represented  by 
the  dark  line  in  the  figure,  where  the  branches  LAR,  L'A'R' 
extend  to  infinity.  We  have  drawn  the  curves  always  concave 
to  the  axis  of  x.  We  shall  hereafter  (Art.  142)  prove  the 
correctness  of  the  figures  in  this  respect. 

130.      It  was  shewn  that  the  radii  vectores  answering  to 

tan  9  —  =t  -  meet  the  curve  at  infinity.     These  radii  vectores, 
d 

indefinitely  produced,  are  called  the  asymptotes  of  the  curve. 
They  are  the  lines  R'R,  L'L  of  the  figure,  and  evidently  separate 
the  lines  which  meet  the  curve  in  real  points  from  those  which 
meet  it  in  imaginary,  or  the  whole  of  the  curve  is  included 
in  the  angles  R  CL,  R'CL'. 

It  may  readily  be  seen  that  the  asymptotes  of  the  conjugate* 
hyperbola  coincide  with  those  of  the  original  curve,  and  conse- 
quently that  it  lies  wholly  within  the  angles  RCL',  LCR',  and 
corresponds  to  the  dotted  line  in  the  figure. 

131.  As  in  the  case  of  the  ellipse,  we  shall  find  the  equa- 
tion to  the  hyperbola  when  the  vertex  A  is  taken  for  origin  by 
writing  a  +  a  for  #,  in  the  equation 


The  result  is 


t/2  =  — 
a 
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132.  If  a  =  b,  the  hyperbola  and  its  conjugate  become 
equal  in  every  respect,  and,  since 

-  =  1  =  tan  EGA,    (Art.  130), 

0 

RCA  will  =  45°,  or  the  angle  between  the  asymptotes  is  a  right 
angle.  This  is  called  the  rectangular  or  equilateral  hyperbola, 
and  is  to  the  hyperbola  what  the  circle  is  to  the  ellipse. 

133.  The  quantity  e  is  called  the  eccentricity  of  the  curve  : 


a    - 


in  the  ellipse,  e2  = 

• 

in  the  hyperbola,  e2  = — . 

Hence,  in  the  ellipse,  e  is  less  than  unity ;  and  in  the 
hyperbola  greater  than  unity.  When  a  -  b  in  the  ellipse,  or 
the  curve  becomes  a  circle,  e  =  0,  and,  if  a  remain  the  same, 
e  increases  as  b  diminishes,  or  as  the  curve  passes  from  a  cir- 
cular to  an  oval  form. 

134.  In  the  following  investigations  we  shall  in  most  cases 
consider  both  the  ellipse  and  hyperbola  together,  as  they  have 
many  properties  in  common,  resulting  from  the  similarity  of 
their  equations,  and  the  properties  of  the  one  may  be  deduced 
from  those  of  the  other  by  changing  the  sign  of  b~.     We  shall, 
whenever    we  speak  of  both  curves    together,   use   the   signs 
which  apply  to  the  ellipse. 

135.  To  find  the  equation  to  a  line  touching  the  curve 


at  the  point  (x'y')*. 

*  In  Section  xn.  will  be  found  the  method  ordinarily  employed  in  finding  the 
equation  to  the  tangent  to  the  ellipse.  The  reader  will  find  no  difficulty  in  applying 
the  same  method  to  the  other  curves  here  treated  of. 


126 
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The  method  employed  is  precisely  the  same  as  that  used 
in  the  case  of  the  tangent  to  the  circle 
(Art.  82),  to    which   the   student   may 
refer.      We  shall  simply   indicate  the 
steps. 

Let  the  equation  to  a  line  cutting 
the  curve  in  the  point  P(x'y'),  be 


y  -  y        ,v-a> 


s 


.    0) 


then,  for  the  distances  (/)  between  (oo'y)   and   the  points  of 
section  of  the  line  and  curve,  we  have 

(cl  +  x'Y       (si  +  y' 


-i; 


c        *2\    .          less 
whence     -  +  -    /  8+  2     —  +  -        /  =  0. 
b~J  \a*         * 


Since-  +    r=  1, 


(2) 


for  (x'y)  is  on  the  curve. 
Equation  (2)  gives  us 

I  =  0, 

as  it  should,  for  (xy)  coincides  with  one  of  the  points  of 
section,  and  also 

.        O  9.  /  '  'K 

/  cr      s*\  (ex       sy  \ 

[ f-  —  1  I  +  2  I 1 1  =  0, 

\a2      b2/  \a2        62/ 

the  value  of  I  in  which  equation  is  the  distance  (PQ)  of  (x'y) 
from  the  other  point  of  section  Q.  If  the  line  be  a  tangent  at 
P(x'y)9  this  distance  vanishes,  and  we  have 


ex       sy 

+     — -     =     0. 

a2        68 
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Eliminating  c  and  s  by  means  of  this  equation,  and  equa- 
tion (1),  we  have 

/  / 


yy        [ac*      y* 
or  '  yy  •  y 


whence  -  +  — -  =  1, 

a3        b* 

which  is  the  equation  to  the  tangent  at  the  point  (a/y),  and 
is  easily  remembered  from  its  similarity  to  the  equation  to  the 
curve*. 

If  m  be  the  trigonometrical  tangent  of  the  angle  PTx 
which  the  tangent  at  (x'y)  makes  with  the  axis  of  #,  we  have 

s  6V 

m  =  -  = — , . 

c          a-y 

6V 

136.  Since  the  formula  m  = — ,-  does  not  change  when 

ay 

x ',  y  are  replaced  by  —  a?',  —  yf,  we  see  that  tangents  at  the 
extremities  of  chords  through  the  centre  are  parallel.  Also  at 
the  points  B,  B',  for  which  a?'  =  0,  y  =  ±  6,  m  =  0,  or  the 
tangents  are  parallel  to  the  axis  of  #;  and  at  A,  A',  for  which 
x  =  ±  a,  y  =  0,  m  =  co  ,  or  the  tangents  are  perpendicular  to 
the  axis  of  ao. 

137.  To  find  the  equation  to  the  tangent  in  terms  of  its 
inclination  to  the  axis  of  x. 

Proceeding  as  in  (Art,  135),  we  have,  for  the  equation  to 
the  tangent, 

y  —  y'      iV  —  x 
s  c 

•  For  the  form  of  the  equation  when  the  origin  is  transferred,  vide  Art.  83. 
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with  the  condition 

CX          S1I 

—  +  —  =  0  ;       .       .      .      .      (2) 
a*         6* 

and  we  must  now  eliminate  x  and  y  instead  of  s  and  c : 

as  boo' 

from   (2)   —  = 7 ; 

be  ay 

oV+6V      6V»  +  oV'      a262 

whence — = — =  -^  ,   .      .      (3) 

6V  a*y  ~  afy  * 

since  (xyf)  is  on  the  curve,  and  therefore 

/.,  fn 

&      y 

—  +  *_  =  !. 
a*       b~ 

From  equations  (2)  and  (3),  we  have 


whence  from  (l) 


according  as  we  take  the  upper  or  lower  signs. 

o 

If  -  =  m,  where  m  is  the  tangent  of  the  angle  which  the 

C 

line  makes  with  the  axis  of  x,  the  equation  becomes 

y  =  m,v  ±  ^/nfa*  +  62. 

The  double  sign  refers  to  the  two  tangents  at  the  ex- 
tremities of  a  chord  through  the  centre,  since,  by  the  last 
Article,  these  tangents  have  the  same  inclination  to  the  axis 
of  x. 

The  student  will  have  no  difficulty  in  obtaining  this 
equation  without  introducing  the  point  (x'y),  as  in  the  circle, 
Art.  86. 
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COR.      Hence,  the  condition  that  a  line  y  =mx  +  c,  should 

#2     y2 

:h  the  conic  section  —  +  —  =  i,  is  c2  =  m2aa  +  b2. 
a       b 

138.      If  the  tangent  pass  through   the  centre,   we  have 


V/ra2a2  +  ft2  =  0.  (Art.  21,  Cor.  3.)  This  gives  an  impossible 
value  for  m  in  the  case  of  the  ellipse,  but  for  the  hyperbola 

we  have  ra2a2  —  b2  =  0,  or  m  =  ±  -  ;   hence,  a  tangent  to  the 

fl 

hyperbola  drawn  from  the  centre  coincides  (Art.  ISO)  with  the 
asymptote,  and  only  meets  the  curve  at  an  infinite  distance. 
The  asymptotes  may  therefore  be  considered  as  lines  touching 
the  curve  at  an  infinite  distance. 

139.    The  result  of  the  last  Article  may  be  obtained  from 
the  equation  to  the  tangent  at  any  point  (<#V)>  as  follows  : 


The  equation  to  the  tangent  to  the  hyperbola  at  (#'#'),  is 
(Art.  135), 


x    x 

or  -7  •  — 

a2  y 

and  when  y   is  indefinitely  large,  or  the  point  of  contact  is 

/ 
y 

indefinitely    distant,    the    right     hand    member    vanishes,    — 

y 

oo 
becomes  indeterminate,  since  it  assumes  the  form  —  ,  which  is, 

oo 

generally,  a  finite  quantity,  and  the  equation  becomes 

x    x        y 

~2'~  -£  =  0' 
or   y       b* 

p.  c.  s.  9 
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hence,  the  line  it  represents  passes  through   the  centre,  and 
therefore,  by   similar   triangles, 

OB  X 

~i    ~   ~  > 

y     y 

and  the  equation  becomes 


which  represents  the  two  asymptotes, 

OB      ii  x      y 

-  +  Z  =  °'         ~  ~  f  =  °- 
a       o  a      b 

In  the  ellipse,  the  same  process  would  give 


which  is  impossible  ;  hence,  in  the  ellipse,  the  asymptotes  are 
imaginary  *. 

140.  The  student  may,  perhaps,  object  to  the  proof  of 
the  last  Article,  that  we  began  with  the  equation  to  one 
straight  line,  (l),  and,  on  endeavouring  to  trace  its  limiting 
position,  consequent  on  the  indefinite  increase  of  x  and  y,  we 
have  obtained  an  equation  which  represents  two  straight  lines, 
one  of  which  is  evidently  not  the  limiting  position  of  (1). 

*  Since  the  asymptote  touches  the  branch  RAL  (fig.  Art.  127)  at  infinity,  it  must 
also,  by  the  symmetry  of  the  figure,  touch  the  branch  R'A'L'  at  infinity.  But  we 
saw  (Art.  135)  that,  when  we  combine  the  equations  to  a  straight  line  and  the  curve, 
the  result  is  a  quadratic  which  will  determine  two  points  of  intersection,  and  only  two. 
That  is,  a  straight  line  can  only  intersect  a  curve  of  the  second  order  in  two  points, 
and  when  these  two  points  coincide,  the  line  is  said  to  touch  the  curve  ;  hence,  a 
straight  line  can  only  touch  a  curve  of  the  second  order  in  one  point,  and,  consequently, 
the  two  points  of  contact  of  the  asymptote  would  seem  to  coincide.  This  difficulty 
will  be  removed  when  we  consider  that  the  asymptote  PR'  does  not  really  touch 
the  hyperbola  at  infinity,  and  that  this  expression  is  only  a  short  way  of  saying  that, 
as  the  distance  of  the  point  of  contact  becomes  very  great,  whether  on  the  branch  A  R 
or  A'R',  the  tangent  in  each  case  tends  to  coincide  with  the  line  RR. 
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But  it  must  be  borne  in  mind  that  (l)  represents,  not  one, 
but  a  class  of  lines,  indefinite  in  their  number,  and  subject 
only  to  the  limitation  that  (tf'y')  should  be  on  the  curve. 
The  suppositions  we  have  made  with  regard  to  x  and  y  are 
equally  applicable  to  the  whole  class.  Hence  the  resulting 
equation  (2)  represents  the  limiting  position,  not  of  one 
tangent  but  of  all  of  them. 

141.      To  determine  the  equations  to  the  tangents  to  an 
ellipse  or  hyperbola  which  pass  through  a  given  point  (x'y'). 

The  equation  to  the  tangent,  is  (Art.  13?) 


y  -  mm  =  ±  \a:im*  +  6. 

Since  it  passes  through  (#V),  we  nave 

(y  —  ma-')2  =  a2m*  +  62 ; 

2*'y              b2  -  y* 
or  m~  +  — ;j™>  +  — ^=0,      .      .      (l) 

a1  -  x  *          a  *  —  x  * 

which  equation  gives  two  values  of  m  ;  let  them  be  m  and  m'\ 
then  the  equations  of  the  tangents  required  are 

y  -  y'  =  m  (x  -  ,r'),     y  —  y  =  m'  (x  —  x').    .      .      (2) 

142.      The   roots  of  equation   (1)   (Art  141)  are  possible 
and  different,  equal,  or  impossible,  according  as 

*Y2>=<(&2-y'2)(a2-*'2),    ...      (3) 

x'2      y'2 

or  as  —  +  —  >  =  <  1  ,.      .     .     (4) 
a'       b* 

and  a  little  consideration  will  shew  that  inequality  (4)  gives 
the  conditions  that  (x'y)  shall  be  without,  on,  or  within  the 
ellipse.  Hence,  no  tangent  can  be  drawn  to  the  ellipse  from 
within  the  curve. 

9—2 
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To  prove  the  same  property  for  the  hyperbola,  we  must 
write  -  b2  for  b2  in  (3),  and  we  shall  then  obtain,  instead  of 
inequality  (4), 


Condition  (5)  will,  evidently,  always  give  possible  roots 
when  oo  does  not  exceed  ±a,  but,  when  01  passes  those  values, 
the  value  of  y'  must  not  be  less  than  that  of  the  corresponding 
ordinate  of  the  curve,  since  it  is  that  value  which  makes 


a 

Hence,  no  tangent  can  be  drawn  to  the  hyperbola  from  within 
the  curve.  The  above  reasoning  shews  that  the  curves  are, 
as  we  have  drawn  them,  always  concave  to  the  axis  of  x  ;  for 
if  this  were  not  the  case,  it  would,  evidently,  be  possible  to 
draw  a  line  from  within,  which  should  pass  through  two 
coincident  points  of  the  curve. 

143.  To  determine  the  locus  of  the  intersection  of  two 
tangents  at  right  angles  to  one  another. 

If,  in  Article  141,  the  two  tangents  are  at  right  angles, 
mm'=  —  1.  Hence,  from  equation  (l),  since  mm  is  the  product 
of  the  roots, 

b2  -  y'2 

—  -  -  =  mm  =  -  1. 

a?-  x* 

Hence,  #'*  +  y'2  =  a2  +  b~  ;  or  the  locus  of  the  point  a?',  «/, 
where  the  tangents  intersect,  is  a  circle,  whose  centre  is  C  and 
radius  =  \/a*  +  b2. 

The  corresponding  equation  for  the  hyperbola  is,  of  course, 

a;2  +  y2  =  a2  —  &', 

which  is  a  circle,  unless  b2  be  greater  than  a2,  in  which  case 
the  locus  is  impossible  ;  i.  e.  two  tangents  cannot  be  drawn  at 
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right  angles  to  one  another  when  b2  is  greater  than  a2.  In 
the  equilateral  hyperbola  6  =  a,  and  the  circle  is  reduced  to  a 
point,  namely,  the  origin;  hence,  only  one  pair  of  tangents  at 
right  angles  to  one  another  can  be  drawn  to  the  equilateral 
hyperbola,  and  those  pass  through  the  centre,  i.e.  the  asymp- 
totes (Art.  132)  which  are  tangents  at  an  infinite  distance. 

144.  To  Jind  the  perpendicular  from  the  centre  on  the 
tangent  in  terms  of  the  angle  which  it  makes  with  the  axis 
of  x. 

If  the  perpendicular  p  make  an  angle  a  with  the  axis  of  <r, 
the  equation  to  the  tangent  is  (Art.  20) 

x  cos  a  +  y  sin  a  =  j9, 
and  hence,  by  the  condition  given  in  Art.  137,  Cor. 

p~  =  a9  cos2  a  +  b*  sin2  a, 
or  since  b*  =  a2  (1  -  e2)  (Art.  133) 
p2=a2(l  -e2sin*a). 

Hence  the  equation  to  the  tangent  in  the  form  given  in  Article 
20  is 


x  cos  a  +  y  sin  a  —  a  \/l  —  e*  sin"  a  =  0. 

If  -we  had  used  the   signs  suitable  to  the  hyperbola,  we 
should  have  obtained  the  same  result  for  that  curve. 

145.      To  Jind  the  equation  to  the  normal  at  any  point 

By  reasoning  similar  to  that  used  in  the  case  of  the  circle 
(Art.  88),   since  the  normal  passes  through  the  point 
and  is  perpendicular  to  the  tangent,  whose  equation  is 

f  r 

/   >•  tit t 

•  /  i  *  '  / 

•>        '  .)  5 

a          6" 

2     ' 

its  equation  is  y  —  y'  =  -y— /  (x  —  at'). 
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146.  The  intercepts  of  the  tangent  and  normal  on  the 
axis  of  x  may  be  found  by  putting  y  =  0  in  their  equations. 

Let  them  meet  the  axis  in  T  and  G ;  then  putting  y  =  0 
in  the  equation  to  the  tangent,  we  have 


or  CT  =  °,; 


x 


and,  in  the  same  manner  from  the  equation  to  the  normal,  when 
y  —  0,  we  have 


-—    or 


The  portion  MT,  intercepted  on  the  axis  between  the 
tangent  and  the  ordinate  of  the  point  of  contact  is  called  the 
subtangent,  and  M  G  is  called  the  subnormal.  The  length  of 
the  subtangent  is,  in  the  ellipse, 


X 


and,  in  the  hyperbola, 


rvr     r-r     „' 

C  M  —  L  J.  =  x  --  -= 


X  X 

In  the  same  manner  the  subnormal  in  the  ellipse  =  x  -  eV, 
and,  in  the  hyperbola,   =  e'x  —  x',  or,  in  both  curves,  the 


subnormal  =  —  *  . 
a 
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To  find  the  equation  to  the  chord  joining  the  points 
of  contact  of  two  tangents  drawn  from  any  point  (x'y'). 

By  the  method  used  (Art.  89)  in  the  case  of  the  circle,  if 
(x"y")  be  one  of  the  points  of 
contact,  the  equation  to  the  tan- 
gent at  that  point  is 


and,  since  it  passes  through  (x'y),  we  have 

f    n  '•> 

xx        yy 

-^+"-" 

hence  (x'y")  is  a  point  on  the  line 


and,  similarly,  the  other  point  of  contact  is  on  this  straight 
line;  hence  (1)  is  the  required  equation  to  the  chord  joining 
the  two  points  of  contact. 

COR.      Hence,   to  draw  tangents   to  the   curve  from  any 
external  point  (x'y'),  we  have  the  two  equations 


xx'      yy  x3      y* 

to  determine  the  co-ordinates  of  the  points  of  contact. 

These  equations  will  always  give  two  points  of  contact, 
corresponding  to  the  intersection  of  the  line  and  curve. 

14*8.      To  find  the  equation  to  the  polar  of  any  point 
(x'y')   with  regard  to  the  ellipse  or  hyperbola. 

Exactly  as  in  the  case  of  the  circle  (Art.  90),  let  Ff  be 
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the  point  (x/'y")  of  which  the  equation 
to  the  polar  is  sought.  Draw  a  chord 
P'QR,  and  let  tangents  at  Q  and  R 
meet  in  P" ;  it  is  required  to  find 
the  locus  of  P"(x"y"),  as  P'QR  moves 
about  P'.  By  Article  147,  the  equa- 
tion to  P'QR  is 

xa"    yy^ 


i, 

or         0" 
and  since  it  passes  through  Pf(x'y')^  we  have 

/    //  >   n 

xx        yy 


but  (x"y")  is  «wy  point  in  the  locus  ;   hence,  the  locus  is  a 
straight  line,  defined  by  the  equation 

XX          111/ 


which  is  the  required  equation  to  the  polar. 

149.  We  may  observe  here,  as  in  the  circle,  that  this 
equation  represents 

(i)  the  locus  of  the  intersection  of  tangents  drawn  at  the 
extremities  of  chords  through  (x'y'\  whatever  be  the  position 
of  the  point  (x'y  ')  ; 

(ii)  the  chord  joining  the  points  of  contact  of  a  pair  of 
tangents  drawn  from  (x'y)  to  the  curve,  if  («»V)  be  without 
the  curve  (Art.  147)  ; 

(iii)  the  tangent  at  (x'y),  if  the  point  (x'y)  be  on  the 
curve  (Art.  135). 

150.  If  any  point  (x"y")  be  taken  on  the  polar  of  (xy  ) 
the  polar  of  (x"y")  must  pass  through  the  point  (x'y'). 

For  the  condition  that  (oo"y")  should  lie  on  the  polar  of 
(x'y))  whose  equation  is 


POLARS. 

#2/=1 
h  62  = 


a 

/        //  t 
&       y  11 
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which  is  also  the  condition  that    #        should  lie  on  the  line 


OCX 


a 


which  is  the  polar  of  (x"y"). 

151.     If,  in  the  equation  to  the  polar  of  the  point  (vy)  we 

/ 

make  y  =  0,  the  equation  becomes  —  =  1,  the  equation   to  a 

a2 

straight  line  parallel  to  the  axis  of  y  ;   hence,  the  polar  of  any 


point  on  the  axis  of  #,  is  parallel  to  the  axis  of  y  ;  and  similarly 
the  polar  of  any  point  on  the  axis  of  y  is  parallel  to  the 
axis  of  or. 

If  we  take  two  points,  H>  S  on  the  axis  of  cc,  so  that 


in  the  ellipse  CS  =  CH  =  v/«2  -  62  =  aef 


and  in  the  hyperbola  CS  =  CH  =  \/a2  +  62  =  ae, 

the  equations  to  the  polars  of  these  points  will  be,  writing  0,  ae 
and  0,  -  ae  for  y,  x , 
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a 

x  -  -  for  the  polar  of  H, 
c 

x  =  --  for  the  polar  of  S. 

e 

These  points  are  called  the  foci,  and  their  polars  are  called 
the  directrices  of  the  curve. 

In  the  ellipse,  since  e  is  less  than  unity,  the  foci  lie  between 
the  centre  and  the  vertex,  and  the  directrices  KX,  K'X'  ,  the 
polars,  respectively,  of  H  and  S,  lie  beyond  the  vertex.  In  the 
hyperbola,  since  e  is  greater  than  unity,  the  reverse  will  be  the 
case.  It  will  be  seen  hereafter,  that  the  focus  and  its  polar, 
the  directrix,  possess  many  remarkable  properties  in  con- 
nexion with  the  curve. 

152.  To  find  the  distance  of  any  point  in  the  ellipse 
from  the  focus,  in  terms  of  the  abscissa  of  the  point. 

Since  the  co-ordinates  of  the  point  H  are  (x  =  ae,  y  =  0,) 
the  square  of  the  distance  of  any  point  P,  (xy)  from  it  is 
(Art.  6), 

(a/  -  ae)z  +  y"*  =  x'z  -  Zaex  +  oV  +  y'2  ; 
and  if  P  be  a  point  in  the  curve, 


since  62  =  a*  —  aV.      Hence 

HP*  =  a--2aex  +  eV2, 
or  HP  =  a  —  ex. 

We  do  not  notice  the  value  (ex  —a)  obtained  by  giving  the 
negative  sign  to  the  square  root.  For  e  is  less  than  1,  and 
x  less  than  a,  hence  ex'  —  a  is  constantly  negative,  and  need  not 
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be  taken  into  consideration,  since  we  are  now  examining  the 
magnitude,  not  the  direction,  of  the  radius  vector  HP. 

Writing  —  ae  for  ae  in  the  preceding  proof,  we  have  for 
the  distance  of  P  from  the  other  focus 

SP  =  a  +  ex'\ 
hence  SP  +  HP  =  2  a, 

or  the  sum  of  the  distances  of  any  point  in  an  ellipse  from 
the  foci  is  constant,  and  equal  to  the  axis  major. 

153.  In   the  case  of  the  hyperbola,  we  obtain  the  same 
value    for  HP2,  but,    in   extracting  the   root,  we   must  take 
the  value 

HP  =  ex  —  a, 

since,  in  the  hyperbola,  x  is  greater  than  a,  and  e  is  greater 
than  unity,  and,  consequently,  a  —  eai  is  constantly  negative. 
In  like  manner,  we  have 

SP  =  ex'  +  a  ; 

hence  SP  -  HP  =  2  a, 

or,  in  the  hyperbola,  the  difference  of  the  focal  radii  is  con- 
stant, and  equal  to  the  transverse  axis. 

154.  The  property  proved   in   the  two  last  Articles  will 
enable  us  to  describe  an  ellipse  or  hyperbola  mechanically ;  for, 
evidently,  if  a  string  SPH  be  fastened  to  two  points  S  and  H, 
a  pencil  P,  moved  so  as  to  keep  the  string  always  stretched, 
will  describe  an  ellipse  of  which  S  and  H  are  the  foci,  since 
SP  +  HP  will  be  a  constant  quantity. 

Also,  any  portion  of  an  hyperbola  may  be  described  by  a 
ruler  and  cord  ;  for  let  a  ruler  SR  revolve 
round  S  in  the  plane  of  the  paper,  and  let  a 
cord  be  fastened  to  H,  shorter  than  SR  by  a 
given  difference  c ;  then  a  pencil  P,  which 
should  always  keep  the  string  stretched  against 
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SB,  would  describe  an  hyperbola ;  for  the  difference  SP  —  PH 
would  always  equal  a  constant  quantity  c,  the  difference  in  the 
lengths  of  the  ruler  and  cord. 

155.      The  distance  of  any  point  on  the  curve  from  the 
focus  is  in  a  constant  ratio  to  its  distance  from  the  directrix. 

The  equation  to  the  directrix  KX  is  (Art.  151) 

ex  -  a  =  0, (l) 

and  the  length  of  the  perpendicular  (fig.  Art.  151),  from  any 
point  P  (vsy)  in  the  ellipse  on  (l)  is,  (Art.  43),  since  we  do 
not  pass  through  the  line  to  reach  the  origin, 

ex  —  a 


-lap. 

e 


In  the  hyperbola,   since  we  do  pass  through  the  line,  the 
perpendicular  from  any  point  P  (xy'),  is 


ex  —  a 


Hence,  in  both  curves,  the  distance  of  any  point  P  from 
the  focus  is  to  its  distance  from  the  directrix  in  the  constant 
ratio  of  e  to  I.  , 

In  the  ellipse  e  = and  is  less  than  1,  or  the  dis- 

a 

tance  from  the  focus  is  less  than  the  distance  from  the  directrix. 

\/a*  +  b* 
In  the  hyperbola  e  =  -  -  and  is  greater  than  1,  or  the 
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distance  from  the  focus  is  greater  than  the  distance  from  the 
directrix.  It  will  afterwards  be  seen  that  the  parabola  has 
a  focus,  and  that  the  distance  of  any  point  from  the  focus  is 
equal  to  the  distance  from  the  directrix. 

Hence  it  is  often  given  as  a  definition  of  a  conic  section,  that 
it  is  the  locus  of  a  point  whose  distance  from  a  given  point 
has  a  fixed  ratio  to  its  distance  from  a  given  straight  line. 

156.  The  double  ordinate  through  the  focus  is  called  the 
Latus  Rectum.      Putting  x  =  ae  in  the  equation  to  the  curve, 
we  have 

?-P(l -*)-;£, 

62  26* 

or  y  =  ±  — ;   hence  the  latus  rectum  = . 

a  a 

157.  To  find  the  polar  equation  to  the  ellipse  and  hyper- 
bola, the  focus  being  the  pole. 

Let  SP  =  |0,  angle  PSA  =  9 ;  then,  from  Article  152, 
SP  =  a  +  ex; 

but  x  =  CM  =  SM  -  SC  =  p  cos  6  -  ae  ; 
hence,  writing  this  value  for  <•»',  we  have 

p  =  a  +  ep  cos  9  —  ae2, 

a  (I-  e2) 

or  p  =  -  — - . 

1  -  e  cos  9 

If  we  take  the  focus  H  in  the  hyperbola,  (fig.  Art.  151), 
we  have 

HP  =  BOB  —  a, 

or  p  =  e  (ae  +  p  cos  0)  -  a, 

a  (e*  -  1) 

whence  p  =  —     -. 

1  -  e  cos  9 


142  CENTRAL    CONIC    SECTIONS. 

If  we  take  the  focus  H  in  the  ellipse,  and  S  in  the  hyperbola, 
the  point  P  in  the  hyperbola  being  in  the  left  hand  branch, 
we  shall  obtain  the  equations 

a  (I  -  e2) 

p  =  for   the  ellipse, 

1  +  e  cos  9 

and  p  = for  the  hyperbola. 

1  +  e  cos  9 

Thus,  we  see  that  the  positive  and  negative  foci  of  the  ellipse 
correspond  to  the  negative  and  positive  foci  of  the  hyperbola, 
the  point  being  taken  in  that  branch  of  the  hyperbola  in  which 
the  focus  lies.  We  have  here  supposed  p  positive,  but  if  we 
take  also  the  negative  values  of  p  (Art.  50)  it  is  easy  to  see 
that  each  equation  will  represent  both  branches  of  the  hy- 
perbola. 

158.  In  the  ellipse  the  normal  bisects  the  interior  angle 
betiueen  the  focal  distances,  and  in  the  hyperbola  the  exterior 
angle;  and  the  focal  radii  make  equal  angles  with  the  tangent. 

The   equation    to  HP,    since    it    passes   through 
(ae,  0)  is 

y         9  \.  js  *      \  / 


and  similarly,  the  equation  to  SP  is 

y  =-7^ —  (x  +  ae).    .      .      (2) 

w  +  ae 

Hence,  forming  the  equation  to  the  bisector   PG  of  the 
angle  between  (1)  and  (2),  we  have,  by  the  rules  of  Art.  47, 

(x+ae)y  —  y(x+ae)       -  (x  -  ae)  y  +  y  (x  -  ae) 
{y*  +  (x'  +  aeY}l  {y'*  +  (x  -aeM* 

which  we  might  shew,  by  reduction,  to  be  the  equation  to  the 
normal  at  (xy).      This  may,  however,  be  proved  briefly  as 
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follows.  The  denominators  of  (3),  as  in  Art.  152,  reduce,  for 
the  ellipse,  to  a  +  ex'  and  a  — ex'',  hence,  to  find  where  (3) 
meets  the  axis  of  #,  we  have,  making  y  —  0, 

—  (a?  +  ae)       x  —  ae 


a  -IT  ex 


a  —  ex 


hence  x  =  CG  =  e~x ',  and  /.  (Art.  146)  the  bisector  PG  is  the 
normal. 

The  reasoning  for  the   hyperbola  is  precisely  the  same  ; 
but    the  denominators    of   (3)   will   now   become  ex  +  a   and 
ex'  -  a,  and   we  shall  have,  to  determine  the  point    T  where 
the  bisector  PT  meets  the  axis, 
—  (x  +  ae) 


ex  •+•  a 


x  —  ae 


ex  —  a 


hence  x  =  CT  =  — ,  , 

x 

and  .'.  (Art.  146)  the  bisector 

PTis  the  tangent,  and,  consequently,  the  normal  PG  bisects 

the  exterior  angle  HPR. 

159.      To  find  the  locus  of  the  extremities  of  perpendi- 
culars dropped  from  the  foci  upon  the  tangent. 

Let  SY,  HZ  be  these  perpendiculars,   then   the  equation 
to  PT  is,  taking  the  fig.  of  the  ellipse, 


mx 


and  since  HZ  passes  through  H  (\/  a?  —  b~,  0),  and  is  perpen- 
dicular to  PT,  its  equation  is 

y  =  _  _  (a,  _ 


m 


between   which   equations  if  we  eliminate  w,  we  shall  obtain 
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the  equation  to  the  locus  of  their  intersection.      These  equa- 
tions may  be  written 

y  —  mx  =  v  m*a?  +  b*,    my  +  as  =  \/a*  —  b2  ; 
adding  their  squares, 

(x2  +  y~}  (m2  +  l)  =  a2  (m2  +  l), 
or  a?8  +  y2  =  a2, 

the  equation  to  the  locus  of  Z,  which  represents  a  circle  on 
the  axis  major  as  diameter. 

160.      The  perpendicular  from  the  point  H  (ae,  0)  on  the 
line 

Mas'      yti' 


is,  by  Art.  43,  since  in  the  ellipse  we  do  not  pass  through  (l) 
to  reach  the  origin, 

ex 


ab2  (a  —  e,v') 
or    "" 


V  «4y'2  +  64«»'2 

/a2  ft2 

But     a^y'2  +  &V2  =  a262  I  —  y2  +  -  x* 

\b2  a2 


=  a*b2  (a2  -  eV2), 


and  .-.  HZ  =  b  i,  ;   .  (2) 

a  +  ex 


similarly  SY  =  b  \/- — —t    .  (3) 

v   a -ex 
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Hence  SY  .  HZ  =  V  .........      (4) 

In  working  this  problem  for  the  hyperbola,  we  must 
remember  that,  in  the  case  of  HZ  (fig.  Art.  158),  we  do  pass 
through  (l)  to  reach  the  origin.  We  mention  this  because 
the  student  would  otherwise  probably  be  puzzled  by  getting 
—  62  as  the  right  hand  member  of  (4). 

If  SY  =  p,   SP  =  p,  equation  (3)  may  be  written 


taking  the  upper  or  lower  sign,  according  as   the  curve   is  an 
ellipse  or  hyperbola. 

161.   Any  focal  chord  is  perpendicular  to  the  line  joining 
its  pole  with  the  focus. 

By  definition,  the  directrix  is  the  polar  of  the  focus,  and 
conversely,  by  Art.  150,  the  polar  of  any 
point  in  the  directrix  passes  through  the 
focus.      Hence  assume  the  pole  of  any 

focal  chord  PHQ  to  be  a  point  K    -  ,  y 


on  the  directrix,  then  the  equation  to  the  chord  is  (Art.  148) 

x       vii 

JL.      _       _      1 

M  > 

ae       o 

and  the  equation  to  a  perpendicular  HK  to  this  chord  through 
the  focus  is 


. 
y  =  —  (of  -  ae)  ; 

and  when  a?  =  CX  =  -  in  this  equation,  y  =  y  =  KX,  or  the 
e 

line   which   it   represents  passes  through   K,  the  pole  of  the 
chord. 

P.  c.  s.  10 
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162.  We  have  deduced  all  the  above  properties  of  the 
ellipse  and  hyperbola  from  their  equations  alone;  we  shall  now 
shew  how,  conversely,  their  equations  may  be  deduced  from  a 
knowledge  of  their  properties ;  for  example,  let  it  be  required 
to  find  the  locus  of  a  point  (P),  the  distance  of  which  from  a 
given  point  (S)  has  a  constant  ratio  to  its 
distance  from  a  given  straight  line  (KX). 

Suppose  SP  :  PK  ::  e  :   1 ; 
draw  SX  perpendicular  to  KX,  and  divide 
SX  in   0,  so    that    SO  :   OX  ::  e  :   1  ; 
then  O  will  be  a  point  in  the  locus ;  take 
OSx,   Oy  as  axes,   and  let    OM(  =a?),  MP(=y)    be  the  co- 
rf 

ordinates  of  P ;  let  OS  =  d,  and,  therefore,  0 X  =  -  .      Then 

e 

SM*  +  PM2  =  SP2, 


(l) 


whence  we  obtain 

(1  -  e2)  x2  +  y*  -  2  (1  +  e}  dx  =  0,      .     . 
an  equation  of  the  second  degree  between  x  and  y. 

To  find  to  which  of  the  three  classes,  mentioned  in  Article 
106,  the  curve  belongs,  we  may  apply  the  test  of  that  Article, 
and  since  .5,  the  coefficient  of  aoy,  =  0  in  this  equation,  the 
curve  will  be  an  ellipse,  hyperbola,  or  parabola,  according  as 
—  4>AC  or  4  (e2  —  1)  is  negative,  positive,  or  zero,  for  A,  C 
are  the  coefficients  of  #2,  yz  respectively  ;  that  is,  according  as 
e  is  less,  greater,  or  equal  to  unity.  This  agrees  with  the 
results  of  Article  155. 

Hence  we  see  that  the  simplest  form  by  which  the  three 
conic  sections  may  be  represented  is 

y2  =  mx  +  no?,     ......      (2) 
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when  the  curve  is  an  ellipse,  hyperbola,  or  parabola,  according 
as  n  is  negative,  positive,  or  zero*. 

The   point    O   will  plainly  be  one  of  the  vertices  of  the 
curve,  S  the  focus,  and  KX  the  directrix. 

163.      The  above  proposition  may  be  proved  more  gene- 
rally as  follows. 

Let  the  given  point  be  (x'y),  and  the  given  line 

Aae  +  By  +  C  =  0, 
then,   if   (xy)   be  any   point  on  the  locus,  its  distance   from 


and  its  distance  from  the  given  line  is 

Ax  +  By  +  C 
"  <^(A*  +  B:)  ' 

Hence,  by  the  conditions  of  the  problem,  we  have 

(x  -  X?  +(y-  y'Y  =  ^~^(Ax  +  By  +  C)% 

which    is    an   equation    of  the   second    degree,   and    therefore 
represents  a  conic  section. 

164.      To  find  the  locus  of  a  point  P,  the  sum  of  whose 
distances  from   two   given  points   S   and  H  is  a  constant 

quantity. 

*  If  a  rectangle  be  constructed  on  the  abscissa  OM  ,  having  its  erect  side  equal  to 
m  or  2  (I  +e)  d,  this  rectangle  =  mx,  and  it  is  evident  from  (2)  that,  according  as  n  is 
negative,  positive,  or  zero,  i.  e.  as  .e  is  less,  greater,  or  equal  to  unity,  the  square  on 
the  ordinate  falls  short  of,  exceeds,  or  equals  this  rectangle.  This  defect,  excess,  or 
equality  are  considered  by  some  to  have  given  rise  to  the  names  ellipse,  hyperbola, 
and  parabola.  It  is  easily  seen  that  m,  or  2(l  +  e}d  is  the  same  quantity  before 
(Art.  156)  defined  as  the  Lotus  Rectum. 

10—2 
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Let  SP  =  p,  HP  =  p,   SP  +  HP=2a,  SH  =  2c,   angle 
=  B ;   then 

p  +  p'  =  2o, 
whence  p'2  =  pa  -  4«|0  +  4a2, 

o 

but  |o'2  =  p2  +  4c2  —  4c^o  cos  0  ; 
.*.   a2  —  flo  =  c2  —  Co  cos  0, 


or 


"      c  cos  0  -  a ' 


now,  if  we  write  ae  for  c,  where  e  is  less  than  unity,  since 
SP  +  HP  >  SH,  and  therefore  a  >  c,  the  equation  becomes 


- 


1  -  e  cos 


which  is,  evidently,   (Art.  157),  the   equation    to   an  ellipse, 
whose  foci  are  S  and  H,  and  whose  eccentricity  =  e. 

165.  To  find  the  locus  of  a  point  P,  the  difference  of 
whose  distances  from  two  given  points  S  and  H  is  a  constant 
quantity. 

Let  HP  =  p,    SP=  p,    TT  -  PHS  =  9,   then 

p  -  p  =  2a, 
whence  p'2  =  p2  +  4-ap  +  4a2, 

also  p2  =  p2  +  4c2  +  4c/j  cos  0  ; 

hence,  as  before,  we  have 

q(e2-!) 
^  ~  1  -  e  cos  9  ' 

where    e  is   greater    than    unity,   since   SH  is   greater   than 
SP  -  HP,  or  oa. 

This  equation  (Art.  157)  represents  an  hyperbola,  whose 
foci  are  S  and  H,  and  whose  eccentricity  is  e. 


EXAMPLES.  149 


EXAMPLES  VII. 

THE  following  problems  are  enunciated,  some  for  the  ellipse,  and 
some  for  the  hyperbola,  though  many  of  them  are  equally  applicable  to 
both  curves. 

1.  If  the  tangent  to  an  hyperbola,  at  a  point,  whose  abscissa, 
measured  from  the  vertex  J.',  is  A'M,  meet  the  transverse  axis  in  T ; 
A'M,  A'A,A'T  will  be  in  harmonical  progression. 

2.  The  distance  of  the  centre  of  an  ellipse  from  a  tangent  inclined 
to  the  major  axis  at  an  angle  0,  is  =  a(l  —  ea  cosz<£)^. 

3.  The  distance  of  the  focus  of  an  ellipse  from  a  tangent  inclined 
to  the  major  axis  at  an  angle  <j>  is  =  a{e  sin  0  +  (1  -  e*  cos2  0)s}. 

4.  Find  the  angle  (0)  at  which  the  focal  distance  SP  is  inclined  to 
the  major  axis,  when  8P  is  a  mean  proportional  between  the  semi-axes 
of  an  ellipse,  when  a  =  50,  b  =  30. 

5.  If  in  any  hyperbola,  three  abscissa?  be  taken  in  arithmetical 
progression,  the  focal  distances  of  the  extremities  of  the  ordinates  of 
these  points  will  also  be  in  arithmetical  progression. 

6.  Shew  that  the  equations  to  the  tangents  to  an  ellipse  (3 x9  +  y* 
=  3),  inclined  at  an  angle  of  45°  to  the  axis  of  .r,  are  y  =  a?  +  2,  y  =  x  —  2. 

7.  If  the  semi-axes  of  an  ellipse  are  5  and  4,  find  the  angle  at 
which  CP  is  inclined  to  the  major  axis,   when  an  arithmetic  mean 
between  CA  and  CB. 

8.  At  what  point  of  an  ellipse  is  the  angle  formed  by  the  focal 
distances  the  greatest  ? 

9.  If  any  number  of  hyperbolas  be  described,  having  the  same 
transverse  axis,  the  tangents  drawn  at  the  extremities  of  their  latera 
recta  will  all  pass  through  one  point. 

10.  If  the  tangent  at  any  point  P  in  an  hyperbola  intersect  the 
axis  in  T,  and  CP  meet  the  tangent  at  A  in  E,  ET  is  parallel  to  AP. 

11.  Shew  tan .  tan =  -— " ,  where  P  is  any  point  in 

2  2         1+e 

an  ellipse. 
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12.     If  PSp  be  any  focal  chord  of  an  ellipse,  L  the  latus  rectum, 


13.  If  CA,  CB  be  the  semi-axes  of  an  ellipse,  shew  that,  when 
SBH  is  a  right  angle,  CA2  :  CB*  ::  2  :  1. 

14.  Find  the  condition  that  the  line  (  --  h  -  =  1  )  should  touch  the 

\m     n       / 

(x2     y3       \ 
-2-fs=lJ- 


15.  The  tangent  to  an  ellipse  is  inclined  to  the  major  axis  at  an 
angle  </>  ;  shew  that  the  area  included  by  this  tangent  and  the  axes  is 

=  |  (a2  tan  $  +  62  cot  </>). 

16.  The  circle  described  on  any  radius  vector  SP  of  an  ellipse  as 
diameter,  will  touch  the  circle  on  the  axis  major. 

17.  Find  where  the  tangents  from  the  foot  of  the  directrix  will 
meet  the  hyperbola,  and  what  angle  they  will  make  with  the  trans- 
verse axis. 

18.  Draw  a  tangent  at  the  extremity  of  the  latus  rectum  of  an 

j;2        y* 
ellipse  whose  equation  is  —  -  +  71  =  1. 

19.  A  tangent  at  the  extremity  of  the  latus  rectum  of  an  hyper- 
bola meets  any  ordinate  PM  produced  in  R;  shew  that  $P  =  MR, 
where  S  is  the  focus  through  which  the  latus  rectum  passes. 

20.  If  PG,  PG'  be  parts  of  a  normal  to  an  hyperbola  cut  off  by  the 
transverse  and  conjugate  axes  respectively,  prove  that  PG  :  PG'  ::  62  :  a2. 

21.  Find  the  radius  of  a  circle  inscribed  in  a  semi-ellipse,  touching 
the  axis  minor. 

22.  From  the  point  where  the  circle  on  the  major  axis  is  inter- 
sected by  the  minor  axis  produced,  a  tangent  is  drawn  to  the  ellipse  ; 
find  the  point  of  contact. 

23.  If  from  the  extremities  of  the  minor  axis  two  straight  lines  be 
drawn  through  any  point  in  the  ellipse,  and  intersect  the  axis  major  in 
Q  and  R,  then  CQ  .  CR  =  CA\ 
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24.  If  a  rod  slide  between  a  vertical  wall  and  a  horizontal  plane, 
any  point  on  it  traces  out  an  ellipse. 

25.  If  a  tangent  be  drawn  to  the  interior  of  two  concentric  ellipses, 
the  axes  of  which  are  in  the  same  straight  line,  meeting  the  exterior  one 
in  P,  §,  and  at  P,  Q  tangents  be  drawn  to  the  latter,  intersecting  in  /?, 
prove  that  the  locus  of  R  is  an  ellipse. 

26.  To  shew  that  the  locus  of  one  end  of  a  given  straight  line, 
whose  other  end,  and  a  given  point  in  it  move  in  straight  lines  at  right 
angles  to  one  another,  is  an  ellipse. 

27.  If  with  the  co-ordinates  of  any  point  in  an  elliptic  quadrant 
as  semi-axes,  a  concentric  ellipse  be  described,  the  chord  of  the  quadrant 
of  the  one  will  be  a  tangent  to  the  other. 

28.  The  locus  of  the  centre  of  a  circle  touching  two  circles  exter- 
nally is  an  hyperbola. 

29.  The  locus  of  the  centre  of  a  circle  touching  one  circle  exter- 
nally and  one  internally  is  an  hyperbola. 

30.  Find  the  locus  of  the  extremity  of  the  perpendicular  from  the 
centre  on  the  tangent  to  the  hyperbola. 

31.  Find  the  polar  equation  to  the  hyperbola,  focus  pole,  from  the 
equation  SP  -  HP  =  2a. 

32.  If  a  tangent  at  any  point  of  an  hyperbola  cut  the  tangents  at 
the  vertices  in  T  and  T\  then  A  T  .  A'T  =  b\ 

33.  If  3AC=2CS  in  an  hyperbola,  find  the  inclination  of  the 
asymptotes  to  the  transverse  axis. 

34.  If  from  a  point  P  in  an  hyperbola,  PK  be  drawn  parallel  to 
the  transverse  axis  cutting  the  asymptotes  in  /and  K,  then  PK.PI=aa, 
or  if  parallel  to  the  conjugate,  PK .  PI=  b*. 

35.  If  from  a  point  P  in  an  hyperbola,  PN  be  drawn  parallel  to 
the  asymptote  to  meet  the  directrix  in  N,  then  PN=SP. 

36.  If  A,  A'  be  the  extremities  of  the  transverse  axis  of  an  hyper- 
bola, T  the  point  where  the  tangent  at  P  meets  AA',  QTR  a  line 
perpendicular  to  A  A'  and  meeting  AP,  A'P  in  Q  and  R  respectively, 
then  QT=  TR. 
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37-     Find  the  eccentricity  and  latus  rectum  of  the  hyperbola 
y-4(*>*«% 

38.  In  the  equilateral  hyperbola,  the  eccentricity  is  the  ratio  of 
the  diagonal  of  a  square  to  its  sides. 

39.  A  tangent  at  any  point  P  of  an  ellipse  meets  the  axis  major 
produced  in  T,  and  the  axis  minor  produced  in  t ;  to  find  the  locus  of  a 
point  Q  in  Tt,  such  that,  QT :  Qt ::  m  :  n. 

40.  To  find  the  locus  of  the  intersection  of  the  ordinate  of  any 
point  in  an  ellipse  produced,  with  the  perpendicular  from  the  centre 
upon  the  tangent  at  that  point. 

41.  If  the  normal  at  P  meet  the  axis  major  of  an  ellipse  in  G,  and 
GK  be  drawn  perpendicular  to  SP>  GK  =  e .  PM,  where  PM  is  the 
ordinate  of  P. 

42.  If  SQ  be  drawn,  always  bisecting  the  angle  PSC,  in  an  ellipse, 
and  equal  to  a  mean  proportional  between  SC  and  SP,  find  the  eccen- 
tricity of  the  curve  which  is  the  locus  of  Q. 

43.  Two  straight  lines,  such  that  the  product  of  the  tangents  of 
their  inclinations  to  the  axis  of  x  is  constant,  touch  an  ellipse ;  shew 
that  the  locus  of  their  intersection  is  an  ellipse,  or  hyperbola,  according 
as  the  product  is  negative  or  positive. 

44.  Shew  that  the  locus  of  the  summit  of  a  moveable  right  angle, 
one  side  of  which  touches  one,  and  the  other  side  the  other  of  two  con- 
focal  ellipses,  is  a  concentric  circle. 

45.  An  ellipse  and  hyperbola  have  the  same  foci  and  coincident 
axes ;  they  cut  each  other  at  right  angles. 

46.  If  P  be  any  point  in  the  hyperbola,  /S  and  H  the  foci,  find  the 
locus    of  the  centre  of  the  circle;    (i)    which   is   inscribed  in  SPH^ 
(ii)  which  touches  HP  and  SH,  SP  produced,  and  (iii)  which  touches 
Sff  and  P8,  PH  produced. 

47.  If  a  tangent  at  any  point  of  an  hyperbola  be  intersected  by 
the  tangents  at  the  vertices,  in  H  and  K,  the  circle  on  HK  as  diameter 
passes  through  the  foci. 


SECTION  IX. 

Central  Conic  Sections.     Conjugate  Diameters. 
The  Asymptotes. 

166.  WE  saw  (Art.  Ill),  that  there  is  only  one  system 
of  rectangular  axes  about  which  the  ellipse  and  hyperbola  are 
so  situated,  that  each  axis  should  bisect  all  chords  parallel  to 
the  other.  We  shall  now  shew  that  there  are  an  infinite 
number  of  oblique  axes  which  possess  the  above  property 
with  regard  to  the  two  curves. 

167-  To  find  the  locus  of  the  middle  points  of  any 
system  of  parallel  chords. 

Let  QQ'  be  one  of  the  chords,  M  its  middle  point  (x'y  ), 
and 


let  the  equation  to  QQ'  be 

y-y  =  #-a  =  l 

s  c 

Now,  if  we  substitute  for  x  and  y  from  this  equation  in 
the  equation 
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the  result  will  refer  to  the  points  of  intersection  of  the  line 
and  curve,  and  we  shall  have  for  the  distance  (I)  of  (toy) 
from  those  points 

(cl  +  ,x'Y       (si  +  y')2  _ 

«          ~^~          T-j  ~~  •*' 

a-  V 

the  roots  of  which  equation  (MQ  and  MQ')  are  equal  and 
(Art.  27)  of  opposite  signs  ;  hence,  the  coefficient  of  I  =  0,  or 

c,v       sy 

—  +  ~  -  o, 
or        62 

which  is  a  relation  between  the  co-ordinates  of  the  middle 
point  of  the  chord  QQ'.  But  since  the  chords  are  parallel, 
s  and  c  are  the  same  for  them  all,  and  the  same  relation  holds 
for  the  middle  points  of  all  ;  hence  the  equation  to  the  locus 
required  is 

cat      sy 

-+TJ-O. 

a-       b* 
which  represents  a  straight  line  (CM)  through  the  centre. 

If  m  be  the  tangent  of  the  angle  which  the  chords  make 

a 

with  the  axis  of  ,7?,  m  =  -,  and  the  equation  is 

C 

62 

y  =  -  -r-  <*• 

azm 
The  equation  for  the  hyperbola  is,  of  course, 

b* 

y  =  -  —  x. 
am 

COR.     If  (xy)  be  the  point  P  where  CM  meets  the  curve, 
we  have 


but  the  right  hand  member  (Art.  135),  represents  the  tangent 
of  the  angle  which  the  tangent  at  (f»;'y)  makes  with  the  axis 
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of  x.  Hence  the  tangent  at  the  extremity  of  CP  is  parallel 
to  the  chords  bisected  by  that  line,  as  it  evidently  should  be, 
since  it  may  be  considered  as  the  limiting  position  of  any  chord 
QQ',  as  it  moves  parallel  to  itself  up  to  P. 

168.  The  straight  line  which  bisects  any  system  of 
parallel  chords  is  called  a  diameter  of  the  curve,  and  the 
chords  are  called  the  ordinates  of  that  diameter.  We  have 
seen  above  (Art.  167),  that  if  the  equation  to  one  of  the  chords 

be 

y  =  mx  +  c, 

the  equation  to  the  diameter  of  which  those  chords  are  ordi- 
nates is  ,., 

or 

y  =  -  —  *•• 

am 

We  see  then,  that  all  diameters  pass  through  the  centre, 
and,  conversely,  since  m  may  have  any  value,  all  lines  passing 
through  the  centre  are  diameters.  We  shall  see,  hereafter, 
that  the  same  is  true  in  the  case  of  the  parabola,  but,  the 
centre  of  the  parabola  being  infinitely  distant,  all  its  diameters 
will  be,  consequently,  parallel*. 

*  We  may  remark  here,  that  when  we  solved  the  general  equation  of  the  second 
degree  for  y  (Art.  101),  we  obtained 

_Bx+E±\/Pa 

2  A 

and  that,  hence,  the  line 

Bx+E 

y=  — 2A- 

is  a  diameter  to  the  curve,  since  for  any  given 
abscissa,  as  OM(x)  the  differences  of  the  ordi- 
nates of  the  line  and  curve  are  equal  and  of  op- 
posite sign  ;  thus,  in  the  figure, 


where  HT  is  the  line 

y= — ^~r  '  *  ° 

and  .'.  HT  bisects  all  chords  parallel  to  Oy. 
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169.  If  two  diameters  be  suck,  that  one  of  them  bisects 
all  chords  parallel  to  the  other,  then,  conversely,  the  second 
will  bisect  all  chords  parallel  to  the  first. 

Let  the  diameter  CP  (y  =  mx}  bisect  all  chords  parallel 
Fig.  1.  Fig.  2. 


to  the  diameter  (CD)  (y  =  mx).     Then,  by  Art.  168, 


m  =  — 


a'm 


hence 


m  =  — 


am 


or  y  =  mx  is  the  equation  to  the  diameter  which  bisects  all 
chords  parallel  to  the  diameter  represented  by  y  =  mx. 

170.  Diameters  so  related  that  each  bisects  every  chord 
parallel  to  the  other,  or,  more  commonly,  such  portions  of 
these  diameters  as  are  intercepted  by  the  curve,  are  called 
Conjugate  Diameters,  and  the  condition  that  the  diameter 
(y  =  mx)  should  be  conjugate  to  the  diameter  (y  =  mx)  is, 
by  the  last  Article, 


mm  = . 

or 


We  shall  see  hereafter  that  only  central  curves  can  have  con- 
jugate diameters. 

If  0,  ff  be  the  angles  which  the  conjugate  diameters  make 
with  the  major  axis,  we  shall  have 
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in  the  ellipse,  tan  0  .  tan  ff  = , 

a 

and  in  the  hyperbola,  tan  9  .  tan  9'  =  —  ; 

a 

hence,  in  the  ellipse  the  conjugate  diameters  fall  on  different 
sides  of  the  axis  minor  ;  for,  if  one  of  the  angles  0,  0'  be  acute, 
and  its  tangent  positive,  the  other  must  be  obtuse  and  its  tan- 
gent negative ;  and,  by  similar  reasoning,  we  see  that  in  the 
hyperbola  the  conjugate  diameters  lie  on  the  same  side  of  the 
conjugate  axis. 

171.     Also,  of  any  two  conjugate  diameters,  only  one  can 
meet  the  hyperbola ;  for  if  one 
of  the  tangents  (tan  9)  be  less 

than  — ,  the  other  (tan  9')  must 


be  greater  than  - ,  and  it  is  s 

evident  from  Art.  130,  that  the  diameter  which  makes  the 
angle  9  with  the  axis  will  fall  within  the  angle  RCL,  made  by 
the  asymptotes,  and  meet  the  curve,  while  the  diameter  that 
makes  the  angle  9'  with  the  axis  will  fall  within  the  angle 
RCL',  and  will  not  meet  the  curve,  for  it  has  been  shewn  that 

tan  RCA  =  -  . 

a 

If  in  the  hyperbola  tan  9  =  tan  9'  =  ±  -  ,  the  two  diameters 

a 

coincide  with  the  asymptote  RR'  or  with  Z/Z,  according  as  we 
take  the  upper  or  lower  sign  ;  hence  each  asymptote  is  its  own 
conjugate  diameter. 

If  tan  9  =  —  tan  9'  =  -  ,  in  the  ellipse,  the  angles  9  and  9' 

CL 

are  supplementary,  and  by  the  symmetry  of  the  figure  the  con- 
jugate diameters  are  equal;  hence,  the  equal  conjugate  dia- 
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meters  in  an  ellipse  are  parallel  to  chords  joining  the  extremities 
of  the  major  and  minor  axes,  and  if  an  ellipse  and  hyperbola 
have  the  same  centre  and  axes,  the  equal  conjugate  diameters 
of  the  ellipse  coincide  with  the  asymptotes  of  the  hyperbola. 

172.  When  the  ellipse  becomes  a  circle,  6?  =  a2,  and 

tan  0.tan  0'  =  -  1, 

or  all  conjugate  diameters  of  the  circle  are  at  right  angles  to 
one  another,  and  when  the  hyperbola  is  rectangular, 
tan  0.tan  9'  =  1, 

and0  +  0'  =  -or  =  -. 

2  2 

173.  We  saw  (Art.  151),  that,  when  the  curve  is  referred 
to  its  axes,  as  axes  of  co-ordinates,  the 

polar  of  any  point  in  the  axis  of  x  is 
parallel  to  the  axis  of  y  and  vice  versa. 
This  may  be  now  seen  to  be  a  property 
of  all  conjugate  diameters,  including  the 
axes  as  a  particular  case.  For,  if  the  equation  to  any  dia- 
meter CP  be  y  =  mat,  the  equation  to  its  conjugate  CD  is 

y : — y.      Now  if  (XY)  be  any  point  on  CD,  the  equa- 

alm 

tion  to  the  polar  of  (XY)  is 

yY 

V-1'  ;••<•> 

which  is  the  equation  to  a  line  making  with  the  axis  of  x  an 

IPX 

angle  whose  tangent  = —  ;  but  this  is  =  m,  for 

a  Y 

Y            &2    X 
Y  = — A., 

a*m 

and  therefore  (l)  is  parallel  to  the  line  (y  =  ma;). 
Hence  the  polar  of  any  point  in  CD  is  parallel  to  CP,  and 
vice  versa. 
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If  (XY)  be  the  point  D  where   the  diameter   meets  the 
curve,  the  equation  to  the  polar 

xX 


will  represent  the  tangent  at  D  ;  hence,  the  tangent  at  the  ex- 
tremity of  any  diameter  is  parallel  to  its  conjugate,  as  we  saw 
in  Art.  167,  Cor. 

174.  The  co-ordinates  of  the  extremity  of  any  diameter 
being  given,  to  find  those  of  the  extremity  of  the  diameter  con- 
jugate to  it. 

Let  CP,  CD  (fig.  Art.  173)  be  a  pair  of  conjugate  diame- 
ters in  the  ellipse,  and  let  x\  y  be  the  co-ordinates  of  P;  then 
the  equation  to  CP  is 

y  =  '~r^    .....    (i) 

x 

and  therefore  the  equation  to  CD  (Art.  169),  is 

Vx 


To  find  the  co-ordinates  of  D  (xy)  we  have  from  (2)  the 
relation 

ay          bx' 

_  f  _  _      _  .  /o\ 

7     —  ,»••«.      \3) 

ox          ay 

and  also 

ay  +  6V  =  a?62  =  a*y'2  +  6V2,      ....      (4) 
since  (xy),  (x'y)  are  points  on  the  curve  ; 

hence  from    S^l±^=^Vl±^:2 


or  from  (4)  6V  =  a2^2, 
a 
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hence  CN  =--«',  or  -  =  -  -  , 
by         a          b 

and  from  (2)  DN  =  —  ,v,  or  -  =  — . 
a  b       a 

The  other  pair  of  values  ( -v  =     y\  y  = x '  j  have  refer- 
ence to  the  extremity  D'. 

175.  In  the  hyperbola,  if  the  diameter  CP  meet  the 
curve,  CD  will  not  (Art.  170)  meet  it,  and,  indeed,  it  is  evident 
that  the  method  of  the  last  Article  will  give  us  imaginary 
values  of  the  co-ordinates  of  D ;  for  as  in  equation  (3)  of  the 
last  Article,  we  have  for  the  co-ordinates  of  D  (a?y), 
ay  bx 


hence 


baf      ay  ' 

9  /      9      fl2  /  V      'O\ 

?8      -  (azy  *  —  irm  2) 


6V 


(1) 


(2) 


which  would  give  tfa?  =  —  a2?/'2  ;  but,  if  we  take  D  (vy)  as  the 
point  where  CD  meets  the  conjugate  hyperbola  whose  equation 
is 

9  0 

y     x     . 


we  have 

.  AX 

whence,  from  (2)  and  (l) 

a    . 


*rf/ 


The  other  pair  of  values  have  reference  to  D'. 

We  shall  therefore  define  the  extremity  of  the  diameter 
conjugate  to  CP,  as  '  the  point  where  it  meets  the  conjugate 
hyperbola.' 
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It  is  evident,  by  exactly  the  same  reasoning  as  we  have 
used  in  the  case  of  the  hyperbola  itself,  that,  if  we  consider 
CD  as  a  diameter  of  the  conjugate  hyperbola,  CP  will  be  the 
diameter  conjugate  to  CZ>;  and  whatever  is  proved  of  the 
point  P,  as  a  point  in  the  hyperbola  itself,  is  true  of  the 
point  D,  as  a  point  in  the  conjugate  hyperbola;  for  instance, 
(Art.  173),  the  tangent  at  D  is  parallel  to  CP,  and  so  forth. 

176.  In  the  ellipse,  the  sum  of  the  squares  of  any  two 
semi-conjugate  diameters  is  equal  to  the  sum  of  the  squares 
of  the  semi-axes  ;  and,  in  the  hyperbola,  the  same  is  true  of 
their  difference. 

Let  P  (xy)  and  D  (<v"y")  be  the  extremities  of  any  two 
semi-conjugate  diameters  CP  (a),  and  CZ)(6');  then 


and  6'2  =  CD2  =  x"*  + 
aV2      6V2 


,.  a    H-       =    «+ 

=  a8  +  68,  in  the  ellipse  ; 


since,  in  that  case, 

In  >•> 

a;  *       y  - 


a 


=  a*  —  b*  in  the  hyperbola  ; 
since,  in  that  case, 


n'2          ./S 


P.  C.  S. 


11 
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COR.     If  a8  =  ft2,  we  have,  in  the  hyperbola, 
a'2  -  b'*  =  0, 

or  every  diameter  in  the  equilateral  hyperbola  equals  its  con- 
jugate. 


177-  The  rectangle  contained  by  the  focal  distances  of 
any  point  is  equal  to  the  square  of  the  corresponding  semi- 
conjugate  diameter. 

In  the  ellipse  CD*  =  a2  +  62  -  CP2,     (Art.  176), 

but  OP2  =  x*  +  y'*  =  x*  +  V  (  1  -  — 


.-.  CD*  =  a2  -  eV2  =  (a  -  ex)  .  (a  +  ex'} 

=  HP.SP.     (Art.  152). 

A  similar  investigation  for  the  hyperbola  would  lead  us  to 
the  same  result. 

178.  To  find  the  length  of  the  perpendicular  from  the 
centre  on  the  tangent  at  any  point  P  (x'y'),  in  terms  of  the 
semi-diameter  ',  conjugate  to  CP. 

The  length  of  a  perpendicular  from  the  origin,  on  the  line 
xx'      yy 
-+~" 


ab 
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for  b'*  = 


by  Arts.  174,  176. 


179.  All  parallelograms,  whose  sides  are  formed  by  lines 
passing  through  the  extremity  of  one  diameter  and  parallel 
to  its  conjugate,  are  equal  in  area. 

By  Article  173,  these  lines  are  tangents  to  the  curve,  for 
it  is  there  proved  that  the  tangent  at  the  extremity  of  any 
diameter  is  parallel  to  its  conjugate;  and,  by  Art.  136,  the 
tangents  at  the  extremities  of  any  diameters  are  parallel  to 
one  another. 

Let  PP*,  DD'  be  two  conjugate  diameters,  and  let  the 


sides  of  the  parallelogram  be  tangents  at  P,  Ff9  D,  D'.     Then 
the  area  of  the  whole  parallelogram 

=  4  times  the  parallelogram  CPFD 

=  4  .  CQ .  CD, 

if  CQ  be  the  perpendicular  from  the  centre  on  the  tangent 
at  P, 

ab 
=  4-^.6     (by  Art.  178) 

=  4a6. 

11—2 


164  CENTRAL   CONIC   SECTIONS. 

180.  From  the  last  Article  may  be  found  the  angle  be- 
tween any  two  conjugate  diameters  which  are  given ;  for,  if 
this  angle  be  =  y,  and  the  given  semi-conjugate  diameters  be 
a,  b',  we  have 

ab'  sin  y  =  parallelogram  CPFD 
=  a&; 

ab 

hence,  sin  y  =  -—, . 
ab 

This  equation  together  with  the  relations 
a'2  +  6'!  =  a°-  +  62,  in  the  ellipse, 
a 2  —  6'2  =  aa  -  6?,  in  the  hyperbola, 

determine  also  the  magnitude  of  two  conjugate  diameters  that 
contain  an  angle  y. 

181.  The  angle  y,  PCD,  in  the  ellipse,  is  always,  except 
in  the  case  of  the  axes,  greater  than  a  right  angle,  P  being 
supposed  in  the  first  and  D  in  the  second  quadrant;   for  if 
m  and  m    be  the  tangents  of  the  angles  that  CP  and   CD 
make  with  the  major  axis, 

m'  —  m 
tan7  =  — , (1) 

'       1  +  mm 


tf 

and,  since  m  — ,  we  have, 

a*m 

(a*m*  +  V) 


(2) 


, 
m(a   —  fr) 

and  therefore,  since  m  is  always  positive,  y  is  >  90°,  unless 
m  =  0,  in  which  case  y  =  90°. 

When  a  =  6,  tan  y  «=  oo  ,  or  the  conjugate  diameters  of 
the  circle  are  all  at  right  angles  to  each  other,  as  we  found  in 
Arts.  94,  172. 
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Solving  equation  (2)  as  a  quadratic  in  w»,  we  have 
_  -  (a8  -  62)  tan  7  A  x/V*  -  &2)2  tan*7  -  4«262 


m= 

2  a2 


Hence,  the  smallest  negative  value  that  tany  can  have, 
(since  it  is  always  negative,)  is  that  which  makes  the  quantity 
under  the  root  in  (3)  vanish,  which  is 
2ab 


This  gives  m  =  —  ,  from  (3),  which  is,  therefore,  the  value 

ft 

of  m  which  makes  y  the  largest  ;  hence,  (Art.  171)  the  equal 
conjugate  diameters  include  the  greatest  angle. 

182.  To  find  the  equation  to  the  ellipse  or  hyperbola, 
when  referred  to  any  two  conjugate  diameters  (2  a',  2b')  as 
axes. 

We  saw  (Art.  Ill),  that,  of  rectangular  axes,  there  is 
only  one  system,  to  which,  when  a  central  curve  is  referred, 
its  equation  is  of  the  form 

Ax*  +  Cy*  =  F, 

an  equation  which  asserts  that  all  chords  parallel  to  one  axis 
are  bisected  by  the  other.  But  every  diameter  (Art.  169) 
bisects  the  chords  parallel  to  its  conjugate;  hence,  there  are 
an  infinite  number  of  oblique  axes,  which  will  give  the  equation 
in  the  above  form,  the  only  limitation  being  that  they  should 
pass  through  the  centre,  and  that  the  angles  (0,  6')  which  they 
make  with  the  major  or  transverse  axis  should  be  subject  to 
the  condition 

b2 
tan  9  .  tan  &  =  --  ^  ,  in  the  ellipse, 

CL" 

6a 
tan  9  .  tan  ff  =  —  ,  in  the  hyperbola. 
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Hence,  the  reasoning  of  Arts.  113,  114  applies  to  conjugate 
diameters,  in  precisely  the  same  manner  as  to  the  axes  of  the 
curve,  and  the  equations  to  the  ellipse  and  hyperbola,  referred 
to  any  pair  of  conjugate  diameters,  the  parts  of  which  inter- 
cepted by  the  curve  are  2a  and  2&',  are 


_ 
and  -,-;=,. 

183.  Since  this  equation  is  of  precisely  the  same  form 
as  the  equation  to  the  curve  referred  to  its  axes,  it  follows 
that  every  property  that  has  been  deduced  from  the  latter 
may  be  deduced  from  the  former,  so  long  as  those  properties 
do  not  depend  upon  the  inclination  of  the  axes,  and,  with 
this  limitation,  everything  which  has  been  proved  of  the 
axes,  is  true  of  any  pair  of  conjugate  diameters. 

For  example,  the  equation  to  the  tangent  at  any  point 
(osy),  when  the  curve  is  referred  to  any  conjugate  diameters 
(2a',  26'),  is 

xa/_      yy 
a"  +  ^  = 
and  the  intercept  on  the  axis  of  #,  and  the  subtangent,  are,  as 

a'2  a'2  _  ft'* 

before,  —  and  --  T—  .    Also,  if  we  wished  to  draw  a  tangent 

OC  u? 

to  the  curve  from  an  external  point  (#'y'),  we  should  have,  as 
in  Article  147, 

A  o 

x2       yz 
—  +  —  =  1 
a*       b'2 

aa^      yy  _ 
a'2  +  b'*  = 
as  equations  to  determine  the  points  of  contact. 
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184.  We  may  obtain  a  simple  geometrical  method  for 
constructing  a  pair  of  conjugate  diameters,  containing  a  given 
angle,  as  follows. 

It  was  proved  (Arts.  166 — 169)  that,  when  the  curve  is 
referred  to  its  axes,  the  condition  that  the  two  lines 

y  =  /»<r,     y  =  m'x 
should  represent  two  conjugate  diameters  is 

V 
mm  = ; ; 

a2 

and,  as  the  reasoning  of  those  Articles  is  equally  applicable 
when  the  curve  is  referred  to  any  pair  of  conjugate  diameters*, 
we  see  that  when  the  curve  is  referred  to  a  pair  whose  semi- 
lengths  are  a',  &',  the  condition  is 

b'* 

mm , 

a~ 

where,  however,  m  and  m  do  not  now  as  in  (Art.  170)  represent 
tan  9  and  tan  0',  but 

sin  0  sin  9' 

m  =  - — — ,      m 


sin  (to  -  9)  '  sin  (o>  -  9')  ' 

(a  being  the  angle  between  the  axes. 

Now,  if  the  curve  be  referred  to  these  two  diameters,  the 
equation  may  be  written 

b'~ 

.? /v  _    >s\ 

y  -       ~/2 1*       a  )' 


*  In  finding  the  locus  of  the  middle  points  of  any  system  of  parallel  chords  (Art. 
167),  we  must,  in  the  case  of  any  conjugate  diameters,  modify  the  proof,  by  assuming 
the  equation  to  any  one  of  the  chords  to  be  (Art.  27) 

y-y ~x~x'_i 

sin  o         sin(<o-a) 
where  *  now  =  — ,  c= \ . 
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which  equation  may  be  split  into  the  two 

**\          ^ 

y  —  —  K  —  \x  —  a  ), 

a 

I  , 


where  A;  is  a  perfectly  arbitrary  quantity  ;  now  these  two  lines 

(i)    pass  through  the  extremities  of  the  diameter  which  is 
the  axis  of  #, 

(ii)     intersect  in  the  curve,  since  by  eliminating  k  between 
them  we  have  the  equation  to  the  curve, 

(iii)    fulfil  the  same  conditions,  with  regard  to  their  incli- 
nations to  the  axis  of  x  as  a  pair  of  conjugate  diameters,  for 


Lines  drawn  in  this  manner  from  the  extremities  of  any 
diameter,  to  a  point  in  the  curve,  are  called  Supplemental 
Chords,  and  it  is  evident  that  diameters  parallel  to  any  pair  of 
supplemental  chords  are  conjugate. 

Hence,  to  draw  a  pair  of  conjugate  diameters  containing 
any  given  angle,  describe  on  any  diameter  a  segment  of  a  circle 
containing  that  angle,  and  join  the  points  where  it  meets  the 
curve  with  the  extremities  of  the  assumed  diameter.  We  thus 
obtain  a  pair  of  supplemental  chords  inclined  at  the  given  angle. 
The  lines  drawn  through  the  centre  parallel  to  these  will  be 
the  required  conjugate  diameters. 

The  property  of  supplemental  chords  was  demonstrated  for 
the  circle  (Art.  79),  when  it  was  shewn  that  all  supplemental 
chords  in  the  circle  are  at  right  angles,  as  are  all  conjugate 
diameters. 

185.  Tangents  at  the  extremities  of  any  chord  intersect 
in  the  diameter  of  which  the  chord  is  an  ordinate. 
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Taking  that  diameter  and  its  conjugate  as  the  axes  of  x  and  y, 
the  equation  to  the  tangent  will  be 

ma>>  i  yy' 
7^      6^  =  1' 

according   as  we  take  Q  (xy)  or 
Q' (x,  —  y)  as  the  point  of  contact. 

'2 

In  each  case,   when  y  =  0,  x  has  the  same  value  =  — T  > 

x 

or  the  tangents  meet  CP  produced  in  the  same  point. 

This  follows  from  Art.  167;  for,  if  the  equation  to  a  chord 
be  y  =  mx  +  &',  and  (xy)  the  point  of  intersection  of  tangents 
at  its  extremities,  we  have  also  for  the  equation  to  the  chord 
(Art.  147) 

xx'       yy 

— +  TT  =  1> 
of        68 

a  line  which  makes  with  the  axis  of  x  an  angle  whose  tangent 

6V       „  6V  62      , 

= — , .     Hence  m  =  — or  y  = x ,  which  is  the 

a"y  d:y  arm 

equation  to  the  diameter,  of  which  y  =  mx  +  b'  is  an  ordinate; 
hence  (xy)  is  a  point  in  that  diameter. 

THE  ASYMPTOTES. 

186.  The  following  Articles  relate  exclusively  to  the 
hyperbola,  as  the  ellipse  is  limited  in  every  direction,  and, 
therefore,  cannot  have  an  asymptote. 

The  diagonals  of  all  parallelograms-,  described  as  in 
Art.  179,  are  parallel  to  the  asymptotes. 

Join  PD,  then  the  co-ordinates  of  0,  the  middle  point 
of  PA  are  (Art.  36), 


170 
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since  the  co-ordinates  of  P  are  a?',  y, 

'          L      ' 

ay      bos 

and  of  A  -r-t  -  -  (Art.  174).     Now 
6        a 

CF   passes  through  0,  hence 
bx 


tan  FCA  = 


which   is    the  tangent  of  the   angle 

which  the  asymptote  makes  with  the 

transverse  axis  (Art.  130)  ;   hence  CF  coincides  with  one  of 

the  asymptotes. 

Also,   since  the  diagonal  PD  passes  through  the  points 

P  (xy)  and  D  (-         — )  ,  the  tangent  of  the  angle  it  makes 

\  b      a  J 

with  the  transverse  axis  is  (Art.  28) 

bx 

b 
a' 


which  is  the  tangent  of  the  angle  which  the  other  asymptote 
makes  with  the  same  axis  ;  hence  PD  is  parallel  to  the  other 
asymptote. 

COR.  It  may  be  seen  from  this  Art.  that  the  form 
of  the  equation  to  the  asymptotes  remains  the  same  when  the 
curve  is  referred  to  any  conjugate  diameters;  for,  if  CP(a) 
and  CD  (b')  be  taken  as  axes,  the  co-ordinates  of  0  are  ^a', 
^6',  and  therefore  the  equation  to  CF  is  (Art.  23,  COR.) 

b' 


and  similarly  for  the  other  asymptote. 


THE   ASYMPTOTES. 


171 


187-  Hence,  if  any  two  conjugate  diameters  CP,  CD  be 
given  in  position,  we  can  find  the  asymptotes,  by  completing  the 
parallelogram  CPFD,  the  diagonals  of  which  will  shew  the 
direction  of  the  asymptotes;  or,  if  the  asymptotes  be  given,  we 
can  find  the  position  of  the  diameter  conjugate  to  any  diameter 
CP,  whose  position  is  given ;  for,  if  we  draw  PO  parallel  to  one 
asymptote  to  meet  the  other  in  O,  and  produce  PO  to  D, 
making  OD  =  PO,  CD  will  be  the  diameter  conjugate  to  CP. 


188.  If  any  line  (RR')  cut  an  hyperbola  and  its  asymp- 
totes, the  portions  (RQ),  (R'Q'),  intercepted  between  the  curve 
and  the  asymptotes  are  equal. 

Since  the  equations  to  the  two 
asymptotes  are 

x      y 

-  -  \  =  0, 
a      b 

x      y 

-  +  I  =  0, 
a      b 

the  equation  to  the  two,  considered 
as  one  locus,  is 

y 


and  the  equation  to  the  hyperbola  is 

-_yl- 

a?       68 


0) 


(2) 


Now  let  the  equation  to  RR',  passing  through  a  point  P 
(x'y)  be 

y  -  y'  _  a  -  cc' 

~  =  * ; (3) 
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then,  for  the  distances  of  P  from  R  and  R',  we  have  from 
(1)  and  (3) 

(**  +  *)•      (d  +  sO'  ,v 

a8  68 

and  for  the  distances  of  P  from  Q  and  Q',  from  (2)  and  (3), 

(cl  +  x'Y      (d  +  yT  v 

2 


If  P  be  the  middle  point  of  RR',  the  roots  of  equation  (4) 
are  equal  and  of  opposite  signs,  and  if  P  be  the  middle  point  of 
QQ'  the  roots  of  (5)  are  equal  and  of  opposite  signs.  But 
these  two  suppositions  evidently  give  the  same  condition,  viz. 

cao      sy 

?-$-*  ••-(«) 

hence,  if  P  be  the  middle  point  of  RR'  it  is  also  the  middle 
point  of  QQ',  and  we  have 

PQ  =  PQ',  PR  =  P&,  and  .-.  RQ  =  R'Q'. 


COR.  Equation  (6),  which  is  the  condition  that  (x'y) 
should  be  the  middle  point  of  the  chord  RR\  is  also  (Art.  135) 
the  condition  that  the  line  should  be  a  tangent  to  the  curve  at 
the  point  (xy)  ;  hence  if  the  middle  point  (as  'y')  of  RR'  be 
on  the  curve,  RR'  is  a  tangent,  or  the  portion  of  the  tangent 
intercepted  by  the  asymptotes  is  bisected  at  the  point  of  con- 
tact. This  follows  directly  from  the  consideration  that  the 
tangent  SP'S'  is  the  limiting  position  of  RR'  when  it  is  moved 
parallel  to  itself  up  to  P  '. 

189.  From  the  equation  to  the  hyperbola  referred  to  its 
axes,  to  derive  the  equation  when  referred  to  its  asymptotes 
as  axes. 

Let  the  lower  asymptote  be  taken  for  axis  of  «r,  and  let 
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CM,  PM  be  the  original  co-ordinates, 
CN,  PN  the  new  ones ;  draw  NQ  per- 
pendicular to  CM  and  NV  parallel  to  it, 
meeting  PM  produced  in  F,  and  let 
angles  RCM,  LCM  each  =  a ;  then 

tan  a  =  - ,  and,  if  a9  +  b2  =  m*9  we  have 


a 

a  b 

cos  a  =  —  ,  sin  a  =  — . 
m  m 

Now  CM  =  NV  +  CQ  =  PN  cos  a  +  CN  cos  a, 
PM=PV-  QN  =  PNsma-CNsin  a; 
hence  we  must  write,  in  the  equation  to  the  hyperbola, 

for  x,  (y  +  x)  cos  a  or 


y>  (y  —  #)  sin  a  or 


m 
b(y  -x) 


which  gives  (y  +  #)2  —  (y  —  a?)2  = 


m 


or 


which  is  therefore  the  required  equation. 

190.  The  result  of  the  last  Article  may  be  obtained  in- 
dependently as  follows. 

Let  P  be  any  point  (,v  y)  in  the  hyperbola,  when  referred 
to  its  axes  ;  then  the  equation  to  the  asymptote  (77?,  which 
makes  an  angle  a  with  the  axis  is 

ay  —  bx  =  0,     .      .      .      .      (l) 

and  to  CX,  which  makes  an  angle  IT  -  a  with  the  axis, 
ay  +  bx  =  0,     .     .      .     .     (2) 
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and  the  equation  to  PK,  drawn  parallel  to  CL  is 

y-y'  _*-*_;.  ,. 

~7~ 

b  a 

where  s  =  sin  (TT  -  a)  =  — ,  c  =  cos  (TT  -  a)  = . 

m  m 

From  (I)  and  (3)  we  have 

a  (si  +  y)  -  b  (cl  +  of)  =  0, 

which  gives 

bx'—  ay' 


/or  PK 


as  —  be 

m  (bx  —  ay) 


2«6 

In  the  same  manner,  if  PN  be  parallel  to  CR,  we  have 
m  (bx  -\-ay) 


^PK.PN^V**-?^ 

4,a*b* 


or  xy  =  — , 


since  b^v'2  -  a?yz  = 


191.  To  find  the  equation  to  the  tangent  at  any  point 
(x'y')  when  the  asymptotes  are  the  co-ordinate  axes. 

Let  (a  be  the  angle  between  the  asymptotes,  and  let  the 
equation  to  a  line  cutting  the  hyperbola  in  (a/y)  be  (Art.  27) 


sin  a  sin  (a>  -  a) 

where  s  =  -  -  ,     c 


sin  w  sin 
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then,  substituting  from   this  equation  in  the  equation  to  the 
hyperbola, 

mz 
i       xy  =  —,....     (2) 

we  have 

,'w         a,')-  — 

or  scl*  +  (sx  +  cy)  1=0,        ....     (3) 
since  (x'y'}  is  a  point  on  the  curve,  and  therefore 


Equation  (s]  will  give  us,  by  reasoning  exactly  similar  to 
that  used  in  Arts.  82,  135,  as  a  condition  that  equation  (]) 
should  represent  a  tangent  at  (x y'), 

sx  +  cy  =  0,      ...      .     .      (4) 

and  from  (l)  ^-^  =  -  , 
x-  x      c 

i 

=  -  -,  from  (4) 
x 

whence  yx  +  xy  =  2x'y', 

or  ya  +  xy  =  — - , 
which  is  the  required  equation. 

192.  The  equation  to  the  polar  of  any  point  (x'y),  when 
the  asymptotes  are  co-ordinate  axes,  will  be  readily  found,  as 
in  Art.  148,  to  be 

x'y  +  y'x  so  -       —  . 
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We  can  make  use  of  this  equation  to  shew  on  which  branch 
of  the  hyperbola  the  tangents  fall  that  are  drawn  from  any  ex- 
ternal point  (ay).  The  points  of  contact  are  determined  by 
the  intersection  of  the  line 


ony 


with  the  curve  (Art.  147);  now  the  intercepts  of  this  line  on 
the  asymptotes,  obtained  by  putting  y  =  0  and  then  a?  =  0  in 
the  equation,  are 

o2  +  68  a8  +  b2 


and  it  is  easily  seen  that,  if  the  intercepts  of  any  line  as  PP' 
on  the  asymptotes  have  the  same  / 

sign,  the  line  will  cut  that  branch 
of  the  hyperbola  which  is  within 
the  angle  PCP'  in  two  points  ;  but, 
if  the  intercepts  of  any  line  as  DP 
have  different  signs,  the  line  will  '  ,4^\. 

cut  each  branch  of  the  curve  in  one 

point.  In  the  present  case,  the  signs  of  the  intercepts  will 
depend  upon  the  signs  of  no  and  y  ;  hence,  if  as'  and  y  be  both 
positive  or  both  negative,  that  is,  if  the  point  (x'y)  be  within 
the  angles  PCP'  or  DCD',  the  tangents  will  fall  upon  that 
branch  of  the  curve  which  lies  in  the  same  angle  with  the  point 
(n/y).  If  ®  be  negative  and  y  positive,  or  the  point  a;  y  lie 
in  the  angle  PCZ>,  the  polar  will  lie  as  the  line  P'D',  and  the 
tangents  fall  on  both  branches  of  the  curve  ;  and  similarly,  if 
the  point  lies  in  the  angle  P'CD'  the  polar  will  lie  as  the  line 
PD,  and  the  tangents  fall  upon  both  branches  of  the  curve. 
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EXAMPLES  VIII. 

1.  IF  6  be  the  angle  between  the  tangent  and  the  focal  distance  at 
any  point  of  an  ellipse,  the  distance  of  that  point  from  the  centre 

=  (a2  -  b2  cot2  0)1 

2.  If  CP,  CQ  be  semi-diameters,  at  right  angles  to  each  other, 

1          111 
CPt+  CQ?~  a?  +  b3' 


3.     If  from  the  focus  S  of  an  ellipse  perpendiculars  be  drawn  on 
CP,  CD,  conjugate  diameters,  these  perpendiculars  produced  backwards 
intersect  CD  and  CP  in  the  directrix. 


4.  If  p,  r  and  p\  r'  be  respectively  the  focal  distances  of  two  points, 
P,  Z),  the  extremities  of  a  pair  of  conjugate  diameters  of  an  ellipse,  then 

pr  +  p'r'  =  a2  +  b*. 

5.  If  a  tangent  to  an  hyperbola  at  P  cut  off  CT,  Ct  from  the  axes, 
then,  PT  .  Pt  =  (7Z>2,  CD  being  the  semi-conjugate  diameter. 

6.  In  the  equilateral  hyperbola  the  conjugate  diameters  make  equal 
angles  with  the  asymptotes. 

7-     From  the  extremities  P,  D  of  two  conjugate  diameters,  normals 
are  drawn  to  the  major  axis  of  an  ellipse;  the  sum  of  the  squares  of 

fr2 
these  two  =  -5  (a2  +  62). 

ft 

8.  If  the  tangent  at  the  vertex  A  cut  any  two  conjugate  diameters 
of  an  ellipse  produced  in  T  and  t,  then,  A  T  .  At  =  6*. 

9.  The  diameters  which  bisect  the  lines  joining  the  extremities  of 
the  axes  of  an  ellipse,  are  equal  and  conjugate. 

10.  The  locus  of  the  middle  points  of  chords  of  an  ellipse  which 
pass  through  a  fixed  point  is  a  similar  ellipse,  and  if  the  fixed  point  be 
the  focus,  the  major  axis  of  the  ellipse  is  SC. 

11.  The  tangent  at  any  point  of  an  hyperbola  is  produced  to  meet 
the  asymptotes;  shew  that  the  triangle  cut  off  is  of  constant  area. 

P.  c.  s.  12 
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12.  If,  in  two  concentric  and  similarly  situated  hyperbolas,  two 
points  be  taken,  whose  abscissa?  are  as  their  transverse  axes,  the  locus 
of  the  middle  point  of  the  line  joining  them  is  an  hyperbola,  concentric 
and  similarly  situated,  whose  axes  are  arithmetic  means  between  those 
of  the  given  hyperbolas. 

13.  If  any  two  tangents  be  drawn  to  an  hyperbola,  and  their 
intersections  with  the  asymptotes  be  joined,  the  joining  lines  will  be 
parallel. 

14.  Shew  that  the  locus  of  the  points   of  quadrisection  of  all 
parallel  chords  in  a  circle  is  a  concentric  ellipse. 

15.  CP  and  CD  are  any  conjugate  diameters  of  an  ellipse;  join 
PZ),  draw  CP'  parallel  to  DP,  and  join  PP' ;  then  the  area  of  the 

trapezium  CP'PD  is  to  that  of  the  ellipse  as  1  -f  —j= :  STT. 

16.  If  a  length  PQ  =  CD  be  taken  in  the  normal  to  an  ellipse,  the 
locus  of  the  point  Q  is  a  circle  whose  radius  =  a  -  I  or  a  +  b,  according 
as  Q  is  taken  within  or  without  the  ellipse. 

17-  CP,  CD  are  semi-conjugate  diameters  of  an  ellipse,  and  PF 
is  a  perpendicular  let  fall  from  P  on  CD  or  CD  produced ;  determine 
the  locus  of  F. 

18.  The  chords  joining  the  extremities  of  the  conjugate  diameters 
of  an  ellipse  will  all  touch  in  their  middle  points  an  ellipse  with  axes 
a^/2,  ijz,  parallel  to  those  of  the  original  curve. 

19.  If  a  circle  be  described  from  the  focus  of  an  hyperbola,  with 
radius  equal  to  half  the  conjugate  axis,  it  will  touch  the  asymptotes  in 
the  points  where  they  are  cut  by  the  directrix. 

20.  If  A  and  S  be  the  vertex  and  focus  of  an  hyperbola,  and  the 
tangent  at  the  vertex  and  the  directrix  meet  the  asymptote  in  G  and  /? 
respectively,  then  SG  is  parallel  to  AR. 

21.  The  radius  of  a  circle,  which  touches  an  hyperbola  and  its 
asymptotes,  is  equal  to  that  part  of  the  latus  rectum  produced  which  is 
intercepted  between  the  curve  and  the  asymptote. 
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22.  In  the  hyperbola,  if  the  perpendicular  from  the  focus  meet  the 
asymptote  hi  B,  then  CB  =  CA. 

23.  If  S  and  H  be  the  foci  of  an  cquHfttorftV  hyperbola,  and  a  circle 
be  described  on  SH,  the  tangents  at  the  vertices  will  intersect  the 
asymptotes  in  the  circumference. 

24.  In  an  equilateral  hyperbola,  the  distance  of  any  point  from 
the  centre  is  a  geometric  mean  between  its  distances  from  the  foci. 

25.  In  the  equilateral  hyperbola,  CP  equals  the  length  of  the 
normal  at  P. 

26.  If  the  tangents  at  the  extremities  of  any  diameter  DZ>'  of  an 
ellipse  be  intersected  by  the  tangent  at  any  other  point  in  T,  T\  then 
DT.DT=CP\ 

27-     To  find  the  locus  of  the  intersection  of  tangents  to  an  ellipse, 
which  are  parallel  to  conjugate  diameters. 

28.  Find  the  equation  to  the  locus  of  the  middle  points  of  all 
chords  of  a  given  length,  in  an  ellipse. 

29.  If  two  concentric  equilateral  hyperbolas  be  described,  the  axes 
of  the  one  being  the  asymptotes  of  the  other,  they  will  intersect  at  right 
angles. 

30.  If  P  be  the  middle  point  of  a  line  AB,  which  is  so  drawn  as 
to  cut  off  a  constant  area  from  the  corner  of  a  square,  its  locus  i.s  an 
equilateral  hyperbola. 

31.  If  S  and  H  be  the  foci  of  an  equilateral  hyperbola,  and  a  circle 
be  described  upon  SH,  then  the  quadrantal  chord  of  this  circle  shall  be 
a  tangent  to  that  described  upon  the  transverse  axis. 

32.  If  from  a  point  in  an  equilateral  hyperbola  lines  be  drawn  to 
the  extremities  of  a  diameter,  these  lines  will  make  equal  angles  with 
the  asymptotes. 

33.  If  A  A'  be  any  diameter  of  a  circle,  PQ  any  ordinate  to  it, 
then  the  locus  of  the  intersections  of  AP,  A'Q  is  an  equilateral  hyper- 
bola. 

12—2 
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34.  In  an  equilateral  hyperbola,  focal  chords  parallel  to  conjugate 
diameters  are  equal. 

35.  If  a  series  of  lines  have  their  extremities  in  two  straight  lines 
at  right  angles  to  one  another,  and  all  pass  through  a  given  point,  the 
locus  of  their  middle  points  is  an  equilateral  hyperbola. 

36.  PQ  is  an  ordinate  to  the  axis  major  A  A'  of  an  ellipse,  meeting 
the  curve  in  P  and  Q;  draw  AP,  A'Q  intersecting  in  R;  the  locus  of 
R  is  an  hyperbola  with  the  same  centre  and  axes. 

37.  If  tangents  be  drawn,  making  a  given  angle  with  the  axes  of 
all  ellipses  having  the  same  foci,  the  locus  of  the  point  of  contact  is  an 
equilateral  hyperbola. 

38.  If  normals  be  drawn  to  an  ellipse  from  a  given  point  within 
it,  the  points  where  they  meet  the  curve  will  all  lie  in  an  equilateral 
hyperbola  which  passes  through  the  given  point,  and  has  its  asymptotes 
parallel  to  the  axes  of  the  ellipse. 

39.  Find  the  locus  of  the  middle  points  of  chords  in  a  circle  which 
touch  a  concentric  ellipse. 

40.  If  normals  be  drawn  from  the  extremities  of  conjugate  diame- 
ters to  an  hyperbola,  and  the  point  of  their  intersection  be  joined  to  the 
centre,  this  line  produced  shall  be  perpendicular  to  the  line  passing 
through  the  extremities  of  the  conjugate  diameters. 

41.  Given  in  position,  a  right  line  AB  and  a  point  P  outside  it; 
a  right  line  PM  is  drawn,  intersecting  A B  in  (7,  from  the  extremity  M 
of  which  a  perpendicular  MD  on  AB  intercepts  CD  of  a  given  magni- 
tude ;  find  the  locus  of  M. 

42.  The  locus  of  the  centres  of  all  circles,  which  cut  off  from  the 
directions  of  two  sides  of  a  triangle  chords  equal  to  two  given  straight 
lines,  is  an  equilateral  hyperbola,  having  two  conjugate  diameters  in  the 
directions  of  these  sides. 

43.  A  straight  line  passes  through  a  given  point  and  is  terminated 
in  the  sides  of  a  given  angle ;  find  the  locus  of  the  point  which  divides 
it  in  a  given  ratio. 
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44.  From  a  point  P  perpendiculars  are  dropped  upon  the  sides  of 
a  given  angle,  so  as  to  contain  a  quadrilateral  of  given  area ;  shew  that 
the  locus  of  P  is  an  hyperbola  whose  centre  is  the  vertex  of  the  given 
angle. 

45.  Given  the  base  of  a  triangle  and  the  difference  of  the  tangents 
of  the  base  angles ;  shew  that  the  locus  of  the  vertex  is  an  hyperbola,  of 
which  the  perpendicular  through  the  centre  of  the  base  is  an  asymptote. 

46.  If  about  the    exterior   focus   of  an  hyperbola,  a  circle   be 
described  with  radius  equal  to  the  semi-conjugate  axis,  and  tangents  be 
drawn  to  it  from  any  point  in  the  hyperbola,  the  line  joining  the  points 
of  contact  will  touch  the  circle  described  on  the  transverse  axis  as  dia- 
meter. 

47.  If  from  the  centre  of  an  equilateral  hyperbola  a  line  be  drawn 
through  any  point  P,  and  if  </>  and  <j>'  be  the  angles  which  this  line  and 
the  polar  of  P  respectively  make  with  the  transverse  axis,  then 

tan  ^  .  tan  <p'  =  1 . 

48.  Find  the  locus  of  the  middle  points  of  a  system  of  parallel 
chords  drawn  between  an  hyperbola  and  the  conjugate  hyperbola. 


SECTION  X. 

The  Parabola. 

193.  WE  saw  (Art.  116)  that  there  is  one  pair  of  rectan- 
gular axes,  to  which  when  the  parabola  is  referred,  its  equation 
may  be  written  in  the  simple  form 


0,  or  the  origin  is  a 


and  we  shall  now  proceed  to  determine  its  form  and  principal 
properties  from  this  equation. 

Since  y  =  =t  \/ Lx,  when  x  =  0,  y  =  ^ 
point  in  the  curve,  and  the  line  (a>  =  0) 
meets  the  curve  in  two  coincident  points, 
that  is  to  say,  the  axis  of  y  is  a  tangent 
to  the  curve.  No  part  of  the  curve  can 
lie  on  the  left  side  of  the  origin,  for 
negative  values  of  x  would  render  y  ima- 
ginary. It  must  be  symmetrical  with  re- 
gard to  the  axis  of  x,  since  every  value  of  x  gives  two  equal 
values  of  y  with  opposite  signs  ;  also  as  x  increases  indefinitely 
in  a  positive  direction,  y  increases  indefinitely  in  both  positive 
and  negative  directions  ;  hence,  the  form  of  the  curve  is  that 
of  the  figure  :  the  point  A  is  the  vertex,  and  Ax  the  axis  of 
the  parabola. 

If  the  equation  be 

y2  =  —  Lx, 

no  positive  values  of  x  will  give  real  values  for  y,  but  x  may 
have  any  negative  value;  hence,  in  this  case,  no  part  of  the 
curve  lies  on  the  right  of  the  origin,  and,  by  exactly  the  same 


FIGURE  OF  THE  CURVE.  183 

reasoning  as  before,  the  curve  may  be  seen  to  correspond  to 
the  dotted  line  in  the  figure.  It  may  be  proved  to  be  concave 
to  the  axis  of  x  by  the  method  of  Art.  142,  but  this  is  suffi- 
ciently evident  from  Art.  196. 

194.  The    parabola,    like    the    hyperbola,    has    infinite 
branches,  with  this  important  difference  in  their  nature.      The 
tangent  to  the  hyperbola,  and  consequently  the  direction  of 
the  branch,  tends  ultimately  to  coincide  with  a  line  making  a 
finite  angle  with  the  axis  of  x,  viz.  the  asymptote ;   while  the 
tangent  to  the  parabola,  as  will  be  shewn  hereafter  (Art.  199, 
200),    tends    ultimately   to  become  parallel  to  that  axis  and 
infinitely  distant  from  it. 

195.  We  see  then  that  the  parabola  is,  as  it  was  defined 
(Art.  101),  a  curve  limited  in  one  direction,  and  unlimited  in 
the  opposite  direction.      We  saw  also  (Art.  109),  that  the  pa- 
rabola might  be  considered  as  a  central  curve,  with  its  centre 
removed   to  an  infinite  distance.      We  may  therefore  regard 
the  parabola  as  an  elongated  ellipse ;   and  as  this  analogy  is 
very   useful  in  enabling  us  to  foresee  the    properties  of    the 
curve,  we  shall  prove  the  following  proposition. 

196.  If  we  suppose  the  distance  between  one  vertex  and 
focus  of  an  ellipse  to  be  given,  while  the  axis  major  increases 
without  limit,  the  curve  will  ultimately  become  a  parabola. 

The  equation  to  the  ellipse,  when  the  vertex  A'  is  origin, 
is,  (Art.  126),  ^ 

yz  =  —  (2  ax  -  <3?s), 

up 

and,  in  order  to  find  out  what  this  equa- 
tion becomes  under  the  proposed  circum- 
stances, it  will  be  necessary  to  express 
6  in  terms  of  a  and  the  distance  (d)  A'S 
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between  the  vertex  and  focus  which  is  supposed  to  remain 
finite.      Now, 

A'S  +  SC  =  a, 

or  d  +  \/  a?  -  b~  =  a, 
whence  63  =  2  ad  -  d' ; 
and  the  equation  becomes 


(          d'\     f          ^\ 
or  y2  =  (2d  --     .    2#  ---    . 

V  a]     \  a) 

or,  when  a  =  co  > 

y1  =  4  dot, 
which  is  the  equation  to  a  parabola. 


b*  - 

Since  —  =  -       -  ,  and  therefore  vanishes  when  a  is  m- 
aa  a~ 

»  2 

finite,  we  have  e*  =  1  —  —  =  1,  when  a  =  GO  ;  hence,  the  para- 
ar 

bola  may  be  considered  as  an  ellipse  whose  eccentricity  =  1. 
The  same  property  may  be  proved  in  the  same  manner  for 
the  hyperbola:  in  that  case,  62  =  2ad  +  d*,  which  value  must 
be  substituted  in  the  equation 

b2 

w2  =  —  (2ax  +  #2). 
a? 


197-     We  shall,  for  the  future,  use  the  equation  to  the 
parabola,  in  the  form 

yz  =  4  dot, 

derived  from  its  analogy  with  the  ellipse,  and  we  shall  call  that 
point  on  the  axis  of  a?,  at  a  distance  =  d  from  the  vertex,  which 
was  the  focus  of  the  ellipse,  the  focus  of  the  parabola. 
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198.      To  find  the  equation  to  a  straight  line  touching 
the  parabola  in  the  point  (x'y'). 

We  shall  proceed  exactly  as  in  the  case  of  the  circle  and 
ellipse,  and  shall  simply  point  out  the  steps  in  the  proof. 

Let  the  equation  to  a  line  cutting  the  curve  in  (x'y),  be 

»Z*_^_,,..  ..(i) 

s  c 

then,  for  the  distances  of  (x'y)  from  the  points  of  section  of 
the  line  and  the  parabola  (y2  =  4<&p),  we  have 

(sl  +  yj  =  4,d(cl  +  x'), 
or  s'l*  +  2(sy'  -  2dc)  I  =  0  .............  (2) 

Since  7/'2  =  4dx'. 
Equation  (2)  gives  us 

/=  0, 
as  it  should,  and 

szl  +  2(sy  -  2<fc)  =  0. 

If  the  line  (l)  be  a  tangent  at  (x'y\  I  vanishes,  and  we 
have 

sy  -2dc  =  0. 

Eliminating  s  and  c  by  this  equation  and  equation  (1),  we 
have 

(y  -  y")  y  =  %d  (*  -  *')  ; 

or  yy   —  2  dx  —  2  dx  +  y'z, 
or,  since  y'z  =  4cfo?',  we  have 


for  the  equation  to  the  tangent  at  (-vy). 

If  m  be  the  trigonometrical  tangent  of  the  angle  which  the 
tangent  at  (x'y'}  makes  with  the  axis  of  a?,  we  have 


m  =  -  =  —  -t 
c       y 
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199.  If  a  be  the  angle  which  the  tangent  makes  with  the 
axis  of  x,  we  have 

2d 

tan  a  —  —  ?  . 

y 

When  y  =  0,  tan  a  =  co  ,  or  the  tangent  at  the  vertex  is  per- 
pendicular to  the  axis,  as  we  saw  in  Art.  193.  Also  as  y 
increases  from  0  to  co  ,  tan  a  decreases  from  co  to  0,  or  the 
tangent  tends  continually  to  become  parallel  to  the  axis. 

200.  If  we  make  y  =  0  in  the  equation  to  the  tangent, 
we  have  x  =  -  x'  or  AT  =  AM. 

Hence,  the  subtangent  MT  =  2,v, 
and  is  bisected  at  the  vertex. 

Also,  writing  as  =  0  in  the  equa- 
tion to  the  tangent,  we  have,  for 
the  intercept  AY, 


9 


'T    Jl 


JOT 


y       2 

hence,  when  x'  and  y  become  infinite,  the  intercepts  of  the 
tangent  at  (tvy)  on  the  axes  become  infinite,  or  the  parabola 
has  no  asymptotes,  since  an  asymptote  is  the  limiting  position 
of  the  tangent,  when  the  point  of  contact  is  removed  to  an 
infinite  distance. 

The  property  AT  =  AM  enables  us  to  draw  a  tangent  to 
a  parabola  at  a  given  point  in  the  curve  ;  for,  supposing  AM 
given,  we  have  only  to  take  AT  =  AM  and  join  TP,  which 
will  be  the  tangent  at  P. 

201.  To  find  the  equation  to  the  tangent  in  terms  of  its 
inclination  to  the  axis. 

Proceeding  as  in  Art.  198,  we  have  for  the  equation  to  the 
tangent 


X  —  X 


.(1) 
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with  the  condition, 

sy  -  2dc  =  0,  .....................  (2) 

where  we  must  now  eliminate  x  and  y  instead  of  s  and  c. 

From  (2)  and  the  equation 

y'9  =  4  da?', 
we  have 

,      2dc  ,      dcz 

»—  7?         "-*' 

and  from  (l) 

cy  —  son  =  cy  —  sxf, 

_dcz 

*  •     C  ij  *~  o  (V  —  —  j 

s 

the  equation  required. 

If  m  be  the  tangent  of  the  angle  made  by  (l)   with  the 

o 

axis  of  #,  m  =  -  ,  and  the  equation  becomes 
c 

d 

y  =  mx  +  —  . 
m 

This  equation  may  be  obtained  directly,  without  introducing 
the  point  (x'y'},  as  in  the  case  of  the  circle,  (Art.  86). 

202.      To   determine   the   tangents  to  a  parabola   which 
pass  through  a  given  point  (x'y'). 

The  equation  to  the  tangent  is 

d 

y  =  mx  +  —  ,     .....      (1) 
m 

and,  since  it  passes  through  (.?/?/')>  we  have 
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y        d 

or  m2 ,  m  +  —  =  0 ;        .      .      (2) 

x  x 

which  equation  gives  two  values  of  m,  and  therefore  shews 
that,  in  general,  two  tangents  may  be  drawn  to  the  curve 
through  a  given  point. 

If  m,  m  be  the  two  roots  of  the  equation,  the  equations  to 
the  two  tangents  will  be 

d  ,         d 

y  =  mx  -\ —  ,          y  =  mx  +  — ; . 
m  m 

203.     To  determine  the  locus  of  the  intersection  of  two 
tangents  at  right  angles  to  one  another. 

If  in  the  last  Article  the  two  tangents  are  at  right  angles, 

mm'  =  —  1. 

Hence,  from  (2),  since  mm  is  the  product  of  the  roots, 
d 


x 


mm'  =  —  1, 


or  x  =  —  d  is  the  equation  required,  which  represents  a  line 
perpendicular  to  the  axis  of  #,  at  a  distance  =  d  on  the  negative 
side  of  the  origin.  It  will  be  seen  hereafter  (Art.  209)  that 
this  is  the  directrix  of  the  parabola. 

204.  It  will  be  remembered  that  the  equation  to  the 
same  locus  in  the  case  of  the  ellipse  (Art.  143),  was  found  to 
be  a  circle  whose  equation  is 

a?2  +  2/2  =  a2  +  &2,    .     .     .     .      (l) 

and  we  shall  now  shew  that,  when  the  ellipse  passes  into  a 
parabola,  this  circle  becomes  the  directrix.  For  transferring 
the  origin  in  (l)  to  A',  by  writing  x  —  a  for  ,r,  we  have 

2/2-^  =  0;    •      •     .     (2) 
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but  if  A'S  =  <Z,  J2  =  2  ad  -  <P  (Art.  196),  and  (2)  becomes 
or  -2ax  +  y°  -2ad  +  d*  =  0.     .     .     (3) 


Dividing  (3)  by  a  and  then  making  a  infinite,  we  obtain 
the  equation 

x  =  —  d, 

the  equation  (Art.  209)  to  the  directrix  of  the  parabola. 

205.      To  find  the  equation  to  the  normal  to  a  parabola 
at  any  point  (x'y'). 

Since  the  normal  passes  through  (x'y'),  its  equation  is 

y  -  y'  =  m  (x  -  a?'), 

and,  since  it  is  perpendicular  to  the  line 

,_%d 

y-y  ==^-(* 

we  have  m  = ,  and  the  equation  is  therefore 

2d 

1    -  7  '  =   -  2-  (X  -  V) 

Putting  y  =  0  in  this  equation,  we  have,  (fig.  Art.  200),  for 
the  intercept  of  the  normal  on  the  axis  of  a?, 

x  =  2d  +  a/,  or  AG  =  2d  +  AM. 
Also  MG  =  AG  -  AM,  or  the  subnormal  =  2d. 

206.  To  find  the  equation  to  the  chord  joining  the  points 
of  contact  of  two  tangents  drawn  from  any  point  (x'y'). 

The  reasoning  is  precisely  similar  to  that  used  in  Arts.  89, 
147  ;  for,  if  (x'y")  be  one  of  the  points  of  contact,  the  equation 
to  one  tangent  is 

yy"  =  2d  (a?  +  .-»"), 
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and,  since  it  passes  through  (x'y),  we  have 

i  a      _  j  t  i        a  \ 
yy   =  2d(x  +  at  )  ; 

hence,  (a>"y")  is  a  point  on  the  line  represented  by 
y'y  =  2d(x'  +  x)  ; 

and,  for  the  same  reason,  the  other  point  of  contact  is  a  point 
on  this  line,  hence, 

yy'  =  2d  (x  +  x) 

is  the  equation  to  the  chord  joining  the  points  of  contact. 

Hence,  to  draw  tangents  to  the  curve  from  any  point  (xy), 
we  have  the  two  equations 

yy  =  2d  (a  +  «T'),          y2  =  4dx, 

to  determine  the  co-ordinates  of  the  points  of  contact.  These 
equations  will  generally  give  two  points  corresponding  to  the 
points  of  intersection  of  the  line  and  curve. 

207.  To  find  the  equation  to  the  polar  of  any  point 

(i  f. 
xy). 

208.  If  any  point  (x"y")  be  taken  on  the  polar  of  (x'y'), 
the  polar  of  (x"y")  must  pass  through  the  point  (x'y'). 

We  leave  these  two  problems  for  the  student  to  work  out, 
as  the  reasoning  in  no  way  differs  from  that  used  in  the  cases 
of  the  circle  and  central  curves,  (Arts.  90,  93,  148,  150). 

The  equation  to  the  polar  of  (x'y)  will  be  found  to  be 
yy  =  2d(,r  +  X1), 

and  we  may  remark  of  this  equation,  as  in  the  case  of  the  curves 
that  we  have  before  considered,  that  it  represents 
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(i)  the  locus  of  the  intersection  of  tangents,  drawn  at  the 
extremities  of  chords  which  pass  through  (#V),  whatever  be 
the  position  of  that  point  ; 

(ii)  the  chord  joining  the  points  of  contact  of  a  pair  of 
tangents,  drawn  to  the  curve  from  (o/y),  if  (xy)  be  without 
the  curve  ; 

(iii)  the  tangent  at  (xy),  ^  tne  P°int  (dy)  be  on  the 
curve. 

209.  If  y  =  0,  the  equation  to  the  polar  becomes 

a?  +  x'  =  0, 

which  shews  us  that  the  polar  of  any  point  on  the  axis  of  x  is 
parallel  to  the  axis  of  y. 

The  polar  of  the  focus,  whose  co-ordinates  are  (Art.  197) 
x  —  d,  y  —  0,  will  have  for  its  equation 

x  +  d  =  0, 

a  straight  line  perpendicular  to  the  axis  of  the  parabola,  lying  to 
the  left  of  the  vertex,  and  at  a  distance  from  it  =  d.  The  polar 
of  the  focus  is  called  the  directrix  of  the  parabola. 

210.  To  find  the  distance  of  any  point  in  the  parabola 
from  the  focus. 

Since  the  co-ordinates  of  the  focus  (S)  are  ,v  =  rf,  y  =  0,  the 
square  of  the  distance  of  any  point  P  (xy)  from  it  (Art.  6) 

(/  7\q  '•} 

x  -d)~  +  y2; 

but,  if  (jx'y)  be  a  point  on  the  curve, 


hence,  SP2  =  (#'  -  d)3  +  4rfa?'  =  (d  +  x')\ 
or  SP  =  d  +  x. 
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211.  The  distance  from  the  directrix  of  any  point  in 
the   parabola   is  equal  to  its   distance 

from  the  focus. 

The    equation    to    the  directrix  is, 
(Art.  209), 

ic  +  d  =  0,  .........  (1) 

and  if  a  perpendicular  be  dropped,  from 
any  point  P  (x'y)  in  the  curve,  upon 
(1),  we  have  (Art.  43) 

PN  =  x  +  d  =  SP. 

This  property  is  analogous  to  that  proved  for  central  curves 
(Art.  155),  since  we  shewed  (Art.  196)  that  the  parabola 
might  be  regarded  as  an  ellipse,  whose  eccentricity  (e)  —  1. 

212.  The  property  proved  in  the  last  Article  will  enable 
us   to   describe    a    parabola    mechanically,   by 

means  of  a  ruler  and  cord.  For  let  a  ruler 
RNK)  right-angled  at  N,  slide  along  a  line 
LX,  and  let  a  cord  whose  length  is  =  NR  be 
fastened  at  R,  and  a  point  S;  and  while  NIC 
slides  along  LX,  let  a  pencil  P  be  moved  so 
as  to  keep  a  portion  of  the  string  stretched 
against  RN',  then  P  will  trace  out  a  parabola, 
for  the  distance  PN  will  be  always  equal  to  SP. 
LX  will  be  the  directrix  and  S  the  focus. 

213.  The    double    ordinate   through   the  focus  may  be 
found  by  putting  to  =  d  in  the  equation  y~  =  4>dx  ;   then 


7/2  = 


or  y  =  ±  <2d  ; 


hence,  the  double  ordinate   =  4>d.      This  quantity,  as  in  the 
case  of  the  ellipse,  is  called  the  Latus  Rectum  of  the  curve. 
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The  latus  rectum  of  the  ellipse  or  hyperbola 

2 


=  -  -  (Art.  156) 
a 


(by  Art.  196), 


when  a  becomes  infinite,  or  the  curve  passes  into  a  parabola. 

214.  The  tangent  and  the  normal  at  any  point  make 
equal  angles  with  the  focal  distance  of  the  point  and  the  line 
drawn  through  it  parallel  to  the  axis. 

Draw  PX  parallel  to  Ax ;  then  the  equation  to  SP,  since 
it  passes  through  (>v'y'),  (d,  0)  is 

»- TTj  («-<*).    •    •    •    (0 

and  to  PX,  y  -  y   =  0  ;    .      .      .      (2) 

hence,  the  equation  to  PG,  the  bisector 
of  the  angle  between  (l)  and  (2),  is 

<,,.,, — ;^n-m-Cy-y');  00 


making  y  =  0  in  (3),  we  have,  since  (Art.  210) 
2/2  +  (gf  _  d)"  =  (at1  +  df, 

AG  =  at  =  2d  +  a?'; 

hence,  (Art.  205)  PG  is  the  normal  at  P.     Hence  also  it  may 
be  seen,  that  SP  =  ST  =  SG. 

It  will  be  seen  that  this  is  a  modification  of  the  property 
proved  for  the  ellipse  (Art.  158) ;  for  we  may  suppose  the  line 
PX  to  be  in  the  direction  of  another  focus  H,  at  an  infinite 
distance,  and  the  angles  tPX  and  SPT  correspond  to  the 
angles  which  the  tangent  makes  with  the  two  focal  distances 
in  the  ellipse. 

215.  To  find  the  polar  equation  to  the  parabola,  the 
focus  being  the  pole. 

p.  c.  s.  13 
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Let  SP  =  |0,  angle  PSM  =  9 ;   then  (Art.  210) 
p  =  d  +  x'  =  d  +  AM  =  2d  +  SM  =  2d  +  p  cos  0, 

2d 

or  p  =  —         — -  , 
1  —  cos  6 

is  the  polar  equation  required. 

The  polar  equation  to  the  ellipse  may  easily  be  reduced 
to  this  form  by  the  method  of  Art.  196. 

216.  To  Jlnd  the  locus  of  the  extremities  of  perpen- 
diculars dropped  from  the  focus  on  the  tangent. 

The  equation  to  the  tangent  in  terms  of  its  inclination  to 
the  axis,  is  (Art.  201) 

d 

y  —  mx  +  — ; 
m 

hence,  the  equation  to  a  line  SY,  drawn 
through  the  focus  (d,  0),  and  perpendicular 
to  this  tangent,  is 

1 
m 

If  we  combine  these  equations  in  any  way,  the  variables 
in  the  result  will  represent  the  co-ordinates  of  Y.  Our  object 
is  to  eliminate  m,  which  quantity  particularizes  the  tangent ; 
hence,  subtracting,  we  have 


T    A 


m  +  — 
m 


x  =  0, 


and,  therefore,  x  =  0  is  the  equation  to  the  required  locus, 
which  evidently  represents  the  axis  of  y,  or  the  tangent  at  the 
vertex.  This  equation  may  be  obtained  from  the  correspond- 
ing equation  for  central  conies,  as  in  Article  196. 

217.      To  Jlnd  the  length  of  the  perpendicular  from  the 
focus  on  the  tangent. 
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If  SY  =  p  (fig.  Art.  216),  since  the  perpendicular  is  drawn 
from  S(d,  0)  on  the  line 

yy  -2d(x  +  x'}  =  o, 
and  we  do  not  pass  over  the  line  to  reach  the  origin,  we  have 

-  2d2  -  zdaf 

P  =  --  y—          -  ,  (Art.  43). 
' 


But  y*  +  44*  =  Ida;  +  4d~  =  4d(d  +  x\ 
Hence,        p  =  ^/d  (d  +  «'), 

or  p*  =  dp,  if  p  =  SP. 
If  angle  YS\v  =  a,  we  have 

SY  =  ST  sin  STY, 
or  P  =  -  p  cos  a  (Art.  214)  ; 

hence,  substituting  for  /,,  we  have  p  =  -—  ,  and  the  equa- 

COSO 

tion  to  the  tangent,  when  the  focus  is  origin,  may  be  written 
in  the  form  of  Art.  20, 

d 

x  cos  a  -f  y  sin  a  H  --  =  0. 
cos  a 

218.  Any  focal  chord  is  perpendicular  to  the  line  join- 
ing its  pole  with  the  focus. 

By  definition,  the  directrix  is  the  polar  of  the  focus,  and, 
therefore,  by  Art.  208,  the  polar  of  any  point  in  the  directrix 
will  pass  through  the  focus.  Hence,  we  may  assume  the  pole 
of  any  focal  chord  to  be  a  point  (-  d,  y)  in  the  directrix,  and 
the  equation  to  the  chord  is  (Art.  20?) 

yy'  =  2d  (x  -d),    .     .    .    .     (i) 

and  the  equation  to  a  perpendicular   to  this  line,  through   the 
focus  (d,  0),  is 


13—2 
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and  when  a,  =  -  d  in  (2),  y  =  y\  or  the  line  represented  by  (2) 
passes  through  the  point  (-  d,  y'},  which  is  the  pole  of  the 
chord  ;  hence  the  truth  of  the  proposition. 

219.  To  shew  that  the  locus  of  a  point  (P),  whose  dis- 
tance from  a  given  point  (S)  is  equal  to  its  distance  (PK) 
from  a  given  straight  line  (KX),  is  a  parabola. 

This  is  the  converse  of  what  was  proved  Art.  211,  where  it 
was  shewn  that  the  distance  of  any  point  in  the  parabola  from 
the  focus  is  equal  to  its  distance  from  the  directrix. 

Draw  S.^  perpendicular  to  KX,  and  make  SA  =  AX  (=  d), 
then  A  is  a  point  in  the  locus ;  take 
the  indefinite  straight  lines  Ax  and  Ay 
as  rectangular  axes,  and  let  AM  (=  <#) 
and  MP  (=  y)  be  the  co-ordinates  of 
the  point  P;  then 

SP*  =  PK\ 
or  SM2  +  MP2  =  (AM+  AX)2', 

hence  (x  -  d)2  +  yz  =  (a  +  d)2, 

or  y*  =*  4d#, 

which  is  the  equation  to  a  parabola  of  which  KX  is  the  directrix, 
A  the  vertex,  Ax  the  axis,  and  S  the  focus. 
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220.  We  saw  (Art.  116)  that  there  is  only  one  system  of 
rectangular  axes  which  will  give  the  equation  to  the  parabola 
under  the  form  yz=  Lx,  also  that,  in  this  case,  the  axis  of  at  is  a 
diameter,  for  it  bisects  all  chords  parallel  to  the  axis  of  y, 
and  the  axis  of  y  is  a  tangent  (Art.  193)  at  the  extremity  of 
that  diameter.  We  shall  now  consider  the  other  diameters  of 
the  parabola  and  shew  what  the  equation  becomes  when  it  is 
referred  to  any  one  of  them  and  the  tangent  at  its  vertex. 
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221.      To  find  the  locus  of  the  middle  points  of  any  system 
of  parallel  chords. 

We  shall  proceed  as  in  the  case  of  central  curves.    Let  QQ' 
he  one  of  the  chords,  M  (x'y)  its 
middle  point,  and  let  the  equation    y 
to  QQ'  be 


y  -y 


-or 


L 


*  c 

Then  for  the  distance  (/)  from  (<v'y') 
of  the  points  of  section  of  the  chord 
and  parabola  (y"  =  4>dx),  we  have 

(si  +  y'y*  -  4  d  (cl  +  .r')  =  0, 

the  roots  of  which  equation  (J/Q,  MQ')  are  equal  and  of 
opposite  signs  ;  hence  (Appendix)  the  coefficient  of  I  =  0, 

or  sy  —  2  dc  =  0, 

and  since  s  and  c  are  the  same  for  all  the  chords,  this  relation 
holds  for  the  ordinates  of  all  the  middle  points,  or  the  locus 
required  is 

sy  -  2  dc  =  0, 

which  represents  a  straight  line  (PX)  parallel  to  Ax. 

If  m  be  the  tangent  of  the  angle  that  the  chords  make 

• 

with  the  axis,  m  =  -  ,  and  the  equation  becomes 
c 


y  =  ^- 

COR.      It  is  evident,  as  in  central  curves,  that  the  tangent 
at  P,  the  extremity  of  PX,  is  parallel  to  the  chords ;  for  the 

ordinate  y  of  P  =  —  ,  and  the  equation  to  the  tangent  is 


198  THE   PARABOLA. 

yij  =  2d  (#  +  #'), 
or     y  =  m  (aa  +  a?'), 
which  is  the  equation  to  a  line  parallel  to  the  chords. 

222.  As  in  central  curves,  the  line  which  bisects  any 
system  of  parallel  chords  is  called  a  diameter  of  the  parabola, 
and  the  chords  are  called  the  ordinates  of  the  diameter.  We 
have  seen  above,  that,  if  the  equation  to  one  of  the  chords  be 

y  =  mx  +  c, 
the  equation  to  the  corresponding  diameter  is 


Hence,  all  diameters  of  a  parabola  are  parallel  to  the 
axis,  and  conversely,  all  straight  lines  parallel  to  the  axis  may 
be  considered  as  diameters,  for  by  giving  a  suitable  value  to  m 

2d 
in  the  equation  y  =  —  ,  y  may  receive  any  value  we  please. 

223.  The  polar  of  any  point  in  a  diameter  is  parallel 
to  the  ordinates  of  that  diameter. 

We  saw  (Art.  209),  that  this  is  true  when  the  diameter  is 

2d 
the  axis  of  the  parabola  ;   let  y  =  —  be  the  equation  to  any 

diameter,  then  (Art.  207),  the  equation  to  the  polar  of  any 
point  (os'y)  in  it  is 

yy  =  2d  (x  +£•'), 

C2d 

and  since  y  =  —  ,  this  equation  becomes 
m 

y  =  m  (x  +  #'), 
which  is  the  equation  to  a  line  parallel  to  the  chords  which  the 
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diameter  in  question  bisects.    If  the  point  (x'y)  be  the  extremity 
A'  of  the  diameter  (fig.  Art.  225),  the  equation 
yy  =  2d  (x  +  x) 

represents  the  tangent  at  A ';  hence,  the  tangent  at  the  ex- 
tremity of  any  diameter  is  parallel  to  the  ordinates  of  that 
diameter,  as  we  saw  in  Art.  221. 

224.  Since  all  diameters  of  a  parabola  are  parallel,  it 
cannot  have  conjugate  diameters :  it  has,  however,  properties 
which  correspond  to  conjugate  diameters  in  central  curves,  and 
which  may  be  foreseen  by  regarding  the  parabola  as  deduced 
from  the  ellipse  by  the  method  of  Art.  196. 

If  we  refer  the  ellipse  to  any  diameter  and  the  tangent 
at  its  vertex,  as  axes,  the  equation  will  be 

r/2=^  (2  «'*-<),      ...      (1) 

which  results  from  writing  x  —  a  for  x  in  the  equation  to  the 
ellipse  referred  to  any  two  conjugate  diameters  2 a'  and  25'. 
Now  this  equation  is  of  the  same  form  as  the  equation  to  the 
ellipse  when  the  vertex  is  origin,  the  major  axis  the  axis  of  x, 
and  a  tangent  at  the  vertex  the  axis  of  y.  Hence,  regarding 
the  parabola  as  an  elongated  ellipse,  we  may  conceive  (fig.  Art. 
225),  that  any  diameter  A X  has  a  conjugate  at  an  infinite 
distance,  parallel  to  the  tangent  A'Y,  and  we  foresee  that  the 
equation  to  the  parabola,  when  referred  to  A'X,  .4' Fas  axes, 
will  be  in  the  same  form  (y~  =  Lx)  as  when  it  referred  to  the 
axis  of  the  curve  and  the  tangent  at  its  vertex  as  axes. 

For  suppose  fig.  Art.  225  to  represent  part  of  an  ellipse, 
A'  the  extremity  of  a  diameter  and  the  origin  in  equation  (1), 
and  suppose  that  A'X  meets  Ax  in  the  centre  C,  and  there  is 
a  diameter  CD  (=  J')  conjugate  to  CA'  (=  a');  let  SA'  =  d' ; 
then  (Arts.  177,  152),  we  have 

SA'.  HA'  =  CD3,  or  d'  (2 a  -  d')  =  I"2; 
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hence  equation  (l)  may  be  written 


Now,  when  the  centre  is  removed  to  an  infinite  distance, 
both  a  and  a'  become  infinite;  also  a  :  a  ::  sin  CA'A  :  sin  CAA', 
which  is  a  ratio  of  equality  when  A'C  becomes  parallel  to  Ax, 
as  it  does  when  their  point  of  intersection  (C)  becomes  infinitely 
distant  ;  hence  in  this  case  equation  (l)  becomes 


We  shall,  in  the  next  Article,  prove  this  property  inde- 
pendently. 

225.      If  we  transfer  the  origin  to  the  extremity  A'(x'y') 
of  one  of  these  diameters,  we  have, 
writing  x  +  ac'  for  an  and  y  +  y'  for  y 
in  the  equation  y2  =  4>dx, 


(l) 


or  yz  +  Qy'y  =  4>dx, 


since  y'2  =  4>dx'.  If  we  now  pre- 
serve the  axis  of  x,  and  take  a  new 
axis  of  y,  (A'Y}  inclined  at  an  angle 
9  to  the  axis  of  «r,  then 

theoldy  =  PJV=  PJf  '  sin  0, 
the  old  x  =  A'N=  A'M'  +  /W'cos0, 

A'M'  and  PM'  being  the  new  co-ordinates  of  the  point  P,  when 
A'X,  A'Y  are  axes.  Hence,  writing  y  sin  6  fory  and  x+y  cos0 
for  x  in  (1),  the  equation  becomes 

2/2sin20  +  2y'y  sin  9  =  4>d  (x  +  y  cos  60, 
or  y"  sin20  +  y(<2y'sin  Q  -  4>d  cos  0)  =  4,dx.     ...     (2) 

Now,  in  order  that  (2)  may  reduce  to  the  form  y'*  -  Lx, 
we  must  have 

Zy'  sin  Q  —  4-d  cos  0  =  0, 


or  tan  0  =  —  ; 

y 
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but  this  is  the  tangent  of  the  angle  which  the  tangent  at 
A'(ae'y')  makes  with  the  axis  of  x  ;  hence  when  we  use  a 
diameter  and  the  tangent  at  its  vertex  as  co-ordinate  axes,  the 
equation  to  the  parabola  will  be 


where  6  is  the  inclination  of  the  axes. 

d 

But  -      -  =  d  cosec2  9  =  d  (l  +  cot2  9) 
- 


(         v\  t        x 

=  d    1+7^     =d  (l+-j 
\        4,d*J  \         d 


and  the  equation  to  the  parabola  referred  to  any  diameter,  and 
the  tangent  at  its  vertex  is 

y2  =  4,d'x, 

where  d'  is  the  distance  of  the  origin  from  the  focus.  This 
includes  the  case  of  the  axis  of  the  parabola  and  a  tangent  at 
its  vertex. 

226.  The  quantity  4>SA'  is  called  the  parameter  of  the 
diameter  which  passes  through  A',  and,  when  the  diameter  is 
the  axis  of  the  parabola,  it  is  sometimes  called  the  principal 
parameter,  as  well  as  the  latus  rectum.     In  all  cases  it  equals 
the  double  ordinate  through  the  focus ;   for  draw  QQ'  through 
the  focus  parallel  to  the  tangent  at  A'\  then  A'R  =  ST  =  SA', 
(Art.  214), 

and  QR*  =  4  SA '.  A'R  =  4>SA  '*, 
or   QR  =  QSA\  and  QQ'=  *SA'. 

227.  Since  the  equation   to  a  parabola  referred  to  any 
diameter  and  the  tangent  at  its  vertex  is  of  the  same  form  as 
when  the  diameter  is  the  axis,  it  follows  that  every  property 
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which  has  been  proved  for  the  latter  system  is  true  for  all  the 
others,  so  long  as  the  property  does  not  depend  upon  the  inclina- 
tion of  the  axes.  For  example,  if  we  have,  for  the  equation  to 
the  parabola  referred  to  such  axes,  y~  =  4>d'j},  we  shall  find, 
exactly  as  in  Art.  198,  that  the  equation  to  the  tangent  at 
any  point  (x'y'}  is 

yy1 '=  Qd'(at  +  x'} ; 

hence,  as  before,  the  subtangent  is  double  the  abscissa ;  also 
the  equation  to  a  line  joining  the  points  of  contact  of  two 
tangents  drawn  from  any  point  (xy)  is 

yy'  =  2d'(x  +  x'}, 
and  so  on. 

228.  Tangents  at  the  extremities  of  any  chord  will  in- 
tersect in  the  diameter  of  which  the  chord  is  an  ordinate. 

Let  the  parameter  of  the  diameter  be  4d';  then,  taking 
the  diameter  and  the  tangent  at  its  extremity  as  axes,  the 
equation  to  the  tangent  will  be  (fig.  Art.  225), 

±  yy' =  2d'(x  +  x'} 

according  as  we  take  Q  (ay"),  or  Q'(x'9  —  y'),  as  the  point  of 
contact.  In  each  case,  when  y  =  0,  x  has  the  same  value  =  —  #', 
or  the  tangent  meets  the  diameter  produced  in  the  same  point. 

This  follows  from  Art.  221  ;  for,  if  y  =  mx  +  b  be  the 
equation  to  any  chord,  and  (x'y')  the  point  of  intersection  of 
the  tangents  at  its  extremities,  we  have  also  for  the  equation  to 
the  chord  (Art.  206), 

yy'=  2d(x  +  #'), 

the  equation  to  a  line  which  makes  with  the  axis  of  x  an  angle 

2d 
whose  tangent  =  — r . 

y 
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Hence  —  -  =  wz,  or  ?/'=—,  and  tlierefore  (Art.  221),  (xy) 

y 

is  a  point  on  the  diameter  of  which  the  chord  (y  =  mx  +  6)  is 
an  ordinate. 


EXAMPLES  IX. 

1.  If  PSp  be  any  parameter  of  a  parabola  whose  focus  is  S  and 
latus  rectum  L,  prove  that  4-SP  .  /Sp  —  L(SP  +  Sp). 

2.  Find  the  equation  to  the  normal  to  a  parabola,  in  terms  of  its 
inclination  to  the  axis  of  the  curve. 

3.  The  rectangle  contained  between  two  ordinates  yi3  y2  of  a  para- 
bola, ya  =  4cfaj,  is  equal  to  d?  ;  to  find  the  magnitudes  of  y,  and  y^  the 
distance  between  them  being  =  d. 

4.  The  tangents  to  a  parabola,  drawn  from  the  same  point  in  the 
directrix,  are  at  right  angles. 

5.  There  is  only  one  point  in  the  parabola,  at  which  the  focal  dis- 
tance is  perpendicular  to  the  tangent. 

6.  The  tangent  at  any  point  of  a  parabola  will  meet  the  directrix 
and  latus  rectum  produced  in  two  points  equidistant  from  the  focus. 

7-  Two  equal  parabolas  have  a  common  axis;  a  straight  line 
touching  the  interior  and  bounded  by  the  exterior,  will  be  bisected  in 
the  point  of  contact. 

8.  Find  a  parabola  which  shall  touch  a  circle  at  a  given  point,  its 
axis  being  coincident  with  a  given  diameter. 

9.  To  prove  that  the  area  of  a  triangle  inscribed  in  a  parabola  is 
equal  to 


where  y',  y",  y'"  are  the  ordinates  of  the  vertices  of  the  triangle,  y*= 
being  the  equation  to  the  curve. 
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10.  If  a  parabola  intersect  a  circle  in  four  points,  to  prove  that  the 
ordinates  of  the  points  of  intersection  which  lie  on  one  side  of  the  axis 
of  the  parabola  are  together  equal  to  the  sum  of  the  ordinates  of  the 
points  of  intersection  which  lie  on  the  other  side  of  the  axis. 

11.  Two  tangents  are  drawn  to  a  parabola  at  points  whose  co- 
ordinates are  a,  5,  a',  V .     To  find  the  point  in  which  they  intersect. 

12.  In  the  parabola,  of  which  the  equation  is  y*  =  kdx,  two  tan- 
gents are  drawn  at  points  of  which  the  abscissa?  are  in  the  ratio  of  1  :  p. 
To  find  the  equation  to  the  locus  of  their  intersection. 

13.  From  points  in  the  exterior  of  two  equal  parabolas  having  the 
same  axis,  tangents  are  drawn  to  the  interior  one ;  they  will  touch  it  at 
the  extremities  of  diameters  whose  distance  from  one  another  is  constant. 

14.  Three  parabolas  having  their  axes  parallel,  intersect ;  shew  that 
the  three  chords  passing  through  their  points  of  contact  pass  through 
one  point. 

15.  Two  tangents  to  a  parabola  make  angles  whose  tangents  are 
a',  a"  with  the  axis ;  find  the  equation  to  the  tangent  at  the  extremity 
of  the  diameter  of  which  the  chord  of  contact  is  an  ordinate. 

16.  Find  the  locus  of  the  middle  points  of  chords  passing  through 
any  fixed  point,  and  adapt  the  proof  to  (i)  the  focus,  (ii)  the  vertex,  and 
(iii)  the  foot  of  the  directrix  of  a  parabola. 

17-  If  A  be  the  vertex,  8  the  focus,  and  PSp  the  focal  chord  of  a 
parabola,  prove  that  the  rectilinear  triangle  PAp  varies  as  the  square 
root  of  the  distance  Pp. 

18.  If  a  line  be  drawn  from  the  foot  of  the  directrix  of  a  parabola, 
making  an  angle  45°  with  the  axis,  it  will  touch  all  parabolas  having 
the  same  axis  and  directrix. 

19.  Draw  a  normal  at  the  extremity  of  the  latus  rectum  of  the 
parabola  whose  equation  is  if  =  &d(x  —  d),  and  find  its  distance  from  the 
origin  of  co-ordinates. 

20.  Lp  is  a  normal  to  the  parabola  at  L,  the  extremity  of  the  latus 
rectum,  meeting  the  parabola  again  in  p.     Shew  that  the  diameter  in 
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which  the  tangents  at  L  and  p  intersect,  passes  through  the  other  extre- 
mity of  the  latus  rectum. 

21.  Two  ordinates  to  a  parabola  (r/2  -4dx)  meet  the  axis  in  points 
equidistant  from  the  focus.     If  the  vertex  be  joined  with  the  point 
where  one  of  the  ordinates  meets  the  parabola;  find  the  equation  to  the 
locus  of  the  point  where  this  line  intersects  the  other  ordinate. 

22.  Two  tangents  are  drawn  to  a  parabola,  making  angles  0,  6' 
with  the  axis.     Prove  that  (i)  if  sin  6  .  sin  6'  be  constant,  the  locus  of 
the  intersection  of  the  tangents  is  a  circle,  whose  centre  is  in  the  focus ; 
(ii)  if  tan  0  .  tan  0'  be  constant,  the  locus  is  a  straight  line  perpendicular 
to  the  axis ;  (iii)  if  cot  0  +  cot  0'  be  constant,  the  locus  is  a  straight  line 
parallel  to  the  axis ;   (iv)  if  cot  0  —  cot  0'  be  constant,  the  locus  is  a 
parabola  equal  to  the  original  parabola. 

23.  A  series  of  triangles  are  constructed  on  a  given  base,  their 
vertices  being  in  a  line  parallel  to  the  base ;  shew  that  the  perpendicu- 
lars through  the  extremities  of  the  base  to  the  sides  of  these  triangles 
will  intersect  in  a  parabola  whose  latus  rectum  is  the  distance  between 
the  lines. 

24.  If  from  any  point  P  of  a  parabola  three  lines  be  drawn,  cut- 
ting the  axis  in  F,  G,  H ;  PG  being  a  normal  at  P,  and  the  angle  FPG 
being  equal  toHPG;  prove  SGZ  =  SF.  SH. 

25.  To  find  the  area  of  a  triangle  included  between  the  tangents  to 
parabolas  y2  —  4>dx,  y^  =  43or,  at  points,  the  common  abscissa  of  which 
is  a,  and  the  portion  of  the  ordinate  intercepted  between  the  two  curves. 

26.  To  find  the  magnitude  of  the  ordinate  of  such  a  point  in  a 
parabola  (y*  =  4e£r)  that  the  intercepts  on  the  axes  of  co-ordinates  of  a 
tangent  drawn  to  the  curve  at  this  point  may  be  equal  to  each  other. 

27.  The  three  altitudes  of  any  triangle  described  about  a  parabola 
all  pass  through  a  single  point  in  the  directrix. 

28.  To  find  the  distance  of  the  vertex  and  focus  from  the  tangent 
in  terms  of  the  inclination  of  the  tangent  to  the  axis  of  x. 

29.  Find  the  locus  of  the  centre  of  the  circle  which  shall  always 
touch  a  given  circle  and  a  given  right  line. 
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30.  From  the  vertex  of  a  parabola  a  straight  line  is  drawn  inclined 
at  an  angle  45°  with  the  tangent  at  any  point ;  find  the  equation  to  the 
curve  which  is  the  locus  of  their  intersection. 

31 .  In  the  focal  distance  SP  take  Sp  equal  to  the  ordinate  PM. 
Find  the  equation  to  the  curve  traced  out  by  the  point  p. 

32.  From  two  points  in  the  diameter  of  a  parabola  two  pairs  of 
tangents  are  drawn  to  the  curve ;  the  trigonometrical  tangents  of  the 
inclination  of  one  pair  to  the  axis  are  a1}  a2,  and  of  the  other  a3,  a4;  to 
prove  that 

1111 

1-  —  =—+—. 

«i       a2       cr3       a4 

33.  The  vertex  of  a  parabola  is  taken  for  the  centre  of  a  given 
circle ;  to  find  the  equation  to  a  line  touching  both  circle  and  parabola. 

34.  If  from  any  point  Q  of  the  line  BQ,  which  is  perpendicular  to 
the  axis  CAB  of  a  parabola  whose  vertex  is  A,  QP  be  drawn  parallel 
to  the  axis  to  meet  the  parabola  in  P;  shew  that,  if  CA  be  taken  =  AB\ 
the  locus  of  the  intersection  of  AQ  and  OP  is  the  original  curve. 

35.  If  a  perpendicular  to  a  focal  chord  be   drawn  through  the 
focus,  it  will  pass   through  the  intersection  of   the  tangents   at   the 
extremities  of  the  chord. 

36.  If  a  triangle  be  formed  by  three  tangents  to  a  parabola,  and 
chords  be  drawn  joining  the  points  of  contact,  the  triangle  so  formed 
by  the  chords  is  double  of  that  formed  by  the  tangents. 

37.  In  the  sides  AB,  AC  of  a  given  triangle  ABC  take  two  points 
3/,  N,  and  in  the  line  joining  them  take  a  point  P,  such  that 

BM  :  AM ::  AN  :  NC  ::  PM  :  PN; 
find  the  locus  of  P. 

38.  Given  the  radius  vector  at  any  point  of  a  parabola  and  the 
angle  it  makes  with  the  curve ;  find  the  latus  rectum  and  tlie  position 
of  the  vertex. 

39.  Shew  that  the  parameter  belonging  to  any  diameter  of  a  para- 
bola varies  inversely  as  the  square  of  the  sine  of  the  angle  at  which  the 
corresponding  ordinates  are  inclined  to  it. 
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40.  If  from  the  focus  of  a  parabola  lines  be  drawn  to  meet  the 
tangents  at  a  given  angle,  to  prove  that  the  locus  of  their  points  of 
intersection  will  be  that  tangent  to  the  parabola,  the  inclination  of 
which  to  the  axis  is  equal  to  the  given  angle. 

41.  The  abscissa  and  double  ordiuate  of  a  parabola  are  h  and  £, 
and  the  diameters  of  the  circumscribed  and  inscribed  circles  are  D  and  d. 
Prove  that  D  +  d  =  h  +  k. 

42.  If  PQ  be  a  chord  of  a   parabola  which   is  a  normal  at  P, 
and  the  tangents  at  P  and  Q  intersect  in  a  point  T,  shew  that  P T  is 
bisected  in  the  directrix. 

43.  To  find  the  equation  to  all  parabolas  which  are  touched  by 

3C 

the  straight  lines  y  =  =±=  -  . 

m 

44.  To  find  the  equation  to  the  normal  of  a  parabola,  which  is 
inclined  at  any  given  angle  to  the  axis  of  the  curve. 

45.  Two  normals  to  a  parabola  (y*  =  4<dx)  are  always  at  right 
angles  to  each  other ;  to  find  the  locus  of  their  intersection. 

46.  To  find  the  equations  to  all  the  common  chords  of  the  two 
curves  ys  —  2or  —  .r*,  y*  —  4-dx. 

47.  To  prove  that  a  series  of  circles  of  which  the  centres  are  in  a 
parabola,  and  which  pass  through  the  focus,  all  touch  the  directrix. 

48.  If  from  the  focus  of  a  parabola  as  centre  and  with  the  focal 
distance  of  a  point  in  the  parabola  as  radius,  a  circle  be  described,  to 
prove  that  the  intersections  of  the   tangent   and  the   normal  to   the 
parabola  at  the  point,  with  the  axis,  will  lie  in  the  circumference  of  the 
circle. 

49.  If  PT,  QT  are  two  tangents  to  a  parabola  at  P,  Q,  and  S  the 
focus,  SP.SQ,=  ST2. 

50.  From  a  point  P,  the  concourse  of  two  tangents  to  a  para- 
bola PQ,  PQ',  PABC  is  drawn  meeting  the  curve  in  A,  (7,  and  QQ' 
in  B.     PA,  PB,  PC  are  in  harmonical  progression. 

51.  To  find  the  locus  of  intersection  of  perpendiculars  from  the 
focus  on  the  normal. 
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52.  If  two  tangents  be  drawn  to  a  parabola,  to  prove  that  a  third 
tangent,  parallel  to  the  chord  joining  the  points  of  contact,  will  bisect 
the  parts  of  the  other  tangents  which  are  included  between  their  point 
of  intersection  and  their  points  of  contact. 

53.  The  normal  at  one  extremity  of  the  latus  rectum  is  a  polar ;  to 
find  the  co-ordinates  of  its  pole. 

54.  The  abscissae  of  two  points  in  a  parabola,  reckoned  along  the 
axis,  are  x,  3x,  and  the  corresponding  focal  distances  r,  2r ;  to  find  the 
position  of  the  former  of  these  points. 

55.  Any  number  of  parabolas  are  described  having  the  same  vertex 
and  axis,  and  any  straight  line  is  drawn  at  right  angles  to  the  common 
axis.     If  any  points  whatever  in  this  line  be  taken  as  poles,  to  prove 
that  all  the  polars  belonging  to  all  the  parabolas  will  intersect  in  a 
single  point. 

56.  To  find  the  locus  of  the  centre  of  a  circle  which  shall  pass 
through  a  given  point  and  touch  a  given  line. 

X         U 

57-     Find  the  condition  that  any  line  -  +  •/•  =  !,  should  touch  the 

a     b 

parabola  y2  =  4<dx. 

58.  The  centre  of  an  ellipse  coincides  with  the  vertex  of  a  para- 
bola, and  the  axis  major  of  the  ellipse  is  perpendicular  to  the  axis  of 
the  parabola;  required  the  proportion  of  the  axes  of  the  ellipse  that 
it  may  cut  the  parabola  at  right  angles. 

59.  Transform  the  equation  to  the  tangent  to  the  ellipse  in  the 
form  y  =  mx  +  Jcfm?  +  tf  into  the  corresponding  equation  for  the  para- 
bola. 

60.  Given  a  point  where  a  parabola  intersects  a  given  diameter, 
and  also  the  parameter  of  that  diameter ;  shew  that  the  locus  of  the 
vertex  is  an  ellipse. 


SECTION  XI. 

Methods  of  Abridged  Notation*.     Various  forms  of  the 
Equation  of  the  Second  Order. 

229.  WE  shall  in  this  chapter  give  some  further  illus- 
tration of  the  use  of  the  abridged  system  of  notation  to  which 
the  student  has  been  already  introduced  in  Arts.  45—48,  and 
which,  from  its  extreme  conciseness,  will  often  enable  us  to 
solve  problems  that  are  almost  impracticable  by  the  ordinary 
methods. 

230.  We  have  shewn  that,  if 

a  =  0,     /3  =  0 (J) 

be  the  equations  to  two  lines,  the  equations 

a  -  kfi  =  0,      a  +  kft  =  0      .      .     .     (2) 

will  represent  two  straight  lines,  so  drawn,  that  the  perpen- 
diculars dropped  from  any  point  on  them  upon  the  lines  (l), 
are  to  one  another  in  the  ratio  of  A;  to  1. 

The  lines  a  =  0,  /3  =  0,  are  usually  called  c  the  line  (a),' 
'  the  line  (/3),'  and  their  point  of  intersection  '  the  point  (a,  /3)' ; 
so  the  point  of  intersection  of  the  lines  (2)  would  be  '  the  point 
(a  —  &/3,  a  +  &/3)\  Many  problems  occur,  which  may  be 
solved  by  means  of  this  notation,  where  it  is  not  necessary  to 
introduce  any  limitation  as  to  the  forms  of  the  equations  and 
the  position  of  the  origin.  In  cases,  however,  where  we  wish 
to  make  use  of  the  reasoning  of  Arts.  43 — 48,  it  will  be  neces- 
sary to  fix  the  form  of  the  equation,  and  consider  attentively 
the  relative  positions  of  the  origin  and  the  lines  with  which  we 
have  to  do,  before  we  commence. 

»  This  subject  is  discussed  at  greater  length  in  Salmon's  Conic  Sections,  of  which 
considerable  use  has  been  here  made. 

p.  c.  s.  14 


210  ABRIDGED   NOTATION. 

231.  The  lines  (2)   represent   two    systems    of  straight 
lines,  and  any  particular  line  in  either  of  these  systems  may 
be  selected  by  giving  k  the  particular  value  which  it  has  for 
that  line ;  to  do  this  we  require  some  other  condition  besides 
the  one  that  it  passes  through  the  intersection  of  the  lines  (1), 
for  this  is  common  to  them  all. 

The  simplest  condition  would  be  that  it  should  pass  through 
some  given  point. 

Suppose  then  that  a,  j3,  become  a,  /3',  when  the  co-ordi- 
nates of  the  given  point  are  substituted  in  them  for  a;  and  y ; 
then  since  this  point  lies  in  a  —  k  /3  =  0,  we  have 

a  -  kfi'  =  0, 
/ 

and  .'.  a  -  ^, .  /3  =  0,  or  a/3'  -  a'j3  =  0, 

the  required  equation,  in  which  k,  the  arbitrary  constant,  does 
not  appear. 

232.  We  have  shewn  (Art.  47  Cor.)   that,  when  k  =  1, 
equations  (2)  become 

a  -  /3  =  0,     a  +  j3  =  0     .      .     .      .      (3) 

and  represent  the  bisectors  of  the  angles  between  the  lines  (a) 
and  (/3).  A  little  consideration  will  shew  that  the  lines 
(a  —  &/3),  (ka  -  /3)  are  equally  inclined  to  the  line  (a  —  /3)  ; 
as  are  also  (a  +  A:/3)  and  (ka  +  /3)  to  the  line  (a  +  /3). 

Ex.     If  ABC  be  a  triangle,  and  AP,  CP,  be  so  drawn 
that  the  sines  of  the  angles  CAP,  PAB, 
PCB,  and  PCA,  are  the  consecutive  terms 
of  a  proportion,  shew  that  the  locus  of  P 
is  a  conic  section.  

Taking    the    origin     of    co-ordinates  t  a=0 

within  the  triangle,  so  as  to  avoid  any  difficulty  about  the 
sign  of  the  arbitrary  constant  fc,  the  equations  to  CB,  AC,  AB 
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may  be  written  a  =  0,  /3  =  0,  7  =  0,  and  those  of  AP  and  PC 
will  therefore  by  the  hypothesis  be 


and  therefore,  eliminating  fc,  we  have  for  the  locus  of  P 
/32-a7  =  0.      .      .     .      (4) 

Now  since  a,  /3,  7  are  all  of  one  dimension  in  of  and  y,  this 
equation  is  of  two  dimensions,  and  is  therefore  some  conic 
section  ;  the  particular  conic  section  may  be  determined  by 
writing  a,  /3,  y  at  full  length  in  (4),  and  then  finding  the  co- 
efficients of  #2,  y2,  and  xy  in  the  usual  manner,  (Art.  106). 

233.     If  (a),  (j8),  (7),  be  three  straight  lines,  and  we  can 
find  three  constants,  X,  ^,  i>,  such  that 

\a  +  fifi  +  vy  =  0,      .      .      .      (5) 

identically,  then  all  the  three  straight  lines  (a),  (/3),  (7),  pass 
through  one  point. 

For  the  co-ordinates  of  the  point  (a,  /3)  make  both  a  and 
ft  vanish,  and  therefore,  if  these  values  are  substituted  for  a? 
and  y  in  (5),  they  will  give  us 

1/7  =  0,  or  7  =  0, 

and,  consequently,  this  point  lies  also  in  the  third  line  (7)  ; 
that  is  to  say,  all  three  lines  pass  through  the  same  point. 

Ex.  (l)  The  three  lines  that  bisect  the  angles  of  a  tri- 
angle meet  in  a  point. 

Taking  the  origin  of  co-ordinates  within  the  triangle,  let 
a  =  0,  /3  =  0,  7  =  0  be  the  equations  to  the  three  sides  ;  then 
the  equations  to  the  straight  lines  bisecting  the  angles  are 

a-/3=0,  /3-7  =  0,  7-0=0, 
and  these  by  (5)  evidently  intersect  in  one  point. 
In  this  case,  X  =  /JL  =  v  =  1. 

14—2 
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Ex.  (2)  If,  through  the  angular  points  of  a  triangle, 
there  be  drawn  any  three  lines  meeting  in  a  point,  then  three 
lines,  drawn  through  the  same  angles,  equally  inclined  to  the 
bisectors  of  the  angles,  will  also  meet  in  a  point. 

The  first  three  lines  may  be  represented  by 

la  -  mfl  =  0,  m/3  -  ny  =  0,  ny  -  la  -  0, 

m 
putting  —  for  k  &c. 

I 

Then  (Art.  232),  the  equations  to  the  other  three  will  be 

ma  —  Ifi  =  0,  w/3  -  my  =  0,  ly  —  net  =  0, 

and  multiplying  these  by  —  -  ,  ----  ,  and  —  ,  respectively,  they 

ml    nm  In 

become 

a      )3  3      y  y      a 

_  A         ~         •   _  r»         /  _  n 

—  --  =U,       ---  =  U,        --  •7=0> 

I      m  m      n  n      I 

and  therefore  we  see  that  these  also  pass  through  one  point. 

Ex.  (3)     The  lines  joining  the  angular  points  of  a  triangle 
with  the  middle  points  of  the  opposite 
sides  intersect  in  one  point.      Let  ABC 
be  the  triangle  and  the  origin  as  before 
within  it  :  let  a  =  0,  /3  =  0,  y  =  0  be  the 
equations  to  BC,  AC,  and  AB.   Then  if    A. 
D  be  the  middle  point  of  BC,  the  equation  to  AD  is 

sin  CAD 


sin  CAD      CD        ,  sin  BAD      BD  or  CD 
but  -  =  --  ,  and  —  -  =  —  _ 

sin  C        AD  sinB  AD 

and  therefore 

sin  CAD     sin  C 
sin  BAD  ~  sin  B  ' 
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and  the  equation  to  AD  becomes 

(3  sin  B  —  y  sin  C  =  0. 
Similarly  the  equations  to  the  other  two  lines  are 

y  sin  C  —  a  sin  A  =  0, 

a  sin  A  —  /3  sin  B  =  0, 
and  these  three  lines  evidently  pass  through  one  point. 

Ex.  (4)     It   may  be  shewn  in  the  same  manner,  that,  if 
AD  be  perpendicular  to  5(7,  its  equation  is 

/3  cos  B  —  y  cos  C  =  0, 
and  that  those  of  the  other  perpendiculars  are 

•y  cos  C  —  a  cos  A  =  0, 

a  cos  A  —  ft  cos  B  =  0, 
and  these  three  pass  through  the  same  point. 

Ex.  (5)     If  three  circles  intersect,  their  chords  of  contact 
all  pass  through  one  point. 

Let  (x  —  a)2  +  (y  —  6)8  =  r8  be  one  of  the  circles  ;  then  ex- 
panding this  equation,  we  have, 

tf  +  y*  -  2(a#  +  by)  +  a8  +  62  -  r  =  0, 
which  may  be  written 

or  +  y*  +  a  =  0 ;      .      .      .      .      (l) 
a  being  linear  in  x  and  y. 

Similarly,  the  equations  to  the  other  circles  may  be  written, 

c772  +  ^  +  /3  =  0,        .        .        .        .        (2) 

<*2  +  y*  +  7  =  o (s) 

Now,  subtracting  (2)  from  (1),  we  have  the  straight  line 

a  -  /3  =  0, 

which  is  satisfied  for  the  points  of  intersection  of  (l)  and  (2), 
and  is  therefore  their  chord  of  contact.      Similarly  it  may  be 


214  ABRIDGED   NOTATION. 

shewn  that  the  equations  to  the  two  other  chords  of  contact 
are 

/3  -  7  =  o, 

7  —  a  =  0 ; 
and  these  three  evidently  pass  through  one  point. 

234.  By  reasoning  precisely  similar  to  that  made  use  of 
in  the  case  of  straight  lines,  we  see  that,  if 

tf=0,          y=0,     .      .     .      (1) 

be  two  conic  sections,  (S  and  S'  being  of  two  dimensions  in  x 
and  y)  then 

S-kS'=0;     ....     (2) 

(where  k  is  some  arbitrary  constant,)  since  it  is  also  of  two 
dimensions,  is  also  a  conic  section ;  and  since  the  co-ordinates 
of  the  points  of  intersection  of  equations  (1)  evidently  satisfy 
equation  (2),  therefore  (2)  represents  a  system  of  conic  sections, 
passing  through  the  points  of  intersection  of  (1). 

Any  particular  conic  of  this  system  may  be  obtained  by 
giving  k  its  corresponding  value  for  that  conic ;  and  this  value 
of  k  must  be  determined  from  the  particular  condition  that 
distinguishes  the  conic  from  all  others  of  the  same  system  ; 
as  for  instance,  that  it  "  passes  through  a  given  point,"  or 
"  touches  a  given  line,"  &c. 

Ex.  Find  the  equation  to  the  conic  section  that  passes 
through  the  intersection  of  the  circles 

tf  +  y*  _4#  _  8y  =  28,      ...      (1) 

^+2/2=     4,      .      .      .      (2) 
and  through  the  centre  of  (l). 
Equation  (1)  may  be  written 

(#-2)2  +  (y-4)2=48, 
and  the  co-ordinates  of  its  centre  are  therefore  (2,  4). 
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The  equation  to  the  required  conic  will  be  of  the  form 
(x  -  2)2  +  (y  -  4>Y  -  48  -  k(#*  +  y*  -  4)  =  0, 

and  since  it  passes  through  the  point  (2,  4),  we  have, 
-48  -k  .  16  =  0, 

/.  k  =  -  3, 
and  the  conic  becomes 

(x  -  2)2  +  (y  -  4)2  -  48  +  3(a?2  +  f  -  4)  =  0, 
or  4#8  +  4y2  -  4#  -  Sy  =  40, 
or  acz  +  y2  -  x  —  2y  =  10 ; 

a  circle,  the  co-ordinates  of  whose  centre  are  (^,  l),  and  whose 
radius  is  ||v  5. 

235.      Suppose  that  &  =  a/3, 

where  a  and  j8  are  of  one  dimension  in  cc  and  y,  and  conse- 
quently (Sf),  though  apparently  a  conic  section,  really  repre- 
sents two  straight  lines,  then 

S  -  kafi  =  0,      ....      (1) 

will  represent  a  conic,  two  of  whose  chords  of  intersection  with 
the  conic  S  are 

a  =  0,          /3  =  0. 

This  can  be  instantly  deduced  from  the  previous  Article; 

for  since  the  conic  (&)  has  degenerated  into  two  straight  lines, 

the  conic  (1)  which  passes  through  the  intersections  of  (S)  and 

/these  straight  lines  must  have  the  lines  for  two  of  its  six  chords 

of  intersection  with  (S). 

It  can  be  also  shewn  independently,  thus  ;  since  the  co- 
ordinates of  the  points  of  intersection  of  (a)  and  (S)  make 
these  expressions  vanish  simultaneously,  they  also  make  the 
expression  S  -  kafi  vanish,  and  therefore  satisfy  equation  (l). 
Hence  the  conic  (l),  passing  through  the  intersections  of  (a) 
and  ((S),  has  (a)  for  its  chord  of  intersection  with  (S). 
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Similarly  (/3)  may  be  shewn  to  be  a  chord  of  intersection 
of  (1)  and  (S). 

236.  If  a  =  /3  then  S'  becomes  of  the  form  a2,  and  the 
equation  S'  =  0,  or  a2  «=  0,  represents  two  straight  lines  which 
coincide.  Then,  by  following  out  the  same  train  of  reasoning 
as  that  used  above,  we  see  that,  since  the  lines  (a)  and  (/3) 
coincide,  the  conic 

S-ka*  =  0, 

has  one  chord  of  contact  instead  of  six  chords  of  intersection 
with  (S),  and  that  this  chord  of  contact  is  the  line  (a  =  0). 
This  could  also  have  been  proved  independently,  as  above. 
(S  —  A; a2)  is  said  to  have  a  double  contact  with  (S).  The  an- 
nexed figures  will  shew  the  position  of  the  conies  of  Arts.  235, 
236. 

1.  Fig.  2. 


237.  If  S  also,  as  well  as  &,  can  be  split  up  into  two 
linear  factors,  then  each  of  the  two  conies  degenerates  into  two 
straight  lines,  and  our  equation  S  —  kS'  =  0  becomes  of 
form 

07-^5=0;     ...     (1) 

where  a,  /3,  7,  $  are  all  of  one  dimension  in  x  and  y ;  and  we 
see  that  (l)  represents  a  conic  section  passing  through  the  four 
points  of  intersection  of  the  degenerate  conies,  or,  in  other 
words,  circumscribing  the  quadrilateral  formed  by  these  four 
straight  lines. 
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As  this  is  a  proposition  of  very  great  use,  we  shall  how- 
ever prove  it  independently  ;  it  may  be  stated  thus : 

If  a  -  0,  /3  =  0,  7  =  0,  5  =  0,  be  the  equations  to  the  four 
sides  of  a  quadrilateral  taken  in  order,  then  the  equation 

07-^  =  0,     .      .     .      (2) 
represents  a  system  of  conies  circumscribing  the  quadrilateral. 

For  the  co-ordinates  of  the  point  (a,  /3)  make  a  and  ft 
simultaneously  vanish,  and  therefore  make  the  expression 
ay  —  kfl$  vanish,  and  therefore  satisfy  equation  (2).  This 
corner  of  the  quadrilateral  lies  therefore  in  (2).  Similarly  it 
may  be  shewn  that  the  points  (/3,  7),  (7,$),  ($,  a),  or  the 
other  three  corners  lie  in  (2),  and  therefore  that  (2)  (which 
being  of  two  dimensions  in  x  and  y  must  be  some  conic)  is  one 
of  a  system  of  conies  circumscribing  the  quadrilateral. 

Ex.  Find  the  equation  to  a  conic  section  passing  through 
five  given  points. 

Let  (a19  6,),  (a2A)>  («3»  6s),  (o4i  bJ>  («s»  65)  be  tne  five 
given  points. 

Then 

(a,  -  a2)  (y  -  &i)  -  (&!  -  62)  (a?  -  a,)  =  0, 

(«2  -  «s)  (y  ~  &2)  -  (&2  -  *s)  (*  -  «2)  =  0, 
(«s  -  a*)  (y  -  63)  -  (63  -  64)  (#  -  a3)  =  0, 
(o4  -  a,)  (y  -  64)  -  (64  -  6,)  (a?  -  a4)  =  0, 

represent  four  straight  lines  intersecting  each  other  in  the 
points  (a1?  fcj),  (a2,  62),  («3,  63),  (o4,  &4),  and  therefore  forming  a 
quadrilateral  which  has  these  points  for  its  corners. 

Let  the  above  four  lines  be  represented  by 
a  =  0,      /3  =  0,      7  =  0,      3  =  0; 

then  the  conies  which  circumscribe  the  quadrilateral  are  all 
contained  in  the  equation 

0 (1) 
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Now  let  a,  /3,  'y,  d\  become  a',  /3',  y,  $',  when   a5,  65  are 
substituted  for  as  and  y  in  them. 

Then  since  (a5,  65)  is  a  point  in  (l),  by  the  hypothesis,  we 

have 

t   i 

a'y'  -  kfiV  =  0,  and  .-.  k  =  ^  ; 

pa 

and  (l)  becomes 

/)'$'  t     t  n  ^        ,. 

ay  p  o  —  a  <y  P  o  =  0, 
the  equation  to  the  required  conic. 
Written  at  full,  &  would  be 


238.      It  is  worthy  of  remark  that,  if  ay  -  ^/35  =  0  be  a 
conic,  then  the  intersections  of  the  lines 


X  X 

where  the  signs  are  taken  upper  together  or  lower  together, 
and  X  is  arbitrary,  are  points  on  the  curve.  We  have  already 
had  an  example  of  this  in  the  case  of  supplemental  chords 
(Arts.  79,  184). 

239.      If  in  the  equation 

ay  -  k(3$  =  0, 
/3  =  S,  then  it  becomes 

ay  -  &/32=  0; 

and  we  see  that,  owing  to  the  two  opposite  sides  of  the  quadri- 
lateral approaching  to  and  ultimately  coinciding  with  each 
other,  instead  of  two  chords  of  intersection,  /3  and  3,  of  the 
circumscribing  conic,  we  have  only  one  chord,  which  will  be 
one  of  contact  ;  for  the  lines  a,  y  will  then  each  pass  through 
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two  consecutive  points  in  the  circumscribing  conic,  and  will 
therefore  be  tangents  to  it. 

The  general  position  of  the  three  lines  is  given  in  the  figure. 

The    ordinary    equation    to    central 
conies  will  furnish  an  example  of  this;  a 

for  it  may  be  written 

a2 
(x  -  a)  (a  +  a)  +—^yz  =  0, 

when  x  —  a  =  0,  a?  +  a  =  0  are  two  tangents,  and  y  =  0  is  their 
chord  of  contact. 

Ex.  To  find  the  equation  to  a  parabola  referred  to  two 
tangents  as  axes. 

Let  PAQ  be  the  parabola  ;  OP,  OQ  two  tangents,  OP  =  b, 
OQ  =  a,  and  let  O  be  taken  as  origin,  and  OP,  OQ  as  axes  of 
y  and  <r. 

Then  the  equations  to  OP,  OQ,  PQ  are 

#    y 

a;  =  0,  y  =  0,  -  +  -  -  1  =  0, 
a      b 

and  therefore  the  equation  to  the  conic  PAQ  is 


and  that  this  may  be  a  parabola  we  have  (Art.  106), 
4Ar       / 

=        ~  ~ 


ab 

and  therefore  k  —  —  . 
4 


The  equation  consequently  becomes 

•f 

which  may  be  written 


•f  r'-rr  +    -1    =°» 

4    a      b 
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---     =  -> 

a      b  ab 

and  therefore  \/-  ±  \/|  =  ±  1,      .      .     .      (2) 

Qi  0 

the  general  form  of  the  equation  to  the  parabola  referred  to 
two  tangents  as  axes. 

240.  We  observed  (Art.  1?),  that  the  general  equation  of 
the  first  degree  has  in  reality  only  two  independent  constants, 
though  apparently  containing  three,  and  that,  consequently,  a 
straight  line  could  only  be  subjected  to  two  independent  con- 
ditions, since  these  would  give  two  relations  between  the  con- 
stants, which  would  suffice  to  determine  them.  Similarly,  the 
general  equation  of  the  second  degree  (Art.  100)  possesses  but 
five  independent  constants,  and  a  conic  section  can,  conse- 
quently, only  be  subjected  to  five  independent  conditions.  If 
fewer  conditions  than  five  are  given,  the  resulting  equation 
must  contain  the  same  number  of  arbitrary  constants  as  there 
are  conditions  wanting.  For  instance,  in  the  Example  to  the 
last  Article,  the  conic  is  limited,  first,  to  touch  the  two  lines 
OP,  OQ,  from  whence  we  have  equation  (]),  where  there  are 
three  constants,  &,  a,  6,  undetermined.  If  we  introduce  a 
third  condition,  viz.  that  the  conic  shall  be  a  parabola,  we  get 
rid  of  &,  and  obtain  equation  (2),  where  a  and  b  are  still  arbi- 
trary. If  the  lengths  of  a  and  b  be  given,  we  have  five  con- 
ditions, and  the  conic  is  completely  determined. 

241.  We  may  remark  here  that,  if  a,  /3,  7  be  linear  func- 
tions of  x  and  y,  any  equation  of  the  first  degree  may  be 
written  in  the  form 

Xa  +  M/3  +  1/7  =  0,     .....      (1) 
where  X,  /u,  v  are  constant  quantities;  for  (l)  is  evidently  of 
the  first  degree,  and  it  contains  the  same  number  of  indepen- 
dent constants  (viz.  two)  as  the  general  equation 
ASH  +  By  +  C  =  0,  (Art.  17), 
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and  is  therefore  equally  capable  of  representing  any  particular 
straight  line. 

In  the  same  manner  the  equation  to  any  conic  may  be 
written  in  the  form 

Aa*  +  Bap  +  C/32  +  Da7  +  £/37  +  F72  =  0,    .    .    (2) 

where  A,  B,  C,  Z>,  E,  F  are  constants;  for  (2)  is  evidently 
of  the  second  degree,  and  contains  the  same  number  of  dis- 
posable constants  (viz.  five)  as  the  general  equation  of  the 
second  degree,  and  is  therefore  equally  capable  of  representing 
any  particular  conic. 

If  (a),  (/3),  (7)  be  written  in  the  form  ae  cosa  +  y  sin  a 
=  p,  we  have,  in  the  above  equations,  relations  between  the  dis- 
tances from  the  three  lines  (a),  (/3),  (7)  of  any  point  in  the 
line  which  the  equation  represents,  exactly  as,  in  rectangular 
co-ordinates,  we  have  relations  between  the  distances  from  two 
straight  lines,  viz.  the  axes. 

242.  The  theorems  of  Art.  241  do  not  hold  when  (a), 
(/3),  (7)  meet  in  a  point  ;  for  since  in  that  case  there  is  a 
certain  point  whose  co-ordinates  make  a  =  0,  (3  —  0,  7  =  0, 
simultaneously,  those  co-ordinates  will  also  satisfy  (l)  and  (2), 
and  therefore  (1)  and  (2)  will  be  always  limited  to  pass  through 
the  point  in  which  (a),  (j8),  (7)  intersect,  and  do  not  repre- 
sent any  straight  line  or  any  conic.  Also,  if  the  lines  (a),  (/3), 
(7)  are  parallel,  it  may  be  easily  seen,  by  writing  the  equa- 
tions at  length,  that  (l)  can  only  represent  straight  lines 
parallel  to  them.  And,  in  this  case  also,  (2)  will  not  represent 
any  conic;  for  the  lines  (a),  (/3),  (7)  take  the  forms 

Ax  +  By  +  C  =  0,  Ax  +  By  +  C  =  0,  Ax  +  By  +  C"  =  0, 
and  therefore  equation  (2)  takes  the  form 


which    represents   (Art.    101)  parabolas    and    parallel   straight 
lines  only. 
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243.  To  find  the  equation  to  the  conic  circumscribing 
the  triangle  whose  sides  are  (a),  (/3),  (-y). 

Let  the  equation  be  written  in  the  form  of  equation  (2) 
Art.  241  ;  then,  since  the  conic  passes  through  the  point  (a,  /3), 
the  equation  must  be  satisfied  by  making  a  =  0,  (3  =  0  ;  but 
this  gives 


hence  we  must  have  F  =  0  ;  for  since  (<y)  does  not  pass  through 
the  point  (a,  /3),7  is  not  =  0  at  that  point.  Similarly,  it  may 
be  shewn  that  A  =  0,  and  C  =  0,  and  the  equation  becomes 


This  equation  may  be  written  in  the  form 

I      in      n 

-  +  -5  +  -  =  0, 

«      P      7 

and  evidently  involves  two  independent  arbitrary  constants 
only,  the  conic  having  already  fulfilled  three  conditions. 

244.  To  find  the  equation  to  a  conic  inscribed  in  the  tri- 
angle whose  sides  are  (a),  (/3),  (7). 

Let  (a)  be  a  tangent  to  the  curve  represented  by  the 
general  equation  (2)  Art.  241  ;  then,  making  a  =  0,  we  have 

C/32  +  ^/37-f  jy-0,      -      •     -      CO 

which  represents  a  conic  passing  through  the  intersection  of  («) 
and  the  original  conic,  and  will,  in  general,  when  combined  with 
(a),  give  two  values  of  x  and  y,  which  refer  to  the  two  points 
of  intersection  of  (a)  with  the  original  conic.  But  if  (l)  be  a 
perfect  square,  i.e.  represents  two  coincident  straight  lines, 
these  two  points  will  become  coincident,  or  (a)  will  touch  the 
original  conic.  In  this  case  (1)  will  be  of  the  form 

+  n~y*  =  0,* 


*  The  line  (a)  would  also  meet  the  curve  in  one  point  if  it  were  a  tangent  to  (1), 
in  which  case  (1)  might  still  remain  a  conic  ;  but  we  evidently  can  introduce  no  con- 
dition with  this  notation  that  this  should  be  the  case  generally,  since  (1)  is  independent 
Of  (a). 
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and,  by  similar  reasoning  for  the  other  two  sides  (/3)  and  (7), 
we  see  that  the  general  equation  must  take  the  form 


fa*  +  m2fi2  +  ri!v*-2mnpv  -2/7107-  2/ma/3  =  0.    .    (2) 

We  might  evidently  give  whatever  signs  we  please  to  the  three 
last  terms  of  equation  (2).  We  have  written  it  with  the  nega- 
tive signs,  because  the  conic  does  not  then  degenerate  into  two 
straight  lines,  as  it  evidently  will  in  some  cases.  For  example, 
if  they  be  written  with  positive  signs,  the  equation  becomes 

(la  +  mfl  +  ny)2  =  0, 

which  represents  two  coincident  straight  lines,  evidently  ful- 
filling equally  well  the  conditions  of  the  problem,  since  they 
meet  the  lines  (a),  (/3),  (7),  each  in  one  point  only.  The 
equation 

V/a  +  \/TO/3  +  \/ny  =  0, 

may  be  easily  seen  to  be  equivalent  to  equation  (2)  ;  it  contains 
two  disposable  constants  only,  as  it  ought,  for  the  conic  has 
been  made  to  fulfil  three  out  of  five  conditions  (Art.  240). 

245.      To  find  the  condition  that  a  straight  line  should 
touch  the  conic. 


\/la  +  vmfi  +  vwy  =  0.  (l) 

Let  the  straight  line  be  (Art.  241)  written  in  the  form 

Xa  +  fifi  4  1/7  =  0  ........      (2) 

We  have  from  (l) 

la  —  m/3  -  ny  -  2\/mnf3'y  =  0,     ....      (3) 

and  dividing  (2)  by  X,  (3)  by  I,  and  subtracting,  we  have 
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Now  (4)  will,  in  general,  when  combined  with  (2),  give  two 
values  of  x  and  «/,  which  will  refer  to  the  two  points  of  inter- 
section of  (1)  and  (2),  but  when  (4)  is  a  complete  square,  it 
will  represent  one  straight  line,  and  will  therefore,  when  com- 
bined with  (2),  give  one  point  of  intersection  only ;  in  which 
case  (2)  is  a  tangent  to  (l).  Now  if  (4)  be  a  complete  square, 
we  have 


from  whence 


I      m     n 
-  +  -+-=0, (5) 

A         fJi        V 


the  required  condition. 

Ex.  If  (a),  (/3),  (y)  be  the  tangents  to  an  ellipse  at  A, 
A',  B,  its  ordinary  equation  may  be  written  in  the  form 

V/(a?  —  «)  +  vm(x  +  a)  +  \/n(y  —  6)  =  0,      ...      (6) 

and  it  may  be  easily  seen,  by  writing  the  equation  as  equation 
(2)  Art.  244,  and  introducing  the  condition  that  the  coefficients 
of  a??/,  x,  and  y  should  vanish,  that 

/=  —  by  m  =  b,  n  =  —  2 a. 
Now  the  equation  y  +  b  =  0  may  be  written 

6(ct?  —  a)  —  b(x  +  a)  —  a(y  -  6)  =  0,      .     .     .      (7) 

which  evidently  fulfils  condition  (5),  as  it  ought,  since  it  re- 
presents the  tangent  at  B'. 

246.      To  find  the  locus  of  the  centre  of  a  conic  section. 

When  a  conic  has  been  subjected  to  four  conditions,  its 
equation  will  involve  one  arbitrary  constant  only ;  if  then  we 
take  the  two  equations  of  Art.  108  for  determining  its  centre, 
we  may,  in  general,  eliminate  this  arbitrary  constant  between 
them,  and  the  result  will  be  the  locus  required. 
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Ex.  A  conic  is  described,  touching  two  straight  lines  at 
given  distances  (a  and  6)  from  their  point  of  intersection  ;  find 
the  locus  of  its  centre. 

Taking  the  two  lines  as  axes,  the  equation  to  the  conic  is, 
by  Art.  239, 

soy 


,  (x      V       \* 
-k(-  +f  -1      =0; 
\a      o        j 

or  the  centre  are  (Art. 
2k  Ix      y        \ 

y  —  r  +  f  -1  -°5 

a   \o      b       J 


hence,  the  equations  for  the  centre  are  (Art.  108) 
2k  Ix 


y 

*i 

a      b 
Eliminating  &,  we  have  for  the  required  locus, 

ay  —  fix  =  0, 
a  line  bisecting  the  chord  of  contact. 


EXAMPLES  X. 

1.  IF  from  a  point  P,  without  a  quadrilateral,  perpendiculars  be 
let  fall  upon  the  four  sides,  such  that  the  ratio  of  the  product  of  those 
on  opposite  sides  is  constant,  then  the  locus  of  P  is  a  conic  circum- 
scribing the  quadrilateral. 

Let  a  =  0,  ft  —  0,  7  =  0,  3  =  0,  be  the  equations  to  the  four  sides, 
written  in  the  form,  x  cos  a  +y  sin  a  —  p  =  0. 

Then  the  lengths  of  the  perpendiculars  from  the  point  P(x  y}  upon 
them  are  respectively 

°>  A  T,  S, 
and  therefore,  by  the  hypothesis, 


15 
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where  k  is  constant;  and  since  this  is  true  for  every  position  of  P, 
therefore  the  equation 

is  the  locus  of  P,  and  is,  we  know,  a  conic  section  circumscribing  the 
quadrilateral. 

2.  If  two  conies  have  each  a  double  contact  with  a  third  conic,  the 
chords  of  intersection  of  the  first  two,  as  well  as  the  chords  of  contact  of 
the  first  two  with  the  third,  all  pass  through  one  point. 

Let    S-kc?  =  Q,    .    .    (1)        S-A/32  =  0,    .    .    (2) 
be  two  conies,  which  have  a  double  contact  with  the  conic  S  =  0. 

Then  for  the  intersection  of  (1)  and  (2),  we  have 
ka*  -  A/34  =  0, 

and  .'.  o  — /3  . /T=0,    . 

which  being  linear  in  x  and  y  are  therefore  the  chords  of  intersection  of 
(1)  and  (2),  and  they  manifestly  pass  through  the  same  point  as  the 
lines  a,  /?. 

If  A  =  k,  then  the  straight  lines  (3)  and  (4)  bisect  the  angles  between 
a  and  /3. 

3.  If  (a),  (/?),  (7)  be  the  sides  of  a  triangle  ABC  opposite  to  A,  B, 
C,  and  points  Z>,  E,  F  be  taken  in  (a),  (/3),  (7),  to  shew  that  the  sides 
of  the  triangle  DEF  may  be  represented  by 

7  a  (3 

a  +  np  -\ —  =  0,          —  +  ft  +  /7  =  0,          ma  +  —•  +  7  =  0, 
in  n  I 

where  /,  m,  n  are  constants. 

Without  limiting  the  position  of  the  origin,  or  the  forms  of  a,  (3,  7, 
we  may  write  the  equations 

to  AD,  j3  + 17  =  0, 

to  BE, 

tod 
then  we  have  for  the  points 
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hence,  the  equation  to  DE  is,  since  it  passes  through  Z>,  of  the  form 

P  +  ly  +  ka  =  0,     .     .     .     (1) 
and,  since  it  passes  through  E,  we  have 

—  Ima  H-  ka  =  0,  or  k  =  Im, 
and  the  equation  to  DE  becomes 

ft  +  ly  +  £ma, 
which  may  be  written 

ma  +  y  +  7  =  0. 

§ 

Similarly  it  may  be  shewn  that  the  equations  to  the  other  sides  may 
be  written  as  stated  above. 

4.  If  the  lines  (a)  and  (/3)  be  parallel,  shew  that  the  line  (a  +  &,#) 
is  parallel  to  each  of  them,  k  being  any  constant. 

5.  From  the  angles  A,  B,  C  of  any  triangle  are  drawn  three 
straight  lines  A  A',  BBf,  CCf,  bisecting  the  angles;  through  A,  B,  C 
are  drawn  three  straight  lines  perpendicular  to  A  A',  BBf,  CCf,  to  meet 
BC,  CA,  AB,  produced,  in  G,  H,  K  ;  G,  ff,K  are  in  one  straight  line. 

6.  ABO  is  a  triangle,  D  and  E  are  points  within  the  triangle, 
such  that  the  angle  ABE=CBD,  and  BCD  =  ACE;    shew  that 
BAD=CAE. 

7.  In  Ex.  3,  find  the  condition  that  AD,  BE,  GF  may  pass 
through  one  point. 

8.  If  a  =  0,  (3  =  0,  7  =  0  be  three  sides  of  a  triangle,  the  equations 
being  of  the  form  a:  cos  a  +  ^  sin  a  -^  =  0,  and  the  origin  being  within 
the  triangle,  interpret  the  equations 


9.  The  four  angles  of  a  quadrilateral  ABCD  are  bisected  by  four 
straight  lines  ;  the  bisectors  of  A,  B  meet  in  E,  of  B,  C  in  F,  of  C,  D 
in  6?,  of  A,  D  in  H.  Prove  that  the  directions  of  FH  and  EG  pass 
through  the  intersection  of  the  directions  of  AD,  BC,  and  AB,  CD 
respectively. 

15—2 
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10.  To  find  the  equation  to  the  conic  section  which  passes  through 
the  five  points  1,  -  1 ;  -  2,  3 ;  3,  2 ;  -  1,  -  3 ;  2,  1. 

11.  Shew  that  the  equation  of  Art.  243  becomes 

/?7  sin  A  +  ay  sin  B  +  a/3  sin  C, 

when  (a),  (/?),  (7)  are  of  the  form  x  cos  a  +y  sin  a  =  p,  A,  1?,  C  are  the 
angles  between  @y,  ay,  a/3,  and  the  conic  is  a  circle. 

12.  Shew  that  the  equations  to  the  three  tangents  to  the  curve,  at 
the  angular  points  of  the  triangle  in  Art.  243  are 

ly  +  no.  =  0,     I  ft  +  ma  =  0,     my  +  n(3  =  0. 

13.  In  the  equation  Ax*  +  Bxy  +  Cy*  +  Dx  +  Ey  +  F  =  0,  suppose 
B  to  assume  different  values,  all  the  other  coefficients  remaining  the 
same;  then  (i)  the  conies  which  it  represents  are,  in  general,  all  de- 
scribed about  the  same  quadrilateral,  and  (ii)  the  locus  of  their  centres 
is  another  conic  whose  equation  is  2Cya  +  Ey  =  2Axs  +  Dx. 

14.  From  the  equation  to  the  ellipse,  written  as  in  Art.  245,  Ex., 
deduce  the  equation  to  the  tangent  in  the  form  y  =  vnx  =t  Jo?ms  +  6s, 
using  condition  (5)  in  the  same  Art. 

15.  Find  the  equation  to  a  parabola  which  cuts  the  axes  of  x  and 
y  at  distances  «,  a',  J,  b'  from  the  origin. 

16.  "Write  the  equation  to  the  ellipse  considered  as  a  conic  circum- 
scribing the  quadrilateral  which  is  formed  by  joining  the  extremities  of 
a  pair  of  conjugate  diameters. 

17.  The  locus  of  the  centre  of  a  conic,  which  cuts  the  axes  as  in 
Ex.  15,  is  a  conic,  the  co-ordinates  of  whose  centre  are  £(a  +  a'), 
i(& -f//). 

18.  From  the  equation  to  a  conic  circumscribing  a  quadrilateral, 
shew  that,  if  the  conic  be  a  circle,  the  opposite  angles  of  the  quadri- 
lateral are  supplementary. 

19.  If  a  conic  be  inscribed  in  a  triangle,  the  three  straight  lines 
joining  the  angular  points  with  the  points  of  contact  pass  through  one 
point. 
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20.  If  two  conies  have  two  points  of  contact,  to  prove  that  they 
will  not  meet  in  any  other  point. 

21.  An  ellipse  cuts  an  hyperbola  in  four  points,  and  touches  the 
asymptotes  in  A  and  B ;  shew  that  two  of  the  chords  of  intersection  are 
parallel  to  AB. 

22.  If  a  =  0,  (3  =  0,  7  =  0  be  three  equations  written  in  the  form 
x  cos  a  -f  y  sin  a  —  p  =  0,  interpret  the  equations 

Ja  sin  A  +  Jft  sin  B  +  Jy  sin  C  =  0, 
,Ja  cos  A+Jp  cos  B  +A/7  cos  C  =  0, 

.J«+J0+j7  =  0, 
the  origin  being  within  the  triangle. 

23.  If  a  conic  touch  the  sides  of  the  triangle  of  Ex.  22,  in  Z>,  E,  F, 
then  (i)  any  one  of  the  lines  AF,  BE,  CD,  drawn  from  the  opposite 
angles,  passes  through  the  intersection  of  tangents  drawn  to  the  conic  at 
the  points  where  the  other  two  cut  it ;  and  (ii)  if  p,  q,  r  be  perpendicu- 
lars drawn  from  the  point  where  these  three  lines  meet  (Ex.  19)>  the 
equation  to  the  conic  is 


24.  Find  the  diameter  of  a  circle  described  about  a  semi-ellipse 
bounded  by  its  axis  minor. 

25.  From  a  point  0,  two  straight  lines  are  drawn,  touching  a  conic 
in  H  and  K.    A  straight  line  MQRT  is  drawn,  parallel  to  one  of  these 
tangents,  cutting  the  other  in  M ,  the  curve  in  Q,  T,  and  the  chord  HK 
in  R-,  to  shew  that  MQ  .  MT=  MR". 

26.  If  a  conic  be  inscribed  in  a  triangle,  and  touch  two  sides  at 
the  point  of  their  bisection,  shew  that  the  line  joining  the  centre  and 
the  third  point  of  contact  will  pass  through  the  opposite  angular  point. 

27.  If  a  conic  be  inscribed  in  a  quadrilateral,  the  line  joining  its 
point  of  contact  with  two  opposite  sides  passes  through  the  intersection 
of  the  diagonals. 
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28.  From  the  angles  of  a  triangle  ABC  lines  are  drawn  through  a 
given  point  0  within  the  triangle  to  meet  the  opposite  sides  in  -E,  -F,  G; 
FG,  GE,  EF  are  produced  to  meet  BC,  CA,  AB,  in  P,Q,£;  shew 
that  P,  Q,  R  lie  in  one  straight  line. 

29.  If  the  asymptotes  of  an  hyperbola  (xy  =  ^ms)  coincide  with 
the  conjugate  diameters  of  an  ellipse,  which  has  a  double  contact  with 
the  hyperbola,  then  4a262  =  m4,  where  a,  b  are  the  semi-conjugate  dia- 
meters. 

30.  Shew,  geometrically,  that,  when  the  conic  is  a  circle,  the  equa- 
tion of  Art.  244  becomes 

a-^cos  \A  +  fo  cos  ±B  +  yi  cos  £C. 

31.  Shew  that  the  tangents  to  a  conic,  drawn  at  the  angular  points 
of  an  inscribed  triangle,  will  meet  the  opposite  sides  in  points  which  all 
lie  in  one  straight  line. 

32.  A  conic  is  inscribed  in  a  triangle  whose  sides  are  (a),  (/3),  (7) ; 
shew  that  the  equations  to  the  lines  joining  the  points  of  contact  are 

la  +  m/3  —  ny  =  0,     la  +  ny  -  mfi  =  0,     m0  +  fty  —  la  —  Q. 

33.  Shew  that  the  three  conies 

In  nn  n     lin    a  n       mn    9 

«7~— 8/32  =  0,      a/3--s-78=0,      /?7-_a'-0, 

meet  in  a  single  point,  and  that,  if  the  constants  I,  m,  n  are  connected 
by  the  equation  j  H h  -  =  0,  where  A,  /*,  v  are  fixed  quantities,  the 

locus  of  that  point  is  a  conic  circumscribing  the  triangle  (a),  (/?),  (7). 
Explain  this  by  a  geometrical  figure. 


SECTION  XII. 

Miscellaneous  Propositions. 

247.  WE  shall  now  shew  how  some  of  the  principal  pro- 
perties that  have  been  proved  in  the  foregoing  sections  may 
be  deduced  at  once  from  the  general  equation  of  the  second 
order. 

Ax*  +Bxy  +  Cy*  +  Dx  +  Ey  +  F  =  0 (l) 

Let  the  equation  to  a  line  meeting  the  curve  be 

y  —y       x-x 

y— *=-      -=/;....      (2) 
s  c 

.  .  sin  a  sin  (a>  —  a)  ... 

where  s  =  sin  a  or  — ,   c  =  cos  a  or  -  — ,  according 

sin  o>  sin  w 

as  (Art.  27)  the  axes  are  rectangular  or  oblique.  Then,  from 
(l)  and  (2),  we  have,  to  determine  the  distances  from  (x'y) 
of  the  points  of  intersection,  an  equation 

PP  +  Ql+  R  =  0,     .     .     .     .      (3) 
where  P  =  Ac*  +  Bcs  +  Cs*, 
Q,  =  (2Ax  +  By  -f  D)  c  +  (2Cy  +  Bv  +E)s, 
R  =  Ax*  +  Bxy'  +  Cy*  +  Dx  +  Ey  +  F. 

Now,  as  in  Arts.  167,  &c.,  if  (x'y)  be  the  middle  point  of  the 
chord,  Q  must  =  0,  and  we  obtain,  for  the  equation  to  the 
diameter  of  which  (2)  is  an  ordinate, 

(2Ac  +  Bs)x  +  (2Cs  +  Be)  y  +  DC  +  Es  =  0. .     .     (4) 

If  Q  =  o  for  every  value  of  5  and  c,  i. e.  if  (x'y)  be  the 
centre  of  the  curve,  we  must  have 

2Ax'  +  By'  +  D  =  0,   2Cy  +  Bx'  +  E  =  0, 
which  are  the  equations  of  Art.  108. 
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248.  If  (ay)  be  on  the  curve,  we  have  R  =  0  in  (3), 
and  we  may,  as  before,  Arts.  135,  &c.  obtain,  for  the  equation 
to  the  tangent  at  (aoy), 

y-y        %  Ax  +  £y'  +  D 

as-x~       2Cy  +  BOB  +  E  ' 

Multiplying  up,  and  remembering  that  (x'y)  is  a  point  on  (l), 
equation  (5)  will  become 

(2Ax-rBy+D)x+(Ba;'+2Cy'+E)y+Da!r+Ey+2F=0,  .  .  (6), 

and  by  reasoning  such  as  we  have  used  in  the  case  of  the 
several  curves,  it  will  be  seen  that  this  is  also  the  equation  to 
the  polar  of  any  point  (x'y').  From  these  equations  all  the 
ordinary  theories  of  polars,  tangents,  and  conjugate  diameters 
may  be  deduced. 

249.    The  rectangle  on  the  segments  of  the  chord  (2)  will  be 
equal  to  the  product  of  the  roots  of  equation  (3),  and  therefore 
R  _  Ax*  +  Bx'y  +  Cy*  +  Dx'  +  Ey  +  F 


_ 

=  P~  Ac*  +  Bcs  +  Cs* 

and  if  another  chord  be  drawn  through  the  same  point 
and  its  direction  be  determined  by  s   and  c',  quantities  corre- 
sponding to  s  and  c  above,  the  rectangle  on  its  segments 
Ax*  +  Bxy  +  Cy'2  +  Dx  +  Ey'  +  F 


Cs's 
hence  the  ratio  of  the  rectangles  is 

Ac*  +  Bcs  +  Os2  :  Ac'*  +  Bcs'  +  Cs'2, 

a  ratio  which  does  not  depend  upon  the  point  (xy)  and  which 
remains  the  same  as  long  as  the  chords  make,  respectively,  the 
same  angles  with  the  axes  ;  hence,  if  QQ',  RR'  be  two 
chords  of  a  conic,  and  P  their  point  of  intersection,  the  ratio 
PQ  .  PQ'  :  PR  .  PR'  is  not  altered  by  moving  each  chord 
parallel  to  itself,  and  so  shifting  the  position  of  P  in  any 
manner. 
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We  have  already  had  a  particular  instance  of  this  theorem 
in  the  case  of  central  conies  referred  to  any  pair  of  conjugate 
diameters  ;  for  their  equation  may  be  written 


f 

(a  —  x)  (a  +  cc)       a'2 

where  the  two  positions  of  the  point  (x'y)  are  the  foot  of  the 
ordinate  and  the  centre. 

250.     If  the  equation  to  a  conic  be 

As?  +  Bxy  +  Cy3  +  F  =  0,     .     .     .     .     (l) 
the  asymptotes  are  represented  by 

Aa?  +  Bxy  +  Cy-  =  0         ....     (2) 

The  equation  to  the  tangent  to  (l)  is  (Art.  248),  putting 
D  and  E  each  =  0, 

aAxai  +  By'x  +  Bay  +  zCyy  +  2F  =  0  ;     .     .     .     (3) 

Dividing  by  y\  and  then  making  y  =  co  ,  (3)  becomes 
/  / 

zAx  —  +  Bx  -h  By  ^  +  2Cy  =  0.      ...     (4) 

y  y 

But  (4)  evidently  passes  through  the  origin,  and  therefore 
x       cc 

~i   =  ~  > 

y     y 

and  equation  (4)  becomes 

Aa?  +  Exy  +  Cy~  =  0,      .     .     .     .     (5) 
and  is  the  equation  to  the  asymptotes. 

By  Art.  57,  the  tangent  of  the  angle  between   the  lines  re- 
presented by  (5)  is 

(B*  - 


an  expression  which,  by  Arts.  108,  112,  does  not  change  when 
the  equation  is  transformed  either  by  shifting  the  origin  or 
moving  the  axes  through  any  angle. 
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251.  To  find  the  polar  equation  to  the  tangent  of  a 
conic  section,  the  focus  being  the  pole,  and  the  angular  co- 
ordinate (a)  of  the  point  of  contact  being  given. 

It  will  be  seen,  by  Arts.  157,  215,  that  the  focal  polar 
equation  to  any  conic  may  be  written 

£• 

—  =  1  -  e  cos0,     ....     (1) 

P 

where  C  =  half  the  latus  rectum,  and  e  «=  1  for  the  parabola ; 
the  left  hand  focus  being  the  pole  in  the  ellipse,  and  the  right 
hand  in  the  hyperbola;  then  (Art.  51,  Ex.  l)  the  polar  equa- 
tion to  a  straight  line  may  be  written 

£ 

-  =  A  cos  9  +  B  sin  9 (2) 

P 

At  the  intersection  of  (l)  and  (2)  we  have 

l  -  (A  +  e)  cos  9  =  B  sin  9, 

and  .-.  1  -  #2  -  2  (A  +  e)  cos0  +  {(A  +  ef  +  B*}  cos°~9  =  0.  (3) 
Now,  if  (2)  be  a  tangent,  (3)  has  equal  roots, 

and  .-.  (A  +  ey  =  {(A  +  ef  +  B*\  .  (l  -  B% 

.-.0  =  B*-B*\(A+ey  +  B2}, 
or  1  -#2=  (A  +  e)2-, 
hence,  substituting  for  B2  in  (3),  we  have 

(A  +  ef  -  2  (A  +  e)  cos0  +  cos20  =  0  ; 
hence  A  +  e  =  cos  a,  and  .•.  1  —  B2  =  cos2  a ; 
/.  A  =  cos  a  —  e,  B  =  sin  a, 

and  therefore,  substituting  in  (2),  the  equation  to  the  tangent 

becomes 

(7 

—  =  cos  (0  -  a)  —  e  cos  9. 

P 
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Ex.  1.      To  find  the  angle  that  the  tangent  makes  with 
the  axis  of  x. 

Make  p  infinite ;    then  the  radius  vector  is  parallel  to  the 
tangent,  and  we  have 

cos  (9  —  a)  =  e  cos  0, 
e  —  cos  a 


whence  tan  9 


sin  a 


In  the  parabola,  e  =  1 ,  which  gives  9  =  - ,  and  therefore 

SP=ST,  as  it  ought  (Art.  214). 

Ex.  2.  In  the  parabola,  if  SP,  SQ  be  two  radii  vectores, 
and  PT,  TQ  tangents  at  P  and  Q,  then  SP . SQ  =  ST2,  and 
ST  bisects  the  angle  PSQ. 

Ex.  3.  The  locus  of  the  intersection  of  tangents  at  points 
which  subtend  a  given  angle  (0)  at  the  focus  of  a  conic  is  a 
conic  which  has  the  same  focus  and  directrix,  and  whose 

e 

eccentricity  = ^ —  . 

cos±<f> 

252.  To  find  the  equation  to  a  conic,  when  the  tangent 
and  normal  at  any  point  are  the  axes  of  y  and  x. 

Since  the  axis  of  y  is  a  tangent  at  the  origin,  when  on  =  0 
in  the  general  equation 

Ax2  +  Bxy  +  Cy*  +  Dx  +  Ey  +  F  =  0, 
the  values  of  y  become  each  =  0, 

.-.  JE  =  0,  F  =  o, 
and  the  equation  is  reduced  to 

Ax*  +  Bxy  +  Cy*  +  Dx  =  0, 
the  axis  of  x  being  any  line  drawn  through  the  point  of  contact. 

253.  The  following  is  a  method  very  commonly  used  for 
finding  the  equation  to  the  tangent  at  any  point  of  a  curve. 
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Suppose  (x'y),  (x'y")  to  be  two  points  near  to  one  another 
in  the  curve ;  then  the  equation  to  the  line  passing  through 
these  points  is 


and  if  we  suppose  the  point  (x'y")  to  move  up  to  (x'y)  and 
approach  indefinitely  near  to  it,  (1)  will  be  a  tangent  at  (x'y). 

it  r 

y  ~~  y 

The  fraction  — ^- — -,  will,  in  this  case,  assume  the  indeterminate 

X     —Of 

form  - ,  and  we  must  therefore  endeavour  to  find  its  real  value. 
0 

If  the  equation  to  the  curve  ~bef(xy)  =  0,  where  f(xy)  denotes 
an  expression  involving  x  and  y,  we  shall  have,  since  (x'y'), 
(x"y")  are  on  the  curve, 

f(x'y')  =  0,  f(x"y")  =  0, 
and  .'.f(x"y")  -f(x'y)  =  0.     ...     (2) 

ir  t 

y    —i/ 
From  which  equation  we  may  generally  find  a  value  of  — Tl , , 


x    —  x 


which  does  not  become  indeterminate  when  (x'y'')  approaches 
to  (x'y). 

We  will  suppose,  for  example,  that  the  curve  is  an  ellipse 
or  hyperbola  ;   then  for  (2)  we  shall  have 


x 


"z 


hence 


S/o  'o 

y  -y 

X      ~~  SB 


y   -y 
and  we  have  —f -,  = 

x"-x' 
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hence,  when  (x"y"}  approaches  indefinitely  near  to 
have  „        , 

y  -y 


we 


,2   / 
b  x 


X     —  Of 


and,  substituting  in  (l),  we  shall  evidently  obtain  the  equation 
of  Art.  135. 

254.      To  find  the  area  of  the  ellipse. 

Let  the  common  ordinates  of  an  ellipse  and  the  circle  on  its 
tranevorso  axis  be  QPM,  Q^M^ 
&c.  ;   then  since  (Art.  125) 

PM-.QM-.'.P.M.iQ.M,::  b  :  a, 
/.  PM  +  P1M,:QM+  Q, 


t,::b:a. 

Also  the  quadrilaterals  PMM.Pl}    •& 
give 


ito 


PMM.P,  =  1  (PM  +  P^MJ 
QMM,  Q,  =  1  (QM  +  QM)  MM,  ; 
hence,  PMM^  :  QMM&  ::  b  :  a, 

and  the  same  ratio  holds  for  each  pair  of  quadrilaterals  ;  hence, 
the  whole  polygon  BPPtP2A  inscribed  in  the  ellipse,  is  to  the 
whole  polygon  RQQ^^A  inscribed  in  the  circle,  in  the  ratio 
of  6  to  a.  Now,  since  this  will  be  true  whatever  be  the 
number  of  the  sides  of  the  polygons,  let  us  suppose  the  number 
to  be  increased  indefinitely  ;  then  the  areas  of  the  polygons 
approach  indefinitely  near  to  the  areas  of  the  ellipse  and  circle, 
and  we  perceive  that  the  area  of  the  ellipse  is  to  the  area  of 
the  circle  as  b  :  a  ;  and,  since  the  area  of  the  circle  is  ira*, 
the  area  of  the  ellipse  =  irab  or  =  irab'  sin  y  if  a\  b'  be  two 
semi-conjugate  diameters  and  y  be  the  angle  between  them 
(Art.  180). 

COR.    For  the  hyperbola,  the  same  relation  obtains  between 
the  area  contained  by  the  curve  and  a  chord  parallel  to  the 
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conjugate  axis,  and  the  corresponding  area  of  an  equilateral 
hyperbola  described  upon  the  transverse  axis.  But  this  will 
not  enable  us  to  find  the  area  of  the  hyperbola,  unless  we  first 
know  that  of  the  equilateral  hyperbola. 

255.      To  find  the  area  of  the  segment  of  a  parabola  cut 
off  by  any  right  line. 

Let  PQ  be  the  line;  draw  the  dia- 
meter A'M  bisecting  it,  A'N  the  tangent 
at  A  ;  let  p  (xy),  p'  (a/y)  be  two  points 
near  to  one  another;  then  if  £NA'M=<a, 
the  quadrilateral 

pmm'p'  =  1  (y  +  y')  (so  —  of)  sin  o>, 
pnn'p  =  1  (#  +  #')  (y  —  y)  sin  w, 

pmm'p  _  (y  +  y')  (a?  -  a/)       (y  +  y')2 

pnn'p'       (a  +  of)  (y  -  y)       y*  4-  y* 

since  y'2  =  4dV,  y2  =  bdx  (Art.  225). 

Now  when  p  approaches  indefinitely  near  to  p  and  therefore  y 
to  y,  we  have 

pmm'p'      (2y)8      2 


pnn'p'         2y~        1 

Now  we  may  divide  the  area  A'MP  into  a  series  of  quad- 
rilaterals such  as  pmm'p',  and  the  area  A'NP  into  a  corre- 
sponding series  pnn'p',  and  if  the  number  of  these  figures 
becomes  indefinitely  large,  the  ratio  of  each  of  those  in  the 
area  A'MP  to  the  corresponding  one  in  A'NP  will  be  2  to  1  ; 
hence  the  sum  of  one  set  is  to  the  sum  of  the  other  in  the 
same  ratio,  and  we  have 

area  A'MP  -  2  area  A'NP  ; 

2 
hence  the  whole  segment  PA  Q  is  equal  to  -  of  the  parallelo- 

O 

gram  PNRQ. 
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256.     Eccentric  angle. 

It  is  sometimes  convenient,  in  the  solution  of  problems,  to 
express  the  abscissa  and  ordinate  of  any  point  in  the  curve  in 
terms  of  some  single  variable.  In  the  circle,  referred  to  its 
centre  as  origin,  if  0  be  the  angle  which  the  radius  drawn  to 
the  point  (xy)  makes  with  the  axis  of  x,  we  have  shewn  (Art. 
95)  that  we  may  write  a?  =  r  cos  0,  y  =  r  sin  0,  thus  express- 
ing them  both  in  terms  of  the  single  variable  <h. 

In  the  ellipse,  we  may  assume  that 

as  =  a  cos  0,  y  =  b  sin  0, 

for  these  assumptions  might  be  made  separately,  since  cV  <  a, 
y  <  6,  and  when  substituted  in  the  equation 

a?      y* 
a*      6a 
they  give 

and  hence  they  may  be  made  simultaneously. 
In  the  hyperbola  we  may  put 

x  —  a  sec  0,  y  =  b  tan  0, 

since  the  secant  and  tangent  may  have  any  values,  and  these 
values,  when  substituted  in  the  equation 

-  -  y-  =  1 
will  give 

This  angle  is  called  the  Eccentric  Angle  of  the  point.  We 
shall  leave  it  to  the  student  to  construct  the  angle  geometri- 
cally. He  will  find  that,  in  the  ellipse,  if  the  ordinate  MP 
be  produced  to  meet  the  circle  on  the  major  axis  in  Pf  the 
angle  P"CM  =  0.  In  the  hyperbola,  if  a  tangent  MQ  be 
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drawn  from  the  foot  of  the  ordinate  MP,  to  the  circle  on  the 
transverse  axis,  the  angle  QCM  is  the  eccentric  angle  of  the 
point  P. 

257.  Harmonic  Pencils. 

DEF.  1.     Any  four  lines  meeting  in  a  point  form  a  pencil. 

DEF.  2.  A  straight  line  is  said  to  be  harmonically  divided 
when  it  is  divided  into  three  parts,  such  that  the  whole  line  is 
to  one  of  the  extreme  segments,  as  the  other  extreme  segment 
is  to  the  middle  part. 

DEF.  3.  A  straight  line  drawn  across  a  pencil  is  called  a 
transversal. 

DBF.  4.  A  pencil  is  called  harmonic  if  it  divides  any 
transversal  harmonically. 

258.  Let   OA,    OC',    OB,   OD  be  any  pencil,  and  let 
ACBD  be  a  transversal ; 

\ve  shall  shew  that  the 


ratio 


AD      BD , 


is  a  con- 


AG  BC 
slant  ratio,  in  whatever 
way  AD  be  drawn  across 
the  system. 

AD      sin  AOD 

For  —  = , 

AO      sin  ADO 

AO      sinACO 


AC 


sinAOC* 
AD 


AC 

BD 

Similarly  — - 

AD      BD 


sin  AOD.  sin  AGO 
sin  AOC.  sin  ADO' 
sin  BOD.  sin  OCB 
sin  ADO .  sin  BOC  ' 
sin  AOD.  sin  BOC 


AC  '  BC      sin  A  OC .  sin  BOD' 


(1) 
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which  is  a  ratio  independent  of  the  position  of  AD,  When 
the  right  hand  member  of  equation  (1)  =  l,  the  line  is  harmo- 
nically divided,  and  the  pencil  is  harmonic.  We  then  have 

AD      BD 
7C~~  Be'" 

and,  if  we  consider  AD,  AB,  AC  as  the  first,  second,  and 
third  quantities,  respectively,  equation  (2)  asserts  that  the 
first  is  to  the  third  as  the  difference  between  the  first  and 
second  is  to  the  difference  between  the  second  and  third,  and 
the  quantities  are  therefore  in  harmonical  progression. 

259.  It  may  be  proved,  as  above,  that  the  ratios 

AD      CD      AB      BD 

~AB  ^^BC'    ~AC  '   CD*       '     '     ' 
are  constant. 

The  constant  ratio  (1)  is  called  the  anharmonic  ratio  of 
the  pencil;  but  the  constant  ratios  (3)  are  also  sometimes 
called  anharmonic  ratios. 

260.  The  lines 

a  =  0,    /3  =  0,    a  -  kfi  =  0,    a  +  kfi  =  0, 
form  an  harmonic  pencil. 

Let  OA,  OB,  be  the  lines,  a  =  0,  /3  =  0,  then,  if  we 
suppose  the  origin  somewhere  in  the  angle  A  OB,  the  lines 
a  -  kfi  =  0,  a  +  kfi  =  0  will  (Art.  4?)  lie  as  OC  and  OD 
respectively.  Then  we  have 

sin^OC  sinAOD 

sin  BOC  =      =  sin  BOD ' 
p.  c.  s.  16 
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or,  Art.  258, 


sin  AOC.  sin  BOD 
sin  AOD  .  sin  BOC 

AD      ED 
~  EC" 


l, 


and  the  pencil  is  harmonic. 

261.  Similar  Conies. 

DEF.  Similar  curvilinear  figures  are  figures  whose  curved 
boundaries  are  curvilinear  limits  of  corresponding  portions  of 
similar  polygons,  when  the  number  of  sides  is  increased  inde- 
finitely, and  their  magnitudes,  at  the  same  time,  diminished 
indefinitely. 

From  this  definition  it  follows  at  once,  as  a  test  of  similar 
curves,  that,  one  curve  is  similar  to  another,  when  if  any  poly- 
gon be  inscribed  in  one,  a  similar  polygon  can  be  inscribed  in 
the  other. 

262.  Two  curves  are  similar  when,  any  point  S  being 
taken  in  the  plane  of  one  curve,  another  point  s  can  be  found 
in  the  plane  of  the  other,  such  that,  any  radii  SA,  SB  being 
drawn  in  the  first,  radii  sa,  sb  can  be  drawn  in  the  second 
having  the  properties  that 

z  ASB  =  L  asb, 
and  SA  :  SB  ::  sa  :  sb. 
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For  let  S,  *  be  such  points  in  the  planes  of  the  curves 
ABCDE,  abcde,  so  that  the  angles  ASB,  BSC...  are  equal  to 
the  angles  asb,  bsc,...  and 

SA  :  SB  :  SC...  ::  sa  :  sb  :  «?.... 

Then  the  triangles  ASB,  asb,  &c.  are  (Euc.  vi.  6)  similar, 
and  therefore  the  angles  ABC,  BCD...  are  equal  to  the  angles 
abc,  bed,...  also 

AB  :  ab  ::  SB  :  sb  ::  BC  :  be, 
.'.  AB  :  BC  :  CD...  ::  ab  :  be  :  cd,... 

or  the  parts  of  the  polygons  are  similar  which  are  bounded  by 
corresponding  radii.  But  this  is  true  however  large  be  the 
number  of  the  sides  of  the  polygons.  Hence,  if  the  number  of 
sides  be  increased  indefinitely,  the  curves,  which  are  the  limits 
of  the  polygons,  are  similar. 

263.  If,  in  the  planes  of  two  curves,  one  such  pair  of 
points,  as  S  and  s,  can  be  found,  an  infinity  of  other  pairs  can 
be  found. 

For  the  existence  of  one  pair  proves,  as  above,  the  similarity 
of  the  curves.  Hence,  let  any  polygon  ABCDE  be  inscribed 
in  one,  and  a  similar  polygon  abcde  inscribed  in  the  other, 
and  let  AS,  BS...  be  drawn  to  any  point  S.  Construct  the 
triangle  sab  equiangular  to  the  triangle  SAB,  and  join  sc,  sd — 

Then  SB  :  sb  ::  AB  :  ab 
::  BC  :  be, 
and  since    z  ABC  =  /.  dbc,  and    t.  ABS  =  L  abs, 

.'.    L  SBC  =  L  sbc, 

and  /.  SBC,  sbc  are  similar  triangles,  and 
SC  :  sc  ::  SB  :  sb 
::  SA  :  sa, 

and  similarly  for  SD  :  sd,  &c.  Hence,  since  these  are  any 
polygons,  the  result  is  true  for  any  radii  which  may  be  drawn 
from  S,  s  to  the  curves,  in  the  required  manner. 

16 — 2 
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264.  Curves  are  said  to  be  similar  and  similarly  situated 
when  the  proportional  radii  are  parallel. 

The  two  fixed  points  S  and  s  are  called  centres  of  simi- 
larity. 


265.      Tojind  the  condition  that  the  two  conies 

Aa?  +  Exy  +  Cy*  +  Dx  +  Ey  +  F  =  0,     . 
A' or  +  E'xy  +  Cfy2  +  D'x  +  E'y  +  F'  =  0,     . 
should  be  similar  and  similarly  placed. 


0) 

(2) 


JC 


Let  us  suppose  Q(«V)»  Q'Gr'V)  to  be  two  points,  such  as 
are  described  above,  and  suppose  PQ,  P'Q'  to  be  parallel  radii 
vectores  making  an  angle  0  with  the  axis  of  x,  and  let  their 
equations  be 


y-y 


tt?  —  OB 


=  I,  (3) 


y  —  y 


—  at 


Combining  (3)  and  (4)  with  (l)  and  (2)  respectively  we  shall 
obtain  two  equations  (Art.  247), 

PV  +  Ql  +  R  =  0,  .  (5)      P'l2  +  Q'l  +  R'  =  0,  .  (6) 
the  roots  of  which  are  the  distances  of  Q  and  Q'  respectively 
from  the  curves.    But,  by  hypothesis,  as  long  as  PQ  is  parallel 
to  P'Q',  their  ratio  is  constant,  or 

P'Q'  =k.PQ  suppose. 
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Hence,  if  we  write  kl  for  I  in  equation  (6),  the  values  of  /  in 
(5)  and  (6)  will  be  the  same,  and  therefore  we  shall  have 


Q'k      R' 


(7) 


Since  (Art.  247)  R  and  R'  depend  only  upon  the  position  of 
Q  and  Q',  and  do  not  change  as  the  lines  move  about  these 
points,  we  may  assume  the  ratio  of  R  :  R'  as  constant,  and  we 
have  (Art.  247),  since  s  =  sin#,  c  =  cos#, 

Csin20       tfR  _ 

=  *  Say'  *    (8) 


P      A'co^B  +  rfsmOcosO  +  C'sin'0        R' 
or  A  -  \i.A  ±(B-  ju#')  tan0  +  (C  -  mC')  tan20  =  0,      .      (9) 
for  all  values  of  0 ;  but  this  can  only  be  the  case  when 
A  -  nA'  =  o,  B  -  pB'  =  o,  C  -  nC  =  o, 

A  _J?  _  C 

Hence,  if  two  conies  are  similar  and  similarly  placed,  the  co- 
efficients of  the  highest  powers  of  the  variables  are  the  same  in 
both,  or  differ  only  by  a  constant  multiplier. 

266.      We  shall  now  shew  that  the  condition  of  the  pre- 
vious article  is  sufficient  to  ensure  similarity. 

I.      The  curves  must  be  of  the  same  class  ;  for,  if 
AL_B  _  C  _ 

we  have 

B"  -  4>AC  =  ^(B'*-  lA'Cf), 

that  isy  the  quantities  B*  -  4,AC,  B'2  -  4>A'Cf  must  be  both 
positive,  both  negative,  or  both  zero,  or  the  conies  must  be  both 
hyperbolas,  both  ellipses,  or  both  parabolas.  If  they  be  central 
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curves,  we  may,  by  transferring  the  origin  to  the  centre  of  each, 
obtain  their  equations  in  the  form 

Aaf+Bxy  +  Cy*  +  F  =  0, 

A  a?  +B'xy  +  C'f  +  F'  =  0, 

A,  B,  G  being  the  same  as  before,  by  Art.  108.     From  these 
equations  we  should  have  in  polar  co-ordinates 


_    _ 

A  cos20  +  Bsin  9cos9  +  C  sin20  ' 
-F' 

t<L  __  ••  _ 

P   ~  A'  cos2  9  +  B'  sin  9  cos  0  +  <7'sin20  ' 

and,  if  9  have  the  same  value  in  each  of  these  equations,  or 
the  radii  vectores  be  parallel,  we  shall  have  the  ratio  of  p  :  p' 
constant,  if  the  condition  (l)  holds.  Hence,  the  centre  of  each 
curve  is  a  point  answering  the  required  condition  ;  conse- 
quently any  number  of  such  points  may  be  found,  and  the 
curves  are  similar. 

It  will  easily  be  seen,  by  reference  to  the  polar  equation  to 
the  parabola  (Art.  215),  that  all  parabolas  are  similar  figures, 
the  foci  being  centres  of  similarity,  and  the  parallel  radii  being 
in  the  ratio  of  the  latera  recta. 

267-  It  will  be  seen,  from  the  condition  of  Art.  265,  that 
the  axes  of  two  similar  and  similarly  placed  conies  are  parallel; 
for,  by  Art.  Ill,  according  as  we  wish  to  make  the  axes  of  co- 
ordinates parallel  to  the  axes  of  the  one  or  the  other  respec- 
tively, we  shall  have  to  turn  them  through  an  angle  9  which 
satisfies  the  equation 

n  nt 

tan  20  =  -^—-^,  or  tan20«^,  _  ^,  . 

But  by  the  condition 

B  B' 

A-C~  A'-  C" 
or  the  angle  9  will  be  the  same  in  each  case. 
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268.  If   two   central   conies   are   similar   and   similarly 
placed,  we  see  from  the  above  that  all  diameters  of  one  are 
constantly  proportional  to  the  parallel  diameters  of  the  other. 
From  this  it  follows  again  that  their  eccentricities  are  the  same; 

b  a2  -  62 

for  the  ratio  -  is  the  same  in  each,  and  therefore  -  — —  or  e2. 
a  a? 

Also,  by  reference  to  the  polar  equations  (Arts.  122,  157), 
it  may  be  seen,  that,  conversely,  if  the  axes  are  parallel  and 
the  eccentricities  the  same,  the  conies  will  be  similar  and 
similarly  placed,  having  the  foci  and  centres  as  centres  of 
similarity. 

Again,  if  two  hyperbolas  have  parallel  asymptotes,  they 
must  be  similar  and  similarly  placed ;  for  their  axes,  which 
bisect  the  angles  between  the  asymptotes  must  be  parallel,  and 

their  eccentricities,  which  depend  upon  — ,  the  tan  of  1  the 

CL 

angle  between  the  asymptotes,  must  be  equal. 

269.  Two  conies  will  be  similar,  but  not  similarly  placed, 
if  the  proportional  radii  make  a  constant  angle  with  each  other 
instead  of  being  parallel ;   i.  e.  they  would  fulfil  the  conditions 
of  Art.  265,  and  be  both  similar  and  similarly  placed,  if  one  of 
them  were  moved  through  a  given  angle  (a). 

Let  equations  (l)  and  (2)  Art.  265  represent  two  conies, 
similar  but  not  similarly  placed,  and  let  conic  (l)  be  turned 
through  such  an  angle  a,  that  it  may  be  similarly  placed  with 
(2).  This  will,  of  course,  as  far  as  regards  the  change  in  its 
equation,  be  the  same  as  if  the  axes  were  turned  through  an 
angle  a,  and  we  shall  have  a  new  equation, 

ax*  +  bxy  +  cyz  +  dx  +  ey  +  f  =  0,      .      .      (3) 
where  the  values  of  a,  6,  e,...  in  terms  of  A,  B,  C,...  and  the 
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angle  a,  may  be  seen  from  Art.  Ill,  and,  from  Art.  112,  we 
have  also  the  following  relations  which  do  not  involve  a, 

ba-  4ac  =  B*  -  4, AC,     a  +  c  =  A  +  C.     .     .     (4) 
But,  since  (3)  is  similar  and  similarly  placed  to  (2),  we  have 
a        b        c 
'A'  =  ~B'=:Cf=fL  Say  ; 
from  which  equations  we  have 

^(B'*-  lA'C),  a  +  c  =  /ui(A' +  C"). 
B'Z-4>A'C'      63-4ac 


Hence, 

and  .*. 


(A'  +  C")2   "   («  +  c)2' 
B^-lA'C'      B*~4,AC 


v~  +  Cy        (A  +  C)z 
is,  from  (4),  the  required  condition. 

270.  Since  the  elimination  of  one  of  the  variables,  be- 
tween two  equations  of  the  second  degree,  produces  generally 
(Appendix)  an  equation  of  the  fourth  degree,  it  may  be  seen 
that  two  conies  will,  generally,  meet  in  four  points.  When 
the  curves  meet  in  two  real  points  only,  it  is  convenient,  for 
some  purposes,  to  speak  of  the  other  two  points  of  intersection 
as  being  impossible  or  infinitely  distant,  or  both.  For  ex- 
ample, two  similar  and  similarly  situated  conies  S  and  S' 
cannot  intersect  in  more  than  two  real  points ;  for  S'  may  be 
multiplied  by  such  a  constant  k  as  to  make  the  equation 

S  -  kS'  =  0 (1) 

linear,  and,  therefore,  combining  (l)  with  either  S  =  0  or  S'  =  0, 
we  shall  get  but  two  points  of  intersection.  Hence,  it  would 
seem  that  any  other  conic 

S-k'S'  =  0 (2) 
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would  be  limited  to  pass  through  two  points  only,  and  there- 
fore (Art.  240)  should  have  three  arbitrary  constants  instead  of 
one  ;  but  such  an  equation  as  (2)  gives  us  algebraical  con- 
ditions which  we  cannot  always  express  geometrically  unless 
we  consider  that  (2)  passes  through  the  same  infinite  or  impos- 
sible points  as  S  and  S*.  We  should  then  have  four  con- 
ditions, as  we  ought.  And,  in  fact,  (2)  does  in  reality  fulfil 
two  other  conditions,  when  S  and  &  are  similar,  for  it  is 
similar  and  similarly  placed  with  S  and  »$";  for  if 


S  =  Atf  +  Bxy  +  Cfy2  +  &c.      .  .    .     .     .      =0, 

nCy*+  &c.     .     .     .      =  0, 

B(\  -k'n)xy  +  C(l  -  &'/Oys+  &c.  =  0, 
which  is  a  conic  similar  and  similarly  placed  with  S  and  S'. 

If  the  curves  be  hyperbolas,  their  asymptotes  are  parallel, 
and,  as  parallel  lines  may  be  supposed  to  meet  at  infinity,  and 
each  asymptote  meets  its  own  curve  at  infinity,  the  hyperbolas 
tend  to  intersect  at  two  points  at  an  infinite  distance. 

271.      Sections  of  the  Cone. 

The  surface  described  by  an  indefinite  straight  line,  which 
is  carried  round  the  perimeter  of  a  given  circle,  always  passing 
through  a  given  point,  is  called  a  cone.  The  circle  is  called 
the  base  of  the  cone,  the  fixed  point  the  vertex,  and  the  line 
joining  the  vertex  and  the  centre  of  the  base  is  called  the  axis. 
A  cone  is  said  to  be  right  if  the  axis  is  perpendicular  to  the 
plane  of  the  base,  and  oblique  if  the  axis  is  inclined  at  any 
other  angle  to  that  plane.  As  the  generating  line  is  not 
limited,  the  surface  of  the  cone  consists  of  two  portions  or 
sheets  (fig.  Art.  274),  perfectly  similar,  situated  on  opposite 
sides  of  the  vertex,  and  of  indefinite  extent.  It  is  evident, 
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from  the  method  in  which  the  cone  is  generated,  that  every 
plane  parallel  to  the  base  will  cut  the  cone  in  a  circle,  and 
that  every  plane  through  the  axis  will  cut  it  in  two  straight 
lines,  in  both  which  cases,  the  section  will  be  represented  by 
an  equation  of  the  second  degree.  We  shall  now  shew  that 
the  same  is  the  case,  in  whatever  manner  the  plane  cuts  the 
cone,  and  we  shall,  for  the  sake  of  simplicity,  content  our- 
selves with  proving  this  property  in  the  case  of  right  cones 
only. 

The  different  curves,  obtained  by  cutting  a  cone  by  a  plane, 
are  called  Conic  Sections. 

272.  Every  section  of  a  right  cone  by  a  plane  is  a  curve 
of  the  second  degree. 

OBS.  The  generating  line,  in  a  right  cone,  will  always 
make  the  same  angle  with  the  axis. 


Let  HRLK  be  a  plane ;  AB,  a  fixed  line,  the  axis  of  a 
cone,  inclined  at  an  angle  a  to  the  plane  ;  AC  a  perpendicular 
from  A,  the  vertex,  on  the  plane ;  AP  the  generating  line, 
revolving  round  AB,  inclined  to  it  at  a  constant  angle  /3. 
Then  P,  the  extremity  of  AP,  will  evidently  trace  out  some 
conic  section  on  the  plane,  which  is  supposed  to  be  intercepted 
between  the  vertex  and  the  circle  round  the  perimeter  of  which 
the  generating  line  is  carried. 

Draw  PM  perpendicular  to  BC  produced  ;  join  BP  and 
CP.  Take  C  as  origin,  CM  as  axis  of  #,  and  a  perpendicular 
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to  it  in  the  plane  HRKL,  as  axis  of  y\  let  P  be  the  point 
(xy)  and  AB  =  a. 

Then  BP2  =  PM2  +  BM2 

=  y~  +  (a?  +  a  cos  a)2,     .....      (l) 
since   L  ABC  =  a  ;   also 

BP2  =  a2  +  AP*  -  2a  .  AP.  cos/3 


=  a2  +  (a8  sin2  a  +  if  +  <ff2)  -  2a  cos  /3  va2  sin2  a  +  y~  +  x\  .  (2) 
since  ^P2  =  JC2  +  PC2. 

Equating  (l)  and  (2),  the  equation  to  the  locus  of  P  is 


a2cos2a  +  Sa.rcosa  =  a2  +  a2  sin2  a  -  2acos/3  v/«2sin2a  +  a;2  +  y% 

or  cos  j3  \/a"  sin2  a  +  x*  +  y*  =  a  sin8  a  —  a?  cos  a, 
a  curve  of  the  second  degree. 

273.      Comparing  this  equation  with  the  general  equation 
of  the  second  degree 

Axz  +  Bxij  +  Cyz  +  Dx  +  Ey  +  F  =  0, 
we  see  that  in  this  case 

A  =  cos2  /3  -  cos2  a,  B  -  0,   C  =  cos2  /3. 

• 

Now  (Art.  101),  the  curve  is  an  Hyperbola,  Parabola,  or 
Ellipse,  according  as  B2  -  4>AC  >  =  <  0,  or  as 

—  cos2  /3  (cos*  /3  -  co  s2  a)  >  =  <  0, 

as  cos2  a  —  cos2  (3  >  =  <  0, 

as  sin  (/3  +  a)  .  sin  (/3  —  a)  >  =  <  0, 

as  sin  (/3  —  a)  >  =  <  0, 

or  as  /3  >  =  <  a, 

since  /3  +  a  is  by  construction  less  than  TT,  and   therefore   sin 
(j8  +  a)  always  positive. 
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274.  We  may  easily  identify  the  above  results  with  the 
forms   of  the   curves   that   we 

have  already  discovered ;  for, 
let  SAR  be  a  cone,  AO  the  axis, 
B  the  point  where  the  cutting 
plane  EE'  cuts  the  axis  ;  draw 
BP  parallel  to  AR,  then  we 
have  by  our  assumptions 

z  SAR  =  2/3,  z  AEB=  TT  -  j3-«, 
and  hence 
Z  SAR  +  z  AEB  =  TT  +  (3  -  a. 

If  /3  <  a,  these  two  angles 
are  less  than  two  right  angles, 
and  the  point  E  will  lie  below 
the  point  P,  and  the  section  willg 
evidently  be  limited  in  every 
direction,  and  be  an  ellipse. 

If  /3  =  a,  the  two  angles  =  two  right  angles  ;  the  point 
E  coincides  with  P,  and  the  cutting  plane  is  parallel  to  AR. 
The  section  will  evidently  be  limited  at  P  and  unlimited  in 
the  direction  PB,  and  be  a  parabola. 

If  /3  >  a,  the  two  angles  are  greater  than  two  right  angles ; 
the  point  E  lies  above  P,  and  the  cutting  plane  meets  both 
sheets  of  the  cone.  The  section  will  be  unlimited  in  every 
direction,  and  be  an  Hyperbola. 

275.  It  is  from  this  property  of  the  cone  that  the  three 
curves  derive  their  names.      The  Ellipse  is  so  called  because 
the  two  angles  mentioned  above  fall  short  of  (e\\e'nrciv)  two 
right  angles  ;  the  Hyperbola,  because  they  exceed  (v7repl3dX\eiv) 
two  right  angles  ;  and  the  Parabola,  because  its  axis  is  parallel 

to  the  side  of  the  cone. 


APPENDIX. 

Properties  of  Quadratic  Equations. 

1.      THE  most  general  form  of  a  quadratic  is 

a,v*  +  bx  +  c  =  0, (1) 

or  ax*  +  bx        =  -  c (2) 

Multiply  every  term  of  (2)  by  4  a  and  add  62  to  each  side,  then 
4-abx  +  62=  6s-  4ac, (3) 


-  b  ±  \/62-  „„„ 

whence          x  =  -  .  .  .     .      (4) 

2a 

The  roots  of  (l)  are,  therefore, 

—  6  +  v  b2  —  4  ac        —  b  —  \/b9  —  4>ac 


.      -      (5) 
2a  2a 

hence  (i)  if  63>  4ac,  we  shall  have  b*  —  4>ac  a. positive  quantity, 
and  therefore  \/b3—  4ac  a  possible  quantity;  and  since  in  one 
root  it  is  taken  with  +,  and  in  the  other  with  -,  the  two  roots 
will  be  real  and  different. 


(ii)    If  68  =  4  etc,  \^2  —  4ac  =  0,  and  therefore  the  two 
roots  will  be  real'and  equal. 

(iii)    If  62<4ac,   62  —  4ac  is  a   negative   quantity,   and 


—  4-ac  is  impossible,  and  therefore  the  two  roots  are  im- 
possible. 

Hence,  the  roots  of  equation  (l)  are  real  and  different, 
real  and  equal,  or  impossible,  according  as 

=  <  4ac. 
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2.      If  a,  /3  represent  the  roots  of  ax?  +  boo  +  c  =  0,  then 

--  =  a  +  /3,      -  =  a/3. 
a  a 

The  values  of  a  and   /3  are  given  above  (5);   hence,  adding 
and  multiplying  these  values,  we  have 

b         ~     62-62-4ac)       c 


=  --  ,  —        —  --       -. 

a  4er  a 

This  property  is  expressed  by  saying  that,  if  any  quad- 
ratic be  so  written  that  the  coefficient  of  a?  is  unity,  then  the 
coefficient  of  a?  is  equal  to  minus  the  sum  of  the  roots,  and 
the  last  term  is  equal  to  the  product  of  the  roots. 

3.  If  a,  /3  be  the  roots  of  ao?  +  bx  +  c,  then 

ax*  +  bx  +  c  =  a(x  -  a)  (ao  -  /3). 

6          c 

For,  a?1  -i  —  x  +  —  =  a?2  -  (a  +  p)  <r  +  a/3, 
a         a 

=  (OB  -  a)  (ctf  -  /3)  ; 
.'.   at??8  +  bx  +  c  =  a^v  —  a)  (a?  -  /3). 

This  may  easily  be  shewn  to  be  true  for  equations  of  all  di- 
mensions. 

COR.  If  one  of  the  roots  be  0,  the  corresponding  factor  is 
a?  —  0  or  a;  ;  hence,  when  the  factor  x  occurs  in  every  term  of 
an  equation,  it  may  be  struck  out,  but  it  must  be  remembered 
that  one  root  of  that  equation  is  x  =  0. 

4.  If  there  be  two  equations  given  of  the  second  degree 
between  two  unknowns,  the  elimination  of  either  of  them  will 
lead,  generally,  to  an  equation  of  the  fourth  degree. 

Let  the  equations  be 

Axz  +  Bxy  +  Cy*  +  Dx  +  Ey  +  F  =  0,    .     .     (l) 
A'  a?  +  E'xy  +  C'y2  +  D'x  +  JE'y+F'  =  0,.     .      (2) 
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which  may  be  written 

Par  +  Qx  +  R  =  0, (3) 

PV  +  Q',r  +  R'  =  0 (4) 

Eliminating  #2  between  (3)  and  (4),  we  have 

(P'Q  -  PQ>  +  P'R  -  PR'  =  0.     ...     (5) 
Eliminating  R  and  R',  and  dividing  by  #,  we  have 

(P'R  -  P#>  +  Q'R  -  QR'  =  0.    .      .  (6) 

Eliminating  x  from  (5)  and  (6)  we  have 

(P'R  -  PR'Y  +  (PQ'  -  P'Q)  (Q'R  -  QR')  =  0,  .     (7) 

which  manifestly  contains  y*,  since  R  and  R'  contain  y2.  This 
is  only  a  particular  case  of  a  general  theorem,  proved  in  most 
treatises  on  the  Theory  of  Equations,  namely  that  elimination 
between  two  equations  of  the  mth  and  nlh  degrees,  respectively, 
will  produce  an  equation  of  the  mnth  degree. 


ANSWERS  TO  THE  EXAMPLES. 


I. 

2>  0'  ~  0'  (~  ^  °)'  Q*  ~D  are  the  middle  points' 

3.    *  —  f,  5  =  1-  4"     W*7. 

5.     3^/2,  3^/3. 

II. 

2.  .y  -  60:  +  7  =  0. 

3.  (2y  -  y2  -  1/0  (JG,  -  .&)  =  (2x  -  xl  -  Xs)  (ys  -  ^)  is  one  equation. 

4.  y-x-l  =  0. 

5.  (i)  y  +  ^-6^/2  =  0;     (ii)  ^  +  ^  +  6^/2-0. 

31  17  24- 

6-    x  =  -,y  =  -.      7-    •r  =  y»   ^  =  y      a   ^  =  Wil;  +  c- 

9.    There  are  eight  straight  lines  which  fulfil  the  conditions  of  the 
problem. 


_  6s       sin  (<*!  -  a)  cos*  as 
.1  A  .     .Area  —  ~^r  •  T    /          ^   .    ~.  .  . 

2    Sin  (a  —  az)  sm  (ai  —  as) 

12.  x+y  =  a  +  b, 

13.  (a'-a)!y-(J/-6)x  =  a'5-ai/. 
(a  —  a')y  +  (6  —  6')*  =  aft  -  a'6'. 

14.  x  =  ,j3y.        15.    j:  =  2,  ,y  =  3,  a:  =  3,  ,y  = 
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16.     -j=.         17.     t/  +  2*  =  0. 

18.     x  +  y  =  2a,  or  =  4a,  according  to  the  side  on  which  the  line  is 
drawn. 

20.     m  =  3. 

a  ,-? 
26.    x=y  =  ^j6- 

28.     Co-ordinates  of  vertex  being  o,  y',  the  intersection  is  o,  ^tf. 

III. 


2.  (i)  x  =  e,  y  =  0;    (ii)     135°. 

3.  (a  ±  J)y  =  (6  =F  a)  (a  -  c). 


25 
4.     5y-8*-40  =  0.         5.     -=.         6.     90°. 


7.    y  =  (l 

13y-12      23*5^/29 


14. 

0 


15.     45°  or  135°.         16.    2x=y,2y  =  x. 


19.     p  =  2a,   0  =  -  ;   the  angle  =  JTT. 
SB 

IY. 

Tflr  ^  771 

6.    The  tangents  of  the  angles  are  Mr.  —  m,  -  --  ., 

1  +  mm' 

and  the  sides  are 


m-m 


11.    A  straight  line  perpendicular  to  the  base. 
p.  c.  s.  17 
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V. 

1.  Co-ordinates  of  centre  are  3  and  —  2  ;  rad.  =  3. 

2.  A  circle  whose  rad.  =  r  and  a  tangent  to  it. 

3.  x+y  =  3.         4.     x+y+l=0. 
5.  l+a.xa+*)- 


6.    x*  —  ax  +  y*  =  ra  —  —  .         7-    An  impossible  locus. 


8.  (i)  D*  =  4,AF,     (ii)  ^2  = 

9.  See  Art.  87-         10.        =      + 


11.    *s  +  '  =    .       12. 


5  cos  a      sin  a 

13.     x  COS  (a7  +  a")  +y  sin  (a'  +  a")  =  r  COS  (a"  -  a'). 

15.     A  circle.     16.    y=  --  x. 
m 

17.  An  arc  of  a  circle. 

18.  A  circle,  whose  diameter  =  the  radius  of  the  given  circle. 

22.     The  segment  of  a  circle  on  the  base  which  contains  the  given 
angle. 


27.  y  -  b  =  m(x  -  a)  ±  r(l  +  m*)*. 

28.  at+y«-*'*-y/<y  =  0.          29. 

30.  {472-2(a-/3)a}^. 

31.  2(a  -  a 

33  ?(V 

*•  2 


36.  If  r  =  radius,  and  p  =  perpendicular  from  centre  on  the  given 

line,  the  point  is  on  the  perpendicular  at  a  distance  =  ±  Jp*—  **  from 
the  point  where  it  meets  the  line. 

37.  ±(^  +  6m-S)  =  r^  +  m2)i.        38.     A  straiht  line. 


40. 
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aa  —  2ab  cos  <a  +  b1 


4  sin1  (a 

42.  sc*  +  Sax  +y*-  Say  =  0. 

43.  A  circle  described  on  the  line  joining  the  point  and  centre,  as 
diameter. 

44.  A  circle  whose  centre  is  on  the  line  joining  the  given  point 
with  the  centre  of  the  given  circle. 

50.  The  triangle  must  be  isosceles,  and  the  ratio  one  of  equality. 

51.  The  triangle  must  be  equilateral. 

52.  A  circle. 

55.     xa  —  Qx  + y"*  —  5y  +  14  =  0.         58-    y  —  x  =  Q. 
59.     x3  +  v2  —  2r(x  +  y)  +  ra  =  0. 

61 .  (r  ±  r^x  ±  {a*  -  (r  ±  /)2}^y  =  ar. 

62.  Write  r  =  —    *?a*+  -  in  the  result  of  59. 

67.     If  AE  be  initial  line  AP  =  p,  tPAE=Q,  the  polar  equation 
to  the  locus  is  p  sin  0  =  a  sin  (0  +  a),  where  a  =  AE,  a  =  z  EAB. 

fift     x=OB-  OB' 
y~  OA-  OA'' 

69.  The  polar  co-ordinates  of  the  centre  are  p  =  2,  6  =  -,  and  rad.  =  3. 

O 

70.  A  circle  whose  centre  is  the  intersection  of  the  diagonals. 

72.  A  circle  whose  radius  =  (n  +  l)r,  if  CP  =  n  .AC. 

73.  If  a  be  the  given  angle,  centre  origin,  the  equation  is 


74.     A  circle  whose  centre  is  the  fixed  extremity  of  one  of  the  lines. 

76.     A  straight  line  perpendicular  to  the  line  joining  the  fixed  point 
and  the  centre. 
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VII. 

0    5j5-3j3  „  5/L7 

4.    cos0  =  —  "  -  ,_     -.         7-    cos0  =  ±-^  —  . 
4^/5  27 

8.    The  extremity  of  the  minor  axis.         14.     —9  --  =  =  1. 

m*     ri* 

17.  The  extremities  of  the  latus  rectum  ;  tan"1  ±  e. 

18.  The  equation  ±  3y  ±  A/5ir  -  9«  =  0  will  represent  the  four  tan- 
gents. 

21.     r  =  eb.        22.     The  extremity  of  the  latus  rectum. 
30. 


37-     Lat.  rect.  =  8a  ;  e  = 
on      /^»A2    /«wV 

39-  l7J  +  UJ  = 

40.     An  ellipse  whose  equation  is  -5  -1  —  *f-  =  1. 

42. 

46.  (i)  a  tangent  at  the  vertex  -4  ;  (ii)  an  hyperbola  whose  equa- 
tion is  (a  +  c)2y  —  b*x*  =  —  6V,  2c  being  =SH;  (iii)  a  tangent  at  the 
vertex  A'. 

VIII. 

7,2  2  /     2  /  2\  2 

17.    The  equation  to  the  loc  us  is  -=  +  —~  =  [-3  -  s  )  . 

^2     x*      \x  +  y2J 

27.  The  equation  is  «y  +  6V  =  2as62. 

28.  If  2c  be  the  length  of  the  chord,  the  equation  is 


39.     The  equation  to  the  locus  is  (x8  +/)2  =  «V  +  b*y". 


ANSWERS  TO  THE   EXAMPLES.  261 

IX. 

2.    y^mx-  2dm  -  dm3.       3.    y,  =  d(j5-  2)^,  yz  =  d(Js  +  2)^- 

8.  Taking  the  centre  of  the  circle  as  origin,  and  the  given  diameter 
as  axis  of  #,  the  latus  rectum  =twice  the  abscissa  of  the  point  of  contact. 

abf  —  a'b  .  ,,      ,.. 

n-  x=  b-v  »  y=^b+bl 

12.  A  parabola  whose  equation  is  #2  =  ±  (M*  ±  /jT')V.r,  taking  the 
upper  or  lower  signs  according  as  the  points  of  contact  are  on  the  same 
or  opposite  sides  of  the  axis. 


16.     Parabolas  whose  latera  recta  =  half  that  of  the  original  curve. 

A  J    2 

19.     Distance  =  272^.        21.    y=£p_. 

I     A      i  2 

25.     Area  =  2a  (d  ~  g5). 


on         cos 
26.    2d.        28. 


sin  ^>       sm  ^> 

29.     A  parabola  whose  focus  is  at  the  centre  of  the  given  circle. 
30. 


31.     If  the  focus  be  pole,  the  axis  initial  line,  the  polar  equation  is 

d 
p  =  2acot -. 

i| 

- /  /  4/z^  ~\~  ft    ~*  7* \  ^ 

33.    #  =  mx  +  r  Jl  +  m2,  where  wi  —  =*=  ( —    —  )  . 

37-     A  parabola  of  which  AB,  AC  are  tangents. 
38.     Latus  rectum  =  2p(l  -  cos  20),  if  p  and  <p  be  the  given  quan- 
tities ;  the  vertex  is  at  a  distance  from  the  focus  =  |  (1  —  cos  20). 

43.  y2  =  7i(x  -  7i),  where  h  is  any  constant. 

44.  y-mx  +  mad  +  2md  =  0,  where  m  is  the  tangent  of  the  angle 
which  the  normal  makes  with  the  axis. 
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45.  A  parabola  whose  equation  is  y1  =  d(x  —  3d}. 

46.  x  =  0,  x  =  2(c  -  2d),  y  = 


51.     A  parabola  whose  equation  is  ya=d(x  -  d}. 

53.  y  =  -2d,  x  =  -3d. 

54.  An  extremity  of  the  latus  rectum. 

56.  If  the  given  straight  line  be  the  axis  of  #,  and  a  perpendicular 
from  the  given  point  (=  c)  the  axis  of  x,  the  locus  will  be  a  parabola 

whose  equation  is  y*  =  2c  ('x  -  -  J. 

57.  b*  =  -da.        58.     a2  =  26*. 

X. 

7-     /wwi  =  —  1. 

8.  The  three  sides  of  a  triangle  formed  by  joining  the  points  where 
the  bisectors  of  the  angles  meet  the  opposite  sides. 

10.     6lys-  Ylxy  -  65x*  +  36y  +  174,x  -151=0. 

xa         2xy         y2      (\ 
15.     —  ;*  -1=^=  +  ^-  (-+ 
««      Jaa'bb'     bb      V» 

22.  Conies  touching  the  sides  of  the  triangle  a,  /?,  7,  (i)  at  their 
middle  points,  (ii)  at  the  feet  of  the  perpendiculars  from  the  angles,  and 
(iii)  where  the  bisectors  of  the  angles  meet  the  sides. 

24.    ^±1'. 
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FORMULAE  AND  RESULTS  TO  BE  COMMITTED  TO  MEMORY. 

The  numbers  refer  to  the  Articles. 
6.     PR^W-afY  +  W-tfy  +  ZW-a?)  (y"-yO  cos  o>, 

or  =(ar- 

24—28.    -  +  j-  =1,  /rco 

(I       0 

x  cos  <t+y  sin  a—  p  =  Q,  y=mat  +  b, 

y^1/  =  x-x>  =l   y-tf  =  if'-if 
s  c         '   x—o/     a!'—  of' 


m  —  m          , 
37  —  40.    t=—     —..    TO  = 

1  +  mm'  1  =F  mt 

—  m  when  t  =  0,  and  =  --  when  t  =  c 
m 

Ax  +  By+C 

42,  43.     /=  ±  -  -  .  —  ±  (x  cos  a  +  y  sw  a—p). 


47.  a±/c/3  =  0,  a±j8=0.  51.    y=p  sin  ^,   d?=/>  cos  0. 

52.  p=psec  (^-a).  59.    #  =  ,r+</,  y=Y+i/. 

60.  x=X  cos  a—  F  sin  a,  y=  F  cos  a  +  X  sin  a. 

73.  (j?-a)«  +  &-&)«  =  »*,    (^-a)2  +  (2/-6)2  +  2(^-a)(j/-6) 

76.  ^2  +  y2=:r2.  82.    artf+yy'  =  r1.  86.    y= 


100—120.  ^  +  5^  +  Ct/2  +  Z)^  +  £y  +  .F=  0.  The  curve  a  hyperbola,, 
parabola,  or  ellipse  according  as52  —  4JC>  =  <0. 

If  A  or  C,  or  both,  =0,  curve  a  hyperbola;  if  5=0  and  A  or  C=0, 
curve  a  parabola  ;  if  B  =  0,  the  axes  are,  if  rectangular,  parallel  to  the  axes 
of  the  curve  ;  if  D  and  E  =  0,  the  centre  is  origin  ;  if  F=  0,  the  origin  on  the 
curve.  j 

108.    2Ax'+By'  +  D  =  0,   2Cy  +  Bat  +  E  =  0. 
B 


110.    tan  26  = 


A-C' 


To  change  formulae  for  the  ellipse  to  those  for  the  hyperbola,  write 
-6s  for  b\ 


137.    y=mx±  Jm*a*  +  b*  139.    -  +  f=0,  ---?=0. 

a      b  a     b 
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146.    CG=eV.    CT=^.  151.    CS=CH=ae,x±  -  =0? 

of  e 


162.    Ellipse  SP=a  +  etf,  HP  =  a-exf,  SP+  HP  =  2a. 
153.    Hyperbola  SP=exf  +  a,  HP=emf-a,  SP-HP=2a. 
262  a  (1  —  e 


JOD.     .L/atus  reciuiu  — 
a 

1-0COS0 

x          if     y     OG 

176.    o/2  +  6'2=a2  +  62. 

180.    a'  I/  sin  7  =  ab. 

c2  +  62 

a2  +  ft2 

I  Qv         71*  ~  4//(7? 

198.    t/y  =  2d  (x  +  of). 

201.    •=«»+-«               209. 
r» 

x  +  d=Q.               210.    SP 

213.    Latus  Rectum  =  4d 

91  R            n  — 

214.    SP=ST=SG. 
99,1  .     «  - 

. 

1— 

233.    Xa  +  M/3  +  "7  =  0  identically. 

234—239.     S-kS'  =  0,  -S-Ara/3  =  0,  5-fea2=0,  07-  ft/35  =  0,  07-^=0. 

243.  £+«+«-a' 

244. 

A      B  _C 
'       '~      ~~'' 


- 

'  ~ 


(A 


*,*    The   Student  should  learn  these  formulae,   and  exercise   himself 
frequently  in  interpreting  them. 
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rendered  into  Latin  Verse,  for  Schools.  By  F.  C.  HODGSON,  B.D., 
late  Provost  of  Eton  College.  New  Edition.  Revised  by  F.  C. 
HODGSON,  M.  A.,  Fellow  of  King's  College,  Cambridge.  18mo.  3*. 

5.  Algebra  for  Beginners. 

By  I.  TODHUNTER,  M.A.,  F.R.S.     18mo.     2s.  6«f. 

*#*  A  KEY  to  this  work  will  shortly  be  published. 

6.  The  School  Class  Book  of  Arithmetic. 

By  BARNARD  SMITH,  M.A.,  late  Fellow  of  St.  Peter's  College, 
Cambridge.  [In  the  Press. 
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WORKS    by    the    Eev.    BABNABD    SMITH,    M.A. 

Fellow  of  St.  Peter's  College,  Cambridge. 


1. 

Arithmetic  &  Algebra 

In  their  Principles  and  Applications. 

With  numerous  Examples,  systemat- 
ically arranged. 

Ninth  Edit.  696pp.  (1863).  Cr.  8vo. 
strongly  bound  in  cloth.  10s.  (id. 

The  first  edition  of  this  work  was  published 
in  1854.  It  was  primarily  intended  for 
the  use  of  students  at  the  Universities, 


2.    Arithmetic 

For    thf    Use    of  Schools. 
New  Edition  (1862)    348  pp. 
Crown  8vo.  strongly  bound  in  cloth, 
4s.  Qd.    Answers  to  all  the  Ques- 
tions. 

3.  Key  to  the  above,  contain- 


ing Solutions  to  all  the  Questions 

in  the  latest  Edition.    Crown  8vo. 

cloth.  392pp.  Second  Edit.  8s.  6d. 

To  meet  a  widely  expressed  wish,   the 

and  "for  ?chooTs^  wldcV  prepMe7o7The  ARITHMETIC  wai  published  separately 
Universities.  It  has  however  been  found  I  from  the  larger  work  in  1854,  with  so 
to  meet  the  requirements  of  a  much  i  much  alteration  as  was  necessary  to  make 
larger  class,  and  is  now  extensively  used  it  quite  independent  of  the  ALGEBRA.  It 
in  Schools  and  Colleges  both  at  home  and  i  has  now  a  very  large  sale  in  all  classes  of 
in  the  Colonies.  It  has  also  been  found  j  Schools  at  home  and  in  the  Colonies.  A 
of  great  service  for  students  preparing  copious  collection  of  Examples,  under 
for  the  MIDDLE-CLASS  and  CIVIL  AND  each  rule,  has  been  embodied  in  the  work 
MILITARY  SERVICE  EXAMINATIONS,  from  in  a  systematic  order,  and  a  Collection  of 
the  care  that  has  been  taken  to  elucidate  |  Miscellaneous  Papers  in  all  branches  of 
the  principles  of  all  the  Rules.  Testi-  I  Arithmetic  is  appended  to  the  book, 
mony  of  its  excellence  has  been  borne  by  | 
some  of  the  highest  practical  and  theo- 
retical authorities ;  of  which  the  follow- 
ing from  the  late  DEAX  PEACOCK  may 
be  taken  as  a  specimen  : 
"Mr.  Smith's  Work  is  a  most  useful 
publication.  The  Rules  are  stated  with 
great  clearness.  The  Examples  are  well 


selected  and  worked  out  with  just  suffi- 
cient detail  without  being  encumbered  by 
too  minute  explanations;  and  there  pre- 
vails throughout  it  that  just  proportion  of 
theory  and  practice,  which  is  the  crown- 
ing excellence  of  an  elementary  work." 


metic.  104  pp.  Cr.  8vo.  (1860) 
2«.  Or  with  Answers,  2s.  6d. 
Also  sold  separately  in  2  Parts 
Is.  each.  Answers,  6d. 


These  EXERCISES  have  been  published 
in  order  to  give  the  pupil  examples  in 
every  rule  of  Arithmetic.  The  greater 
number  have  been  carefully  compiled 
from  the  latest  University  and  School 
Examination  Papers. 
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WORKS    by    ISAAC    TODHTJNTER,    M.A.    F.R.S. 

Fellow  and  Principal  Mathematical  Lecturer  of  St.  John's  College,  Cambridge. 


1.  Algebra. 

For  the  Use  of  Colleges  and  Schools 

Third  Edition.     542  pp.  (1862). 
Strongly  hound  in  cloth.     7«.  6d. 

This  work  contains  all  the  propositions 
which  are  usually  included  in  elementary 
treatises  on  Algebra,  and  a  large  number 
pf  Examples  for  Exercise.  The  author 
has  sought  to  render  tbe  work  easily  in- 
telligible to  students  without  impairing  the 
accuracy  of  the  demonstrations,  or  con- 
tracting the  limits  of  the  subject.  The 
Examples  have  been  selected  with  a  view 
to  illustrate  every  part  of  the  subject,  and 
as  the  number  of  them  is  about  Sixteen 
hundred  and  fifty,  it  is  hoped  they  will 
supply  ample  exercise  for  the  student. 
Each  set  of  Examples  has  been  carefully 
arranged,  commencing  with  very  simple 
exercises,  and  proceeding  gradually  to 
those  which  are  less  obvious. 


2.  Plane  Trigonometry 

For  Schools  and  Colleges. 

2nd  Edit.    279pp.  (1860).    Cm.  8vo. 
Strongly  hound  in  cloth.      5s. 

The  design  of  this  work  has  been  to  ren- 
der the  subject  intelligible  to  beginners, 
and  at  the  same  time  to  afford  the  student 
the  opportunity  of  obtaining  all  the  infor- 
mation which  he  will  require  on  this  branch 
of  Mathematics.  Each  chapter  is  followed 
by  a  set  of  Examples;  those  which  are 
entitled  Miscellaneous  Examples,  together 
with  a  few  in  some  of  the  other  sets,  may 
be  advantageously  reserved  by  the  student 
for  exercise  after  he  has  made  some  pro- 
gress in  the  subject.  As  the  Text  and  Ex- 
amples have  been  tested  by  considerable 
experience  in  teaching,  the  hope  is  enter- 
tained that  they  will  be  suitable  for  impart- 
ing a  sound  and  comprehensive  knowledge 
of  Plane  Trigonometry,  together  with 
readiness  in  the  application  of  this  know- 
ledge to  the  solution  of  problems.  In  the 
Second  Edition  the  hints  for  the  solution 
pf  the  Examples  have  been  considerably 
increased. 


3.     Spherical   Trigonometry. 

for  the  Use  of  Colleges  and  Schools. 

132    pp.   Crown  8vo.     Second 

Edition.     (1863).    4s.  6d. 

This  work  is  constructed  on  the  same 
plan  as  the  Treatise  on  Plane  Trigono- 
metry, to  which  it  is  intended  as  a  sequel. 
Considerable  labour  has  been  expended 
on  the  text  in  order  to  render  it  compre- 
hensive and  accurate,  and  the  Examples, 
which  have  been  chiefly  selected  from  Uni- 
versity and  College  Papers,  have  all  been 
carefully  verified. 

The  Elements  of  Euclid 

For  the   Use  of  Schools  and  Colleges. 

COMPRISING  THE  FIRST  Six  BOOKS  AND 
PORTIONS  OF  THE  ELEVENTH  AND 
TWELFTH  BOOKS,  WITH  NOTES,  AP- 
PENDIX, AND  EXERCISES. 

384pp.  18mo.  hound.  (1862).  3s.  Qd. 
As  the  Elements  of  Euclid  are  usually 
placed  in  the  hands  of  young  students,  it 
is  important  to  exhibit  the  work  in  such 
a  form  as  will  assist  them  in  overcoming 
the  difficulties  which  they  experience  on 
their  first  introduction  to  processes  of  con- 
tinuous argument.  No  method  appears  to 
be  so  useful  as  that  of  breaking  up  the 
demonstrations  into  their  constituent  parts, 
and  this  plan  has  been  adopted  in  the 
present  edition.  Each  distinct  assertion  in 
the  argument  begins  a  new  line ;  and  at 
the  end  of  the  lines  are  placed  the  necessary 
references  to  the  preceding  principles  on 
which  the  assertions  depend.  The  longer 
propositions  are  distributed  into  subordi- 
nate parts,  which  are  distinguished  by 
breaks  at  the  beginning  of  the  lines.  The 
Notes  are  intended  to  indicate  and  explain 
the  principal  difficulties,  and  to  supply  the 
most  important  inferences  which  can  be 
drawn  from  the  propositions.  The  work 
inishes  with  a  collection  of  Six  hundred 
and  twenty-five  Exercises,  which  have  been 
selected  principally  from  Cambridge  Ex- 
imination  papers  and  have  been  tested  by 
oiig  experience.  As  far  as  possible  they 
ire  arranged  in  order  of  difficulty.  The 
Figures  will  be  found  to  be  large  and  dis- 
;inct,  and  have  been  repeated  when  neces- 
ary,  so  that  they  always  occur  in  immedit 
,te  connexion  with  the  corresponding  text. 


FOB  SCHOOLS  AND   COLLEGES.  5 

WORKS    by    ISAAC    TODHTJNTER,    M.A.,    F.'R.S.-continued. 

8.  The 

Differential  Calculus. 


5. 
The  Integral  Calculus 

And  its  Applications. 
With  numerous  Examples. 

Second  Edition.      342  pp.  (1862). 
Crown  8vo.  cloth.      10s.  6d. 

In  •writing  the  present  Treatise  on  the 
Integral  Queuhu,  the  object  has  been  to 
produce  a  work  at  once  elementary  and 
complete — adapted  for  the  use  of  beginners, 
and  sufficient  for  the  wants  of  advanced 
students.  In  the  selection  of  the  propo- 
sitions, and  in  the  mode  of  establishing 
them,  the  author  has  endeavoured  to  ex- 
hibit fully  and  clearly  the  principles  of 
the  subject,  and  to  illustrate  all  their  most 
important  results.  In  order  that  the  stu- 
dent may  find  in  the  volume  all  that  he 
requires,  a  large  collection  of  Examples 
for  exercise  has  been  appended  to  the 
different  chapters. 

6.  Analytical   Statics. 

With  numerous  Examples. 

Second  Edition.      330  pp.  (1858). 

Crown  8vo.  cloth.     10s.  6d. 

In  this  work  will  be  found  all  the  pro- 
positions which  usually  appear  in  treatises 
on  Theoretical  Statics.  To  the  different 
chapters  Examples  are  appended,  which 
have  been  selected  principally  from  the 
University  and  College  Examination  Pa- 
pers ;  these  will  furnish  ample  exercise  in 
the  application  of  the  principles  of  the 
subject. 

7.  EXAMPLES  OF 

Analytical  Geometry 
of  Three  Dimensions. 

76  pp.  (1858).    Crn.  8vo.  cloth.    4s. 

A  collection  of  examples  in  illustration 
of  Analytical  Geometry  of  Three  Dimen- 
sions has  long  been  required  both  by 
students  and  teachers,  and  the  present 
work  is  published  with  the  view  of  sup- 
plying the  want. 


With  numerous  Examples. 

Third  Edition,  398  pp.  (1860). 

Crown  8vo.  cloth,  10s.  Gd. 

This  work  is  intended  to  exhibit  a  com- 
prehensive view  of  the  Differential  Calcu- 
lus on  the  method  of  Limits.  In  the  more 
elementary  portions,  explanations  have 
been  given  in  considerable  detail,  with 
the  hope  that  a  reader  who  is  without  the 
assistance  of  a  tutor  may  be  enabled  to  ac- 
quire a  competent  acquaintance  with  the 
subject.  More  than  one  investigation  of 
a  theorem  has  been  frequently  given, 
because  it  is  believed  that  the  student  de- 
rives advantage  from  viewing  the  same 
proposition  under  different  aspects,  and 
that  in  order  to  succeed  in  the  examina- 
tions which  he  may  have  to  undergo,  he 
should  be  prepared  for  a  considerable  va- 
riety in  the  order  of  arranging  the  several 
branches  of  the  subject,  and  for  a  corres- 
ponding variety  in  the  mode  of  demonstra- 
tion. 


9.  Plane  Co-Ordinate 
Geometry 

AS  APPLIED  TO  THE  STRAIGHT  LINE 

AND  THE  CONIC  SECTIONS. 

With  numerous  Examples. 

Third  and  Cheaper  Edition. 

Cm.  8vo.  cl.  326pp.  (1862).   7s.  6d. 

This  Treatise  exhibits  the  subject  in  a 
simple  manner  for  the  benefit  of  beginners, 
and  at  the  same  time  includes  in  one 
volume  all  that  students  usually  require. 
The  Examples  at  the  end  of  each  chapter 
will,  it  is  hoped,  furnish  sufficient  exercise, 
as  they  have  been  carefully  selected  with 
the  view  of  illustrating  the  most  impor- 
tant points,  and  have  been  tested  by  re- 
peated experience  with  pupils.  In  con- 
sequence of  the  demand  for  the  work 
proving  'much  greater  than  had  been 
originally  anticipated,  a  large  number  of 
copies  of  the  Third  Edition  has  been 
printed,  and  a  considerable  reduction 
effected  in  the  price. 
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By  ISAAC  TODHUNTER,  M.A. 
AN  ELEMENTARY  TREATISE  ON  THE 

Theory  of  Equations. 

With  a  Collection  of  Examples. 
Crown  8vo.  cloth.    279  pp.    (1861). 

7s.  Gd. 

This  treatise  contains  all  the  proposi- 
tions which  are  usually  included  in  ele- 
mentary treatises  on  the  Theory  of  Equa- 
tions, together  with  a  collection  of  Ex- 
amples for  exercise.  This  work  may  in 
fact  be  regarded  as  a  sequel  to  that  on 
Algebra  by  the  same  writer,  and  accord- 
ingly the  student  has  occasionally  been 
referred  to  the  treatise  on  Algebra  for  pre- 
liminary information  on  some  topics  here 
discussed.  The  work  includes  three 
chapters  on  Determinants. 

11.    History  of  the   Progress 
of  the 

Calculus  of  Variations 

During  the  Nineteenth  Century. 
8vo.  cloth.  532  pp.  (1861).   12s. 

It  is  of  importance  that  those  who  wish 
to  cultivate  any  subject  may  be  able  to 
ascertain  what  results  have  already  been 
obtained,  and  thus  reserve  their  strength 
for  difficulties  which  have  not  yet  been 
conquered.  The  Author  has  endeavoured 
in  this  work  to  ascertain  distinctly  what 
has  been  effected  in  the  Progress  of  the 
Calculus,  and  to  form  some  estimate  of 
the  manner  in  which  it  has  been  effected. 


12.    Algebra   for 
Beginners. 

18mo.  cloth,  264  pp.  (1863).  2s.  erf- 
Great  pains  have  been  taken  to  render 
this  work  intelligible  to  young  •  students 
by  the  use  of  simple  language  and  by 
copious  ex  lanations.  In  accordance 
with  the  rec!  mmendation  of  teachers,  the 
examples  for  exercise  are  very  numerous. 


By  J.  H.  PRATT,  M.A. 

Archdeacon   of  Calcutta,  late  Fellow  of 

Gonville  and  Caius  College,  Cambridge. 

A   Treatise   on 
Attractions, 

La  Place's  Functions,  and  the  Figure 

of  the  Earth. 

Second  Edition.  Crown  8vo.  126  pp. 
(1861).     Cloth.     6s.  Gd. 

In  the  present  Treatise  the  author  has 
endeavoured  to  supply  the  want  of  a  work 
on  a  subject  of  great  importance  and  high 
interest— La  Place's  Coefficients  and  Func- 
tions and  the  calculation  of  the  Figure  of 
the  Earth  by  means  of  his  remarkable  ana- 
lysis. No  student  of  the  higher  branches 
of  Physical  Astronomy  should  be  ignorant 
of  La  Place's  analysis  and  its  result — "a 
calculus,"  says  Airy,  "the  most  singular 
in  its  nature  and  the  most  powerful  in  its 
application  that  has  ever  appeared." 

Theory  of  Errors  of 
Observations 

And  the  Combination  of  Observations. 
By  G.  B.  AIRY,  M.A. 

Astronomer  Royal. 
103  pp.  (1861).     Crown  8vo.  6s.  Gd. 

In  order  to  spare  astronomers  and  ob- 
servers in  natural  philosophy  the  confusion 
and  loss  of  time  which  are  produced  by 
referring  to  the  ordinary  treatises  em- 
bracing both  branches  of  Probabilities,  the 
author  has  thought  it  desirable  to  draw 
up  this  work,  relating  only  to  Errors  of 
Observation,  and  to  the  rules  derivable 
from  the  consideration  of  these  Errors,  for 
the  Combination  of  the  Results  of  Obser- 
vations. The  Author  has  thus  also  the 
advantage  of  entering  somewhat  more 
fully  into  several  points  of  interest  to  the 
observer,  than  can  possibly  be  done  in  a 
General  Theory  of  Probabilities. 

AN  ELEMENTARY  TREATISE  ON 

The  Planetary  Theory. 

WITH    A     COLLECTION     OF    PROBLEMS. 

By  C.  H.  H.  CHEYNE,  B.A. 
Scholar  of  St.  John's  College,  Cambridge. 
148pp.  1862.  Crn.  8vo.  cloth.  6s.  Gd. 


FOR  SCHOOLS  AND   COLLEGES. 


By  GEORGE  BOOLE,  D.C.L.,  F.R.S. 

Professor  of  Mathematics  in  the  Queen's 

University,  Ireland. 

Differential  Equations 

468  pp.  (1859).  Crn.  8vo.  cloth.  14*. 
The  Author  has  endeavoured  in  this 
treatise  to  convey  as  complete  an  account 
of  the  present  state  of  knowledge  on  the 
subject  of  Differential  Equations  as  was 
consistent  -with  the  idea  of  a  work  in- 
tended, primarily,  for  elementary  instruc- 
tion. The  object  has  been  first  of  all  to 
meet  the  wants  of  those  who  had  no  pre- 
vious acquaintance  with  the  subject,  and 
also  not  quite  to  disappoint  others  who 
might  seek  for  more  advanced  informa- 
tion. The  earlier  sections  of  each  chapter 
contain  that  kind  of  matter  which  has 
usually  been  thought  suitable  for  the 
beginner,  while  the  latter  ones  are  devoted 
either  to  an  account  of  recent  discovery, 
or  to  the  discussion  of  such  deeper  ques- 
tions of  principle  as  are  likely  to  present 
themselves  to  the  reflective  student  in  con- 
nection with  the  methods  and  processes 
of  his  previous  course. 

2.    The   Calculus  of 
Finite  Differences. 

248  pp.  (1860).     Crown  8vo.  cloth. 
10s.  6d. 

In  this  work  particular  attention  has 
been  paid  to  the  connexion  of  the  methods 
with  those  of  the  Differential  Calculus— a 
connexion  which  in  some  instances  in- 
volves far  more  than  a  merely  formal 
analogy.  The  work  is  in  some  measure 
designed  as  a  sequel  to  the  Author's  Trea- 
tise on  Differential  Equations,  and  it  has 
been  composed  on  the  same  plan. 


Elementary  Statics. 

By  the  Rev.   GEORGE  RAWLINSON, 
Professor  of  Applied    Sciences,   Elphin- 

stone  Coll.,  Bombay. 
Edited  ly  the  Rev.  E.  STURGES.  If. A. 

Rector  of  Kencott,  Oxfordshire. 
(150  pp.)  1860.  Crn.  8vo.  cl.  4s.  6d. 
Thi8  work  is  published  under  the  au- 
thority of  H.  M.  Secretary  of  State  for 
India  for  use  in  the  Government  Schools 
and  Colleges  in  India. 


By  P.  G.  TAIT,  M.A.t  and 

W.  J.  STEELE,  B.A. 
Late  Fellows  of  St.  Peter's  Coll.  Camb. 

Dynamics  of  a  Particle. 

With  numerous  Examples. 
304  pp.  (1856).  Cr.  8vo.  cl.   10s.  6d. 

In  this  Treatise  will  be  found  all  the 
ordinary  propositions  connected  with  the 
Dynamics  of  Particles  which  can  be  con- 
veniently deduced  without  the  use  of 
D'Alembert's  Principles.  Throughout  the 
book  will  be  found  a  number  of  illus- 
trative Examples  introduced  in  the  text, 
and  for  the  most  part  completely  worked 
out ;  others,  with  occasional  solutions  or 
hints  to  assist  the  student  are  appended  to 
each  Chapter. 

By  the  Rev.  G.  F.  CHILDE,   If.A. 

Mathematical    Professor    in    the    South 

African  College. 

Singular  Properties  of 
the  Ellipsoid 

And  Associated  Surfaces  of  the  Nth 

Degree. 

152pp.  (1861).  8vo.  hoards.  Ws.  6d. 
As  the  title  of  this  volume  indicates, 
its  object  is  to  develope  peculiarities  in 
the  Ellipsoid;  and  further,  to  establish 
analogous  properties  in  unlimited  con- 
generic series  of  which  this  remarkable 
surface  is  a  constituent. 

By  J.  B.  PHEAR,  M.A. 

Fellow  and  late  Mathematical  Lecturer  of 

Clare  College. 

Elementary    Hydrostatics 
With  numerous   Examples   and 

Solutions. 

Third  Edition.      156  pp.  (1863). 
Crown  8vo.  cloth.      5*.  6d. 

"  An  excellent  Introductory  Book.  The 
definitions  are  very  clear ;  the  descriptions 
and  explanations  are  sufficiently  full  and 
intelligible ;  the  investigations  are  simple 
and  scientific.  The  examples  greatly  en- 
hance its  value." — ENGLISH  JOURNAL  OF 
EDUCATION. 

This  Edition  contains  147  Examples,  and 
solutions  to  all  these  examples  are  given 
at  the  end  of  the  book. 


By  Rev.  S.  PARKINSON,  B.D. 

Fellow  and  Prselector  of  St.  John's  Coll. 
Cambridge. 

1.  Elementary  Treatise 
on  Mechanics. 

With  a  Collection  of  Examples. 


By  S.  D.  BEASLEY,  MJL. 
Head  Master  of  Grantham  School. 

AN  ELEMENTARY  TREATISE  ON 

Plane  Trigonometry. 

With  a  numerous   Collection  of 
Examples. 


Second  Edition.      345  pp.  (1861).    !  106  pp.  (1858),  strongly  bound  in 
Crown  8vo.  cloth.     9s.  6d.  cloth.     3s.  6d. 


The  Author  has  endeavoured  to  render 
the  present  volume  suitable  as  a  Manual 
for  the  junior  classes  in  Universities  and 
the  higher  classes  in  Schools.  With  this 
object  there  have  been  included  in  it  those 
portions  of  theoretical  Mechanics  which 
can  be  conveniently  investigated  without 
the  Differential  Calculus,  and  with  one 
or  two  short  exceptions  the  student  is  not 
presumed  to  require  a  knowledge  of  any 
branches  of  Mathematics  beyond  the  ele- 
ments of  Algebra,  Geometry,  and  Trigo- 
nometry. A  collection  of  Problems  and 
Examples  has  been  added,  chiefly  taken 
from  the  Senate-House  and  College  Ex- 
amination Papers  —  which  will  be  found 
useful  as  an  exercise  for  the  student. 
In  the  Second  Edition  several  additional 
propositions  have  been  incorporated  in 
the  work  for  the  purpose  of  rendering 
it  more  complete,  and  the  Collection  of 
Examples  and  Problems  has  been  largely 
increased. 


2.  A  Treatise  on  Optics 

304  pp.  (1859).  Crown  8vo.  10s.  6d. 

A  collection  of  Examples  and  Problems 
has  been  appended  to  this  work  which 
are  sufficiently  numerous  and  varied 
in  character  to  afford  useful  exercise 
for  the  student :  for  the  greater  part  of 
them  recourse  has  been  had  to  the  Ex- 
amination Papers  set  in  the  University  and 
the  several  Colleges  during  the  last  twenty 
years. 

Subjoined  to  the  copious  Table  of  Con- 
tents the  author  has  ventured  to  indicate 
an  elementary  course  of  reading  not  un- 
suitable for  the  requirements  of  the  First 
Three  Days  in  the  Cambridge  Senate 
House  Examinations. 


This  Treatise  is  specially  intended  for 
use  in  Schools.  The  choice  of  matter  has 
been  chiefly  guided  by  the  requirements 
of  the  three  days'  Examination  at  Cam- 
bridge, with  the  exception  of  proportional 
parts  in  logarithms,  which  have  been 
omitted.  About  Four  hundred  Examples 
have  been  added,  mainly  collected  from 
the  Examination  Papers  of  the  last  ten 
years,  and  great  pains  have  been  taken 
to  exclude  from  tha  body  of  the  work  any 
which  might  dishearten  a  beginner  by 
their  difficulty. 


By  J.  BROOK  SMITH,  M.A. 
St.  John's  College,  Cambridge. 

Arithmetic  in  Theory 
and  Practice. 

For  Advanced  Pupils. 
PART  I.     Crown  8vo.  cloth.     3s.  6d. 

This  work  forms  the  first  part  of  a  Trea- 
tise on  Arithmetic,  in  which  the  Author 
has  endeavoured,  from  very  simple  prin- 
ciples, to  explain  in  a  full  and  satisfactory 
manner  all  the  important  processes  in  that 
subject. 

The  proofs  have  in  all  cases  been  given 
in  a  form  entirely  arithmetical :  for  the 
author  does  not  think  that  recourse  ought 
to  be  had  to  Algebra  until  the  arithmetical 
proof  has  become  hopelessly  long  and  per- 
plexing. 

At  the  end  of  every  chapter  several  ex- 
amples have  been  worked  out  at  length, 
in  which  the  best  practical  methods  of 
operation  have  been  carefully  pointed  out. 


FOR  SCHOOLS  AND  COLLEGES. 


By  G.  H.  PUCKLE,  M.A. 
Principal  of  "VVindermere  College. 

Conic  Sections  and 
Algebraic  Geometry. 

With  numerous  Easy  Examples  Pro- 
gressively arranged. 

Second  Edition.     264  pp.  (1856). 
Crown  8vo.      7s.  6d. 

This  book  has  been  •written  with  special 
reference  to  those  difficulties  and  misap- 
prehensions which  commonly  beset  the 
student  when  he  commences.  "With  this 
object  in  view,  the  earlier  part  of  the 
subject  has  been  dwelt  on  at  length,  and 
geometrical  and  numerical  illustrations  of 
the  analysis  have  been  introduced.  The 
Examples  appended  to  each  section  are 
mostly  of  an  elementary  description.  The 
work  will,  it  is  hoped,  be  found  to  con- 
tain all  that  is  required  by  the  upper 
classes  of  schools  and  by  the  generality 
of  students  at  the  Universities. 


By  EDWARD  JOHN  ROUTE,  M.A. 

Fellow  and  Assistant  Tutor  of  St.  Peter's 
College,  Cambridge. 

Dynamics  of  a  System 
of  Rigid  Bodies. 

With  numerous  Examples. 

336  pp.  (1860).     Crown  8vo.  cloth. 
10s.  6d. 

CONTENTS  :  Chap.  I.  Of  Moments  of 
Inertia.  —  II.  D'Alembert's  Principle. — 
III.  Motion  about  a  Fixed  Axis.— IV. 
Motion  in  Two  Dimensions.— V.  Motion 
of  a  Rigid  Body  in  Three  Dimensions. — 
VI.  Motion  of  a  Flexible  String.— VII. 
Motion  of  a  System  of  Rigid  Bodies. — 
VIII.  Of  Impulsive  Forces.— IX.  Miscel- 
laneous Examples. 

The  numerous  Examples  which  will  be 
found  at  the  end  of  each  chapter  have 
been  chiefly  selected  from  the  Examina- 
tion Papers  set  in  the  University  and 
Colleges  of  Cambridge  during  the  last  few 
years. 


The 
Cambridge  Year  Book 

AND  UNIVERSITY  ALMANACK 

For  1863. 
Crown  STO.  228  pp.  price  2s.  6d. 

The  specific  features  of  this  annual  pub- 
lication will  be  obvious  at  a  glance,  aud 
its  value  to  teachers  engaged  in  preparing 
students  for,  and  to  parents  who  are  send- 
ing their  sons  to,  the  University,  and  to 
the  public  generally,  will  be  clear. 

1.  The  whole    mode  of  proceeding  in 
entering  a  student  at  the  University  and 

\  at  any  particular  College  is  stated. 

2 .  The  course  of  the  st  ud  ies  as  regulated 
by  the  University  examinations,  the  man- 
ner of  these  examinations,  and  the  specific 
subjects  and  times  for  the  year  1863,  are 

i  given. 

I  3.  A  complete  account  of  all  Scholar- 
ships and  Exhibitions  at  the  several  Col- 
leges, their  value,  and  the  means  by  which 
they  are  gained. 

4.  A  brief  summary  of  all  Graces  of  the 
Senate,  Degrees  conferred  during  the  year 
1861,   and  University  news  generally  are 
given. 

5.  The  Regulations  for  the  LOCAL  EX- 
AMINATION of  those  who  are  not  members 
of  the  University,  to  be  held  this  year, 
with  the  names  of  the  books  on  which  the 
Examination  will  be  based,  and  the  date 
on  which  the  Examination  will  be  held. 


By  N.  If.  FERRERS,  M.A. 

Fellow    and    Mathematical  Lecturer    of 
Gonville  and  Caius  College,  Cambridge. 

AN  ELEMENTARY  TREATISE  ON 

Trilinear  Co-Ordinates 

The   Method   of  Reciprocal   Polars, 

and  the  Theory  of  Projections. 
154  pp.  (1861).    Cr.  8vo.  cl.    6s.  6d. 

The  object  of  the  Author  in  writing 
on  this  subject  has  mainly  been  to  place 
it  on  a  basis  altogether  independent  of  the 
ordinary  Cartesian  System,  instead  of  re- 
garding it  as  only  a  special  form  of  abridged 
Notation.  A  short  chapter  on  Determi- 
nants has  been  introduced. 


10 


CAMBRIDGE  CLASS  BOOKS 


By  J.  C.   SNOWBALL,  M.A. 
Late  Fellow  of  St.  John's  Coll.  Cambridge. 

Plane  and  Spherical 
Trigonometry. 

With   the   Constriction   and   Use  of 
Tables  of  Logarithms. 

Tenth    Edition.      240    pp.    (1863). 
Crown  8vo.      Is.  6d. 

In  preparing  a  new  edition,  the  proofs 
of  some  of  the  more  important  propositions 
have  heen  rendered  more  strict  and  ge- 
neral ;  and  a  considerable  addition  of  more 
than  Two  hundred  Examples,  taken  prin- 
cipally from  the  questions  in  the  Examina- 
tions of  Colleges  and  the  University,  has 
been  made  to  the  collection  of  Examples 
and  Problems  for  practice. 


By   W.  H.  DREW,  M.A. 
Second  Master  of  Blackheath  School. 

Geometrical  Treatise 
on  Conic  Sections. 

With  a  copious  Collection  of  Examples. 

Second  Edition.     Crown  8vo.  cloth. 
4*.  6d. 

In  this  work  the  subject  of  Conic  Sec- 
tions has  been  placed  before  the  student 
in  such  a  form  that,  it  is  hoped,  after 
mastering  the  elements  of  Euclid,  he  may 
find  it  an  easy  and  interesting  continuation 
of  his  geometrical  studies.  With  a  view 
also  of  rendering  the  work  a  complete 
Manual  of  what  is  required  at  the  Uni- 
versities, there  have  been  either  embodied 
into  the  text,  or  inserted  among  the  ex- 
amples, every  book  work  question,  prob- 
lem, and  rider,  which  has  been  proposed 
in  the  Cambridge  examinations  up  to  the 
present  time. 


Solutions  to  the  Pro- 
blems in  Drew's  Co- 
nic Sections. 

Crown  8vo.  cloth.     4*.  Qd. 


Senate-House    Mathe- 
matical Problems. 

With  Solutions. 

1848-51.    By  FERRERS  and  JACKSON.    8vo. 

15s.  6A 
1848-51.    (RIDERS).     By  JAMESON.    8vo. 

~s.  6d. 
1854.       By   WALTON    and    MACKENZIE. 

10s.  Gd. 
1857.    By  CAMPION  and  WALTON.    8vo. 

8,1.  6d. 
1860.    By  ROTJTH  and  WATSON.    Crown 

8vo.    Is.  6d. 

The  above  books  contain  Problems  and 
Examples  which  have  been  set  in  the 
Cambridge  Senate-house  Examinations  at 
various  periods  during  the  last  twelve 
years,  together  with  Solutions  of  the  same. 
The  Solutions  are  in  all  cases  given  by 
the  Examiners  themselves  or  under  their 
sanction. 

By  IT.  A.  MORGAN,  M.A. 
Fellow  of  Jesus  College,  Cambridge. 

A  Collection  of  Mathe- 
matical Problems  and 
Examples. 

With  Answers. 
190  pp.  (1858).    Crown  8vo.    6s.  Qd. 

This  book  contains  a  number  of  prob- 
lems, chiefly  elementary,  in  the  Mathe- 
matical subjects  usually  read  at  Cam- 
bridge. They  have  been  selected  from 
the  papers  set  during  late  years  at  Jesus 
College.  Very  few  of  them  are  to  be  met 
with  in  other  collections,  and  by  far  the 
larger  number  are  due  to  some  of  the  most 
distinguished  Mathematicians  in  the  Uni- 
versity. 

Cambridge  University 
Examination  Papers. 

Crown  8vo.  184  pp.      2s.  6d. 

A  Collection  of  all  the  Papers  set  at  the 
Examinations  for  the  Degrees,  the 
various  Triposes,  and  the  Theological 
Certificates  in  the  University,  with  List 
of  Candidates  Examined  and  of  those 
Approved,  and  an  Index  to  the  Subjects. 
1860-61. 


FOR  SCHOOLS  AND   COLLEGES. 
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A  Treatise  on 

Solid   Geometry. 

By  PEUCIYAL  FROST,  M.A., 

St.  John's  College,  and 
JOSEPH  WOLSTENHOLME,   M.A., 

Christ's  Coll.  Cambridge. 
472  pp.  8vo.  cloth.  18s.      1863. 

The  authors  have  endeavoured  to  present 
before  students  as  comprehensive  a  view  of 
the  subject  as  possible.  Intending  as  they 
have  done  to  make  the  subject  accessible, 
at  least  in  the  earlier  portion,  to  all  classes 
of  students,  they  have  endeavoured  to  ex- 
plain fully  all  the  processes  which  are 
most  useful  in  dealing  with  ordinary  theo- 
rems and  problems,  thus  directing  the 
student  to  the  selection  of  methods  which 
are  best  adapted  to  the  exigencies  of  each 
problem.  In  the  more  difficult  portions  of 
the  subject,  they  have  considered  them- 
selves to  be  addressing  a  higher  class  of 
students ;  there  they  have  tried  to  lay 
a  good  foundation  on  which  to  build,  if 
any  reader  should  wish  to  pursue  the 
science  beyond  the  limits  to  which  the 
work  extends. 


Mythology  for 
Versification. 

A  Brief  Sketch  of  the  Fables  of  the 
Ancients,  prepared  to  he  rendered 
into  Latin  Verse  for  Schools. 
By  F.  C.  HODGSON,  B.D., 
Late    Provost  of   Eton    College.       New 
Edition,  revised  by  F.  C.  HODGSON,  M.A., 
Fellow  of  King's  College,  Cambridge. 

18mo.     3s. 

The  Author  here  offers  to  those  who 
are  engaged  in  Classical  Education  a 
further  help  to  the  composition  of  Latin 
Verse,  combined  with  a  brief  introduction 
to  an  essential  part  of  the  study  of 
the  Classics.  The  Author  has  made  it  as 
easy  as  he  could  so  that  a  boy  may  get 
rapidly  through  these  preparatory  ex- 
ercises :  and  thus  having  mastered  the 
first  difficulties,  he  may  advance  with 
better  hopes  of  improvement  to  subjects 
of  higher  character  and  verses  of  more 
difficult  composition. 


By  JOHN  E.  B.  MAYOR,  M.A. 

Fellow  and  Classical  Lecturer  of  St.  John's 

College,  Cambridge. 

1.  Juvenal. 

With  English  Notes. 

464  pp.  (1854).      Crown  8vo.  cloth. 

10s.  6d, 

"  A  School  edition  of  Juvenal,  which, 
for  really  ripe  scholarship,  extensive  ac- 
quaintance with  Latin  literature,  and  fa- 
miliar knowledge  of  Continental  criti- 
cism, ancient  and  modern,  is  unsurpassed, 
we  do  not  say  among  English  School-books, 
but  among  English  editions  generally." — 
EDINBURGH  REVIEW. 

2.  Cicero's 
Second  Philippic. 

With  English  Notes. 
168  pp.  (1861).  Fcp.  8vo.  cloth.    5s. 

The  Text  is  that  of  Halm's  2nd  edition, 
(Leipzig,  Weidmann,  1858),  with  some 
corrections  from  Madvig's  4th  Edition 
(Copenhagen,  1858).  Halm's  Introduction 
has  been  closely  translated,  with  some 
additions.  His  notes  have  been  curtailed, 
omitted,  or  enlarged,  at  discretion;  pas- 
sages to  which  he  gives  a  bare  reference, 
are  for  the  most  part  printed  at  length ; 
for  the  Greek  extracts  an  English  version 
has  been  substituted.  A  large  body  of 
notes,  chiefly  grammatical  and  historical, 
has  been  added  from  various  sources.  A 
list  of  books  useful  to  the  student  of 
Cicero,  a  copious  Argument,  and  an  Index 
to  the  introduction  and  notes,  complete  the 
book. 


The  Chief  Rules  of 
Latin  Syntax. 

COMPILED   BY 

G.  SALE  PUCKLE,  M.A. 

Head  Master  of  Windermere  College. 

Fcp.  8vo.     Is. 

Rules  for  the  Quantity 
of  Syllables  in  Latin. 

Fcp.  8vo.     Is. 
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An  Elementary  Latin 
Grammar. 

By  H.  J.  ROSY,  M.A., 

Under-Master  of  Dulwich  College  Upper 
School,  late  Fellow  and  Classical  Lec- 
turer of  St.  John's  College,  Cambridge. 

18mo.      2s.  §d. 

The  Author's  experience  in  practical 
teaching  has  induced  an  attempt  to  treat 
Latin  Grammar  in  a  more  precise  and 
intelligible  way  than  has  been  usual  in 
school  books.  The  facts  have  been  de- 
rived from  the  best  authorities,  especially 
Madvig's  Grammar  and  other  works.  The 
works  also  of  Lachmann,  Ritschl,  Key,  and 
others  have  been  consulted  on  special 
points.  The  accidence  and  prosody  have 
been  simplified  and  restricted  to  what  is 
really  required  by  boys.  In  the  Syntax 
an  analysis  of  sentences  has  been  given, 
and  the  uses  of  the  different  cases,  tenses 
and  moods  briefly  but  carefully  described. 
Particular  attention  has  been  paid  to  a 
classification  of  the  uses  of  the  subjunctive 
mood,  to  the  prepositions,  the  oratio 
obliqua,  and  such  sentences  as  are  intro- 
duced by  the  English  '  that.'  Appendices 
treat  of  the  Latin  forms  of  Greek  nouns, 
abbreviations,  dates,  money,  &c.  The 
Grammar  is  written  in  English. 

ELEMENTARY  HISTORY  OF  THE 

Book   of  Common 
Prayer. 

For  the  Use  of  Schools  and  popular 


By  FRANCIS  PROCTER,  M.A., 

Vicar  of  Witton,   Norfolk,    late    Fellow 

of  St.  Catharine's  College,  Cambridge. 

12mo.  cloth.     Is.  Qd. 

The  Author  having  been  frequently 
urged  to  give  a  popular  abridgement  of 
his  larger  work  in  a  form  which  should  be 
suited  for  use  in  Schools  and  for  general 
readers,  has  attempted  in  this  book  to 
trace  the  History  of  the  Prayer-Book,  and 
to  supply  to  the  English  reader  the  general 
results  which  in  the  larger  work  are  ac- 
companied by  elaborate  discussions  and 
references  to  authorities  indispensable  to 
the  student.  It  is  hoped  that  this  book 
may  form  a  useful  manual  to  assist  people 
generally  to  a  more  intelligent  use  of  the 
Forms  of  our  Common  Prayer. 


By  B.  DRAKE,  M.A. 
Late  Fellow  of  King's  Coll.  Cambridge. 

1.  Demosthenes  on  the 

Crown. 

With  English  Notes. 
Second  Edition.     To  which  is  pre- 
fixed -iEsCHINES   AGAINST   ClESI- 

PHON.     With  English  Notes. 

287  pp.  (1860).  Fcap.  8vo.  cl.  5s. 
The  first  edition  of  the  late  Mr.  Drake's 
edition  of  Demosthenes  de  Corona  having 
met  with  considerable  acceptance  in  vari- 
ous Schools,  and  a  new  edition  being  called 
for,  the  Oration  of  ^Eschines  against  Ctesi- 
phon,  in  accordance  with  the  wishes  of 
many  teachers,  has  been  appended  with 
useful  notes  by  a  competent  scholar. 

2.  .ffischyli  Eumenides 

With   English    Verse    Translation, 
Copious  Introduction,  and  Notes. 
8vo.     144.  pp.  (1853).      7s.  6rf. 

"  Mr.  Drake's  ability  as  a  critical  Scho- 
lar is  known  and  admitted.  In  the  edition 
of  the  Eumenides  before  us  we  meet  with 
him  also  in  the  capacity  of  a  Poet  and 
Historical  Essayist.  The  translation  is 
flowing  and  melodious,  elegant  and  scho- 
larlike.  The  Greek  Text  is  well  printed  : 
the  notes  are  clear  and  useful."— GUAB- 

DIAN. 

By   C.  MERIVALE,  B.D. 
Author  of  "History  of  Rome,"  &c. 

Sallust. 

With  English  Notes. 

Second   Edition.      172   pp.    (1858). 

Fcap.  8vo.      4s.  6d. 

"  This  School  edition  of  Sallust  is  pre- 
cisely what  the  School  edition  of  a  Latin 
author  ought  to  be.  No  useless  words 
are  spent  in  it,  and  no  words  that  could 
be  of  use  are  spared.  The  text  has  been 
carefully  collated  with  the  best  editions. 
With  the  work  is  given  a  full  current  of 
extremely  well-selected  annotations." — 
THE  EXAMINER. 
The  "  CATILINA"  and  "  JUGTJRTHA"  may 

be  had  separately,   price  2s.  6d.  each, 

bound  in  cloth. 
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By  J.    WRIGHT,  M.A. 
Head  Master  of  Sutton  Coldfield  School 

1.   Help   to   Latin 
Grammar. 

With  Easy  Exercises,  and  Vocabulary. 

Crown  8vo.  cloth.  4*.  Gd. 
Never  was  there  a  better  aid  offered 
alike  to  teacher  and  scholar  in  that  ardu- 
ous pass.  The  style  is  at  once  familiar 
and  strikingly  simple  and  lucid ;  and  the 
explanations  precisely  hit  the  difficulties, 
and  thoroughly  explain  them." — ENGLISH 
JOURNAL  OF  EDUCATION. 

2.   Hellenica. 

A  FIRST  GREEK  READING  BOOK. 
Second  Edit.    Fcap.  8vo.  cl.    3*.  6d. 

In  the  last  twenty  chapters  of  this 
volume,  Thucydides  sketches  the  rise  and 
progress  of  the  Athenian  Empire  in  so 
clear  a  style  and  in  such  simple  language, 
that  the  author  doubts  whether  any  easier 
or  more  instructive  passages  can  be 
selected  for  the  use  of  the  pupil  who  is 
commencing  Greek. 

3.  The  Seven  Kings  of 
Rome. 

A.  First  Latin  Reading  Book. 
Third  Edit     Fcap.  8vo.  cloth.      3*. 

This  work  is  intended  to  supply  the 
pupil  with  an  easy  Construing-book,  which 
may,  at  the  same  time,  be  made  the 
vehicle  for  instructing  him  in  the  rules  of 
grammar  and  principles  of  composition. 
Here  Livy  tells  his  own  pleasant  stories 
in  his  own  pleasant  words.  Let  Livy  be 
the  master  to  teach  a  boy  Lathi,  not  some 
English  collector  of  sentences,  and  he  will 
not  be  found  a  dull  one. 


By  EDWARD   THR1NG,  31.  A. 
Head  Master  of  Uppmgham  School. 

Elements  of  Grammar 
Taught  in  English. 

With   Questions. 

Third    Edition.      136    pp.    (1860). 
Demy  18mo.      2«. 

2.   The  Child's  English 
Grammar. 

New  Edition.   86  pp.  (1859).  Demy 
18mo.     Is. 

The  Author's  effort  in  these  two  books 
has  been  to  point  out  the  broad,  beaten, 
every-day  path,  carefully  avoiding  digres- 

;  sions  into  the  byeways  and  eccentricities 
of  language.  This  Work  took  its  rise 
from  questionings  in  National  Schools, 
and  the  whole  of  the  first  part  is  merely 
the  writing  out  hi  order  the  answers  to 
questions  which  have  been  used  already 
with  success.  The  study  of  Grammar  in 

;  English  has  been  much  neglected,  nay  by 

'  some  put  on  one  side  as  an  impossibility. 
There  was  perhaps  much  ground  for  this 
opinion,  hi  the  medley  of  arbitrary  rules 

j  thrown  before  the  student,  which  applied 
indeed  to  a  certain  number  of  instances, 

'  but  would  not  work  at  all  in  many  others, 

j  as  must  always  be  the  case  when  princi- 
ples are  not  put  forward  in  a  language 

•  full  of  ambiguities.  The  present  work 
does  not,  therefore,  pretend  to  be  a  com- 
pendium of  idioms,  or  a  philological  trea- 
tise, but  a  Grammar.  Or  ha  other  words, 
its  intention  is  to  teach  the  learner  how  to 
speak  and  write  correctly,  and  to  under- 
stand and  explain  the  speech  and  writings 
of  others.  Its  success,  not  only  in  National 
Schools,  from  practical  work  hi  which  it 

j  took  its  rise,  but  also  hi  classical  schools, 

;  is  full  of  encouragement. 


4.  Vocabulary  and  Ex-         3.   School  Songs, 
er cises  on ' '  The  Seven   A 
Kings  of  Rome." 

Fcp.  8vo.  cloth.     2*.  6d. 

*»»  The  Vocabulary  and  Exercises  may 
also  be  had  bound  up  with  "  The 
Seven  Kings  of  Rome."  os.  cloth. 


COLLECTION    OP    SONGS    FOR 
SCHOOLS. 

WITH     THE     MUSIC      ARRANGED     FOR 
FOUR  VOICES. 

Edited  by  Rev.  E.    THRING  and 

H.  RICCIVS. 
Music  Size.     7s.  6<f. 
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By  EDWARD  THRING,  M.A. 

4.  A  First  Latin  Con- 
struing Book. 

104  pp.  (1855).  Fcap.  8vo.  2*.  6d. 
This  Construing  Book  is  drawn  up  on 
the  same  sort  of  graduated  scale  as  the 
Author's  English  Grammar.  Passages 
out  of  the  best  Latin  Poets  are  gradually 
built  up  into  their  perfect  shape.  The 
few  words  altered,  or  inserted  as  the  pass- 
ages go  on,  are  printed  in  Italics.  It  is 
hoped  by  this  plan  that  the  learner,  whilst 
acquiring  the  rudiments  of  language,  may 
store  his  mind  with  good  poetry  and  a 
good  vocabulary. 


By  C.  J.    VAUGHAN,  D.D. 
Head   Master  of  Harrow  School. 

St.    Paul's   Epistle   to 
the  Romans. 

TJie  Greek  Text  with  English  Notes. 

Second  Edition.      Crown  8vo.  cloth. 
(1861).      5s. 

By  dedicating  this  work  to  his  elder 
Pupils  at  Harrow,  the  Author  hopes  that 
he  sufficiently  indicates  what  is  and  what 
is  not  to  be  looked  for  in  it.  He  desires 
to  record  his  impression,  derived  from  the 
experience  of  many  years,  that  the  Epis- 
tles of  the  New  Testament,  no  less  than 
the  Gospels,  are  capable  of  furnishing 
useful  and  solid  instruction  to  the  highest 
classes  of  our  Public  Schools.  If  they  are 
taught  accurately,  not  controversially ; 
positively,  not  negatively;  authorita- 
tively, yet  not  dogmatically ;  taught  with 
close  and  constant  reference  to  their  literal 
meaning,  to  the  connexion  Of  their  parts, 
to  the  sequence  of  their  argument,  as  well 
as  to  their  moral  and  spiritual  instruc- 
tion ;  they  will  interest,  they  will  inform, 
they  will  elevate;  they  will  inspire  a  re- 
verence for  Scripture  never  to  be  dis- 
carded, they  will  awaken  a  desire  to  drink 
more  deeply  of  the  Word  of  God,  certain 
hereafter  to  be  gratified  and  fulfilled. 


Notes  for 
Lectures  on  Confirmation. 

With.  Suitable  Prayers. 
By  C.  J.  VAUGHAN,  D.D. 

4th  Edition.    '  70  pp.  (1862).     Fcp. 
8vo.  Is.  6d. 

This  work,  originally  prepared  for  the 
use  of  Harrow  School,  is  published  in  the 
belief  that  it  may  assist  the  labours  of 
those  who  are  engaged  in  preparing  can- 
didates for  Confirmation,  and  who  find  it 
difficult  to  lay  their  hand  upon  any  one 
book  of  suitable  instruction  at  once  suffi- 
ciently full  to  furnish  a  synopsis  of  the 
subject,  and  sufficiently  elastic  to  give  free 
scope  to  the  individual  judgment  in  the 
use  of  it.  It  will  also  be  found  a  hand- 
book for  those  who  are  being  prepared,  as 
presenting  in  a  compact  form  the  very 
points  whieh  a  lecturer  would  wish  his 
hearers  to  remember. 


The  Church.  Catechism  Illus- 
trated and  Explained.     By 
AETHUE    EAMSAY,  M.A. 
Second  Edition.     18mo.    Is.  Gel. 


Hand-Book  to  Butler's  Ana- 
logy. By  C.  A.  SWAIN  SON, 
M.A.  55pp.  (1856).  Crown  8vo. 
Is.  Qd. 


History  of  the  Christian 
Church  during  the  First 
Three  Centuries,  and  the 
Reformation  in  England. 
By  W.  SIMPSON,  M.A.  Fourth 
Edition.  Fcp.  8vo.  cloth.  3s.  6ct. 


Analysis  of  Paley's  Eviden- 
ces of  Christianity.  By 
CHAELES  H.  CEOSSE,  M.A. 
115  pp.  (1855).  18mo.  3*.  6d. 


15 

CAMBEIDGE  MANUALS 

FOR    THEOLOGICAL    STUDENTS. 

This  Series  of  THEOLOGICAL  MANUALS  has  been  published  with 
the  aim  of  supplying  Books  concise,  comprehensive,  and  accurate ; 
convenient  for  the  Student,  and  yet  interesting  to  the  general 
reader. 


1.  History  of  the  Christian 
Church  during  the  Middle 
Ages.   By  ARCHDEACON  HARD- 
WICK.    Second  Edition.    482pp. 
(1861).    With  Maps.    Crown  Svo. 
cloth.     10s.  6d. 

This  Volume  claims  to  be  regarded  as 
an  integral  and  independent  treatise  on 
the  Mediaeval  Church.  The  History  com- 
mences with  the  time  of  Gregory  the  Great, 
to  the  year  1520, — the  year  when  Luther, 
having  been  extruded  from  those  Churches 
that  adhered  to  the  Communion  of  the 
Pope,  established  a  provisional  form  of 
government  and  opened  a  fresh  era  in  the 
history  of  Europe. 

2.  History  of  the   Christian 
Church   during  the  Refor- 
mation.   By  ARCEDN.  HARD- 
WICK.     459  pp.  (1856).    Crown 
8vo.  cloth.     10*.  6d. 

Tb:.8  Work  forms  a  Sequel  to  the  Au- 
thor's Book  on  The  Middle  Ages.  The 
Author's  wish  has  been  to  give  the  reader 
a  trustworthy  version  of  those  stirring 
incidents  which  mark  the  Reformation 
period. 

3.  History  of  the  Book  of  Com- 
mon Prayer.  With  a  Rationale 
of  its  Offices.      B  v  F  R  A  N  C I S 
PROCTER,  M.A.     Fifth  Edition. 
464  pp.  (1860).  Crown  8vo.  cloth. 
10*.  6d. 

In  the  course  of  the  last  twenty  years 
the  whole  question  of  liturgical  knowledge 


has  been  reopened  with  great  learning  and 
accurate  research,  and  it  is  mainly  with 
the  view  of  epitomizing  their  extensive 
publications,  and  correcting  by  their  help 
the  errors  and  misconceptions  which  had 
obtained  currency,  that  the  present 
volume  has  been  put  together. 

4.  History  of  the  Canon  of 
the  New  Testament  during 
the   First   Four  Centuries. 
By  BROOKE    FOSS   WEST- 
COTT,    M.A.      594  pp.   (1855). 
Crown  Svo.     cloth.      12*.  6d, 

The  Author  has  endeavoured  to  connect 

the  history  of  the  New  Testament  Canon 

with  the  growth  and  consolidation  of  the 

i  Church,   and    to  point  out   the  relation 

I  existing  between  the  amount  of  evidence 

I  for  the  authenticity  of  its  component  parts 

I  and  the  whole  mass  of  Christian  literature. 

Such  a  method  of  inquiry  will  convey  both 

the  truest  notion  of  the  connexion  of  the 

written  Word  with   the   living  Body   of 

Christ,  and  the  surest  conviction  of  its 

j  divine  authority. 

5.  Introduction  to  the  Study 
of  the  GOSPELS.  ByBROOKE 
FOSS  WESTCOTT,  M.A.     458 
pp.    (1860).     Crown   Svo.   cloth. 
1C*.  6d. 

This  book  is  intended  to  be  an  Intro- 
duction to  the  Study  of  the  Gospels.  In 
a  subject  which  involves  so  vast  a  literature 
much  must  have  been  overlooked ;  but  the 
Author  has  made  it  a  point  at  lev.st  to 
study  the  researches  of  the  great  writers, 
and  consciously  to  neglect  none. 


Uniformly  printed  in  18mo.  /^fffifflffiF- — ^H^S^A  Handsomely  bound  in  ex- 

with    Vignette    Titles    by  KfjSj^TUIjxS^IJffi  to*  cloth' 4*. M-    Morocco 

T.   Woolner,  W.   Holman  ^'l®--Tw||yJfeSf/>S  Plain>  7*- 6d-    Morocco  ex- 

Huat,  J.  Noel  Paton,  &c.  W^Bbh~gtf8By    /  tra,  10s.  6rf.  each  Volume. 


THE    GOLDEN    TREASURY 

OF   THE    BEST   SONGS   AND   LYRICAL   POEMS   IN   THE   ENGLISH 

LANGUAGE. 
Selected  and  arranged,  with.  Notes,  by  F.  T.  PALGRAVE. 

FIFTEENTH  THOUSAND,  with  a  Vignette  by  T.  "WOOLNER. 

THE     CHILDREN'S     GARLAND. 

FROM  THE  BEST  POETS. 
Selected  and  Arranged  by  COVENTKY  PATMORE. 

FOURTH  THOUSAND,  with  Vignette  by  T.  WOOLNER. 

THE     PILGRIM'S    PROGRESS. 

By  JOHN  BUNYAN. 

With  Vignette  by  W.  HOLMAN  HUNT. 

Large  paper  copies,  crown  8vo.  cloth,  7s.  Gd.,  half  morocco,  10*.  6d. 

THE    BOOK    OF    PRAISE. 

FROM  THE  BEST  ENGLISH  HYMN  WRITERS. 

Selected  and  arranged  by  ROUNDELL  PALMER. 

TENTH  THOUSAND,  with  Vignette  by  T.  WOOLNEB. 

BACON'S    ESSAYS    AND    COLOURS    OF    GOOD 
AND    EVIL. 

With   Notes  and  Glossarial  Index,  by  W.  ALDIS  "WRIGHT,   M.A., 

Trinity  College,  Cambridge. 

And  a  Vignette  of  Woolner's  Statue  of  Lord  Bacon. 

Large  Paper  Copies,  Crown  8vo.  cloth,  7s.  Gd.,  half-morocco,  10*.  6d. 

THE    FAIRY    BOOK. 

THE  BEST  POPULAR  FAIRY  STORIES  SELECTED  AND  RENDERED  ANEW. 

By  the  Author  of  "John  Halifax,  Gentleman." 

With  a  Vignette  by  J.  NOEL  PATON,  R.S.A. 
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